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1. Introduction

The quantization of noncommutative field theories is a long-standing problem. In Moyal—
Weyl and other types of noncommutative field theories, non-planar Feynman diagrams appear in
perturbation theory. At one-loop these diagrams are UV finite unless the external momentum is
very small; in that case the UV divergences of the undeformed theories reappear. This behaviour
is called UV/IR mixing and it is detrimental to the renormalizability of the field theory [1], see
e.g. [2] for a review.

Intensive investigations over the years have been devoted to understanding this problem, see
e.g. [3] for a review. To account for a (twist) deformed Poincaré symmetry, braided deformations of
the oscillator algebras of field creation and annihilation operators were suggested in several works,
see e.g. [4-7]. Based on this, it was argued in [4] that noncommutative scalar quantum field theories
with braided symmetry do not show UV/IR mixing in S-matrix elements. This lies in agreement
with results of Oeckl’s ‘braided quantum field theory’ [8], which however has not been extended to
theories with gauge symmetries.

Using the twist formalism, braided L-algebras and the associated braided noncommutative
field theories have been constructed in [9]. The correspondence between L.,-algebras and the
Batalin—Vilkovisky (BV) formalism, reviewed in e.g. [ 10], was generalized to braided L,-algebras
in [11], giving another route to braided quantum field theory that is now capable of treating gauge
theories. The BV quantization of braided fuzzy scalar field theories was discussed in [11], while
the BV quantization of braided scalar field theory as well as braided quantum electrodynamics was
discussed in [12].
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In this contribution we address the problem of quantization of noncommutative scalar field
theory initiated in [12] using the underlying braided L-algebra and its associated BV formalism; for
simplicity, here we will work with the Moyal-Weyl deformation, but more general deformations can
be studied analogously, see Appendix A. In Section 2 we briefly review the connection between L,-
algebras and the BV formalism in field theory. In Section 3 we introduce braided noncommutative
scalar field theory and quantize it using braided homological perturbation theory. We present
two explicit examples in Section 4: one-loop calculations of the two-point functions for braided
¢*-theory on R!-3 and braided ¢3-theory on R'-3. In both cases the two-point functions at one-loop
are the same as in the commutative case, confirming the expectations of [4—8]. This suggests that
non-planar diagrams and UV/IR mixing may be absent altogether in braided scalar field theory.

2. Homotopy algebras and BV quantization

In this section we briefly discuss Ly -algebras of field theory, their dual BV description and
quantization via the procedure of “homotopy transfer”.

L,-algebras. An L-algebra is a Z-graded vector space V = €, ., Vi with a sequence of graded
antisymmetric multilinear maps of degree 2 — n for n > 1 called n-brackets:

GV —V, vi®--Qv, — L(vi,..., V)
Cu(ocvvy )= (=DM oV,

where |v| denotes the degree of a homogeneous element v € V. The n-brackets must also fulfil a
sequence of relations called homotopy Jacobi identities. The first three relations are given by

n=1: 51(51(\1))20, (1)
n=2: 51(52(\/1,\)2)) 252(6’1(\/1),\/2) +(—1)|v1|€2(V1,€1(V2)) 5 2)
n=3: 0(601,vav3)) ==6G(6(v1),v2,v3) — (=1)Ml (vi, €1 (v2), v3)

- (_1)|V1|+|V2| A (VI,Vnyl(V3))
— &(6(vi,v2),v3) = (=) MIFD L g (0 (03, 01), 1)
_ (_1)(|V2|+|V3|) [vil 52([2(‘,2’\,3)"}1) ) 3)

Cyclic L-algebras contain an additional structure called a cyclic pairing that is a graded
symmetric and non-degenerate bilinear map (—, —) : V. ® V — R of degree —3, satisfying

<a07 gn(ala a29 L] an)> = (_1)"+(\ao|+|dn|)n+\an| 2?2701 |a[| <an7€n(a()a a17 sy an—l)) s (4)

foralln > 1.

As discussed in [13], the data of any classical field theory are completely encoded in a
corresponding L..-algebra. In this contribution we restrict to theories that have only irreducible
gauge symmetries, for which

VZVO@V1®V2@V3,

where Vj contains gauge parameters, V; contains gauge fields, V, contains the equations of motion,
and V, contains the second Noether identities.
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L ,-algebra of scalar field theory. We illustrate this formalism on the very simple example of
a real massive scalar field ¢ in four dimensions with A ¢*-interaction. This theory has no gauge
symmetries and therefore V = V| & V,, where V| =V, = C® (R1’3). The nonvanishing brackets are
given by

t(¢)=(-0-m) ¢, 5)
(1,92, 43) = 1$1 92 93, (6)

for 4 € R and ¢, ¢1, ¢2, ¢3 € V1. The cyclic pairing of degree —3 is taken to be
<¢¢W=1/d%¢¢+ (7)

where ¢ € V; and ¢* € V;.
This construction leads to the action functional

S@) = 37 6.0(0) = 37 (6.8, 9) — 33 (9 56,6, 0) + -+

1 A
:/d4x (§¢(—D—m2)¢—5¢4)

and the equation of motion

®)

1

A
3!53(¢,¢,¢)+“'=(—D—m2)¢—§¢3=0_

1
Fg=10(¢) - 2 O(¢, @) —

This can be extended in the evident way to scalar field theories in any dimension with arbitrary
polynomial interactions.

BV formalism and L ,-algebras. The quantization of field theories possessing gauge symmetries
is not straightforward. The standard Faddeev—Popov quantization procedure works well for a large
number of theories, such as quantum electrodynamics and Yang—Mills theories. It is based on the
path integral approach where ghost fields appear after gauge-fixing. These are scalar fields with
fermionic statistics and they are necessary to keep the gauge-fixed theory unitary. The gauge-fixed
action still possesses a nilpotent odd global symmetry, the Becchi—Rouet—Stora—Tyutin (BRST)
symmetry. Physical states lie in the cohomology of the generator of BRST symmetry, Qggsr-

Faddeev—Popov quantization was later generalized to the Batalin—Vilkovisky (BV) quantization
method. One of the main advantages of the BV formalism is that it can be applied to more general
field theories, such as theories with reducible and/or open gauge algebras. In particular, the BV
formalism was used in quantization of open and closed bosonic string field theory as well as
topological field theories.

BV quantization has manifest gauge invariance and introduces antifields as sources for this
symmetry. An antifield is introduced for each field and ghost, doubling the number of degrees of
freedom in this way. The antibracket {—, —} is an odd non-degenerate Poisson bracket on the space
of fields and antifields. The original classical action § is extended to a new BV action Sg, that
satisfies the classical master equation {Sgy, Sgy} = 0, which reproduces in a compact way the gauge
structure of the original theory.
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To quantize the theory, the classical master equation is modified to the quantum master equation

1 )
5 {Sav, Sev} — 1A ApySey =0,

where now Syy represents the quantum BV action and a new operator Agy is introduced, called
the BV Laplacian. To calculate correlation functions and scattering amplitudes, gauge-fixing has
to be performed. In the BV formalism, gauge-fixing is implemented by choosing a Lagrangian
submanifold of the space of fields and antifields; this eliminates antifields in terms of functionals of
fields. When appropriately implemented, the usual Feynman diagrammatic methods can be used.
For a detailed review of the BV formalism, see [14].

From an algebraic perspective, the BV formalism constructs a differential graded commutative
algebra! (Sym(V[l])*, QBV) for a graded vector space V = Vy @ V| & V, @ V3 which encodes the
BV fields (ghosts and fields associated to a given gauge field theory) together with their antifields.
The action of the BV differential Qgy on fields A € V| and ghosts ¢ € Vj encodes the kinematical
gauge symmetry of the field theory, that is, gauge transformations and closure of the gauge algebra.
The action of Qgy on the antifields A* € V, incorporates the dynamical brackets of the L,-algebra,
while the BV transformations of the antifields ¢* € V3 correspond to the second Noether identities
and the corresponding actions of the gauge parameters. The cohomology of Oy in degree 0 thus
simultaneously encodes the quotients of the space of fields by the equations of motion and by the
action of gauge transformations. These are exactly the classical observables of the field theory.

This data is supplemented by the antibracket {—, —}, which is the canonical graded Poisson
bracket compatible with the differential Qgy, whose inverse is the symplectic form wgy of degree —1
on V. Using this non-degenerate symplectic pairing we identify the dual V* =~ V[1] and

Sym(V[1])* = Sym(V[2]) .

Finally, the algebra of classical observables is fully specified by (Sym(V[2]), Qgy, {—, —}).

Let us now briefly describe how to extract the corresponding L.-algebra, following [10]. The
action of the BV differential is given by taking the antibracket with the BV action functional Sgy,
QOsv = {Sgsv, —}. The action functional can be expanded as

SBV:Z Sé\l?),

m>2

where Séﬁ" ) is the part of Sgy which is a polynomial of degree m in the BV fields. Then the brackets

(n+1), —} for n > 1. Nilpotency (Qgy)? = 0, or equivalently

¢, of the L,-algebra are given by {S
the classical master equation {Sgy, Sz} = 0, then translates to the homotopy Jacobi identities for
the brackets £, and (V, {{,,}) is an L,-algebra. The (—1)-shifted symplectic structure wg, induces
a cyclic pairing of degree —3 on V, making it into a cyclic L-algebra.

Conversely, starting from an L,-algebra (V, {¢,,}) with a cyclic structure (—, —) of degree —3,
choose a basis {e;} ¢ V and the corresponding dual basis {eX} ¢ V* =~ V[3] such that (e¥, ¢;) = 6;‘

for all k, [. Following [10], one introduces the “contracted coordinate functions” as the elements?

E=ek@er € Sym(V[2) ®V 9

IThe shifted vector space V[1] has the same underlying vector space as V but with the degrees of its homogeneous
subspaces shifted by 1. For example, an element A € V[1] has degree 1 — 1 = 0.
2Throughout this contribution we assume the Einstein summation convention over repeated upper and lower indices.
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of degree 1.
The Lo -structure on V naturally extends to the tensor product Sym(V[2]) ® V through the
extended brackets

KV?Xt(al®vl"-"an®vl’l) ::i(al®"'®an)®€n(vl,---avn),

foralln > 1, ay,...,a, € Sym(V[2]) and vy,...,v, € V; the explicit Koszul sign factors +

depend on the gradings, see [10]. Similarly, the cyclic structure naturally extends to a symmetric
non-degenerate pairing (-, =)' : (Sym(V[2])®V)®(Sym(V[2])®V) — Sym(V[2]) of degree -3
given by

(a1 ®vi,as @ v)™ := £ (a1 © az) (vi,v2) .

With the contracted coordinate functions (9), we now set

n(n-1)

-1 5
Opé = - Z % gr?Xt(f(Xm) .

n>1

The homotopy Jacobi identities imply that (Qyy)? = 0. The extended pairing (—, —)* induces a
(—1)-shifted symplectic structure

wn = =5 0£,06) € QV[1])

whose inverse defines the corresponding antibracket. In this way we recover the differential Qgy
and antibracket {—, —} of the BV formalism directly from the cyclic L.,-algebra of a field theory.
The BV action functional is obtained from the element

n(n-1)
-1z
=2 Cr (€ @M < sym(vi2)
nx
of degree 0. Then

Opyv = {SBV’ _} s

and nilpotency (Qgy)? = 0 is equivalent to the classical master equation

{SBV7 SBV} =0.

Homological perturbation theory. Letus go back to the original L-algebra (V, {£,}) describing
the classical field theory. The propagators h of the free theory define a strong deformation retract,
i.e. a homotopy equivalence, of the cochain complex (V, £;) onto its cohomology H*(V):

h

m<L_
V,t H*(V),0) . 10
V.00 5 w0 (10)

Here we introduced
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e Inclusion: a cochain map ¢ : H*(V) — V of degree 0;

* Projection: a cochainmap p : V — H*(V) of degree 0;

* Contracting homotopy h : V. — V of degree —1.
These maps are required to satisfy the following conditions:

* pr=1idge(v);

s p—idy =6 h+h{y;

* h?=0,ht=0andph=0.

We now extend this structure to the algebra of classical observables (Sym(V[2]), €1, {-,-})
of the free theory. The antibracket is the graded Poisson bracket

{= -} : Sym(V[2]) ® Sym(V[2]) — Sym(V[2])[1]
which is also a graded derivation on Sym(V[2]) in each of its slots; for example
{ar,a2 © a3} =(a1,a2) © a3 £ ax © (ay, a3) , (11)

for ai,az,az € Sym(V[2]). The antibracket is compatible with the differential £, extended as a
graded derivation to all of Sym(V[2]), as a consequence of cyclicity of the inner product (—, —).
In this way we obtain a new strong deformation retract

H

|
(Sym(V[2]), 1) ; (Sym(H*(V[2])),0) . 12)
The maps P, I, and H are extensions of the corresponding maps in (10). We will present more
details on how these extensions are realized in a particular example in Section 3.2.
To incorporate interactions and quantize the theory, we use the homological perturbation
lemma [15]. We perturb the differential ¢; to Qgy = €1 + 0, where ¢ is a small perturbation. This
leads to a new strong deformation retract with new maps P, T, and H:

H

|
(Sym(V[2]), Osv) _) (Sym(H*(V[2])),6) . (13)
P

In particular, the new projection map is given by P = P + P5 with

Ps = P (idsym(viz)) —0H) ' 6H.

It was shown in [15] that P s gives the path integral.
Then the n-point correlation functions of the quantum field theory are defined as
Gu(xg,... ’xn) = <O|T[A(xl) T A(xn)] |0> = P6(6x1 ©---0 5xn)

0 (14)
=Y P(6H)" (65,0 0 6y,) ,

m=1
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where 0, (x) := 6 (x—x,) are Dirac distributions supported at the insertion points x, of the physical
field A € V;. We will consider two important perturbations 6.
The free quantum field theory is defined by 6 =i A Az, with the BV Laplacian

Agy : Sym(V[2]) — Sym(V[2])[1] .

The BV Laplacian satisfies the two key properties (ABV)2 = 0 and Agy o €1 = —€; o Azy which
guarantee that Qg = €] + 17 Agy is a differential, (Qwy)? = 0. Tt is also related to the antibracket
through

Agy(ar © ap) = ABV(al) ©az+ (_I)M]' ap © ABV(QZ) + {al,az} > (15)

for all aj, a; € Sym(V[2]).

The interacting quantum field theory is defined by 6 = i A Agy + {Sint, —}, Where Sy is the
interaction part of the BV action functional Sgy. Then (14) is a formal power series in & and in the
coupling constants appearing in Sy, representing the perturbative expansion.

3. Braided scalar quantum field theory

In this section we apply BV quantization to braided noncommutative scalar field theory. For
concreteness, here we will work with ¢*-theory on R!:3. In Section 4.2 we will additionally consider
the example of ¢>-theory in six dimensions.

3.1 Braided L.,-algebra of scalar field theory

Braided noncommutative field theories [9] are constructed using the twist formalism briefly
reviewed in Appendix A; here we consider the Moyal-Weyl twist (A.5). Following [12, 16], we
define the braided L..-algebra for ¢*-theory. The underlying graded vector space V = V| @ V, and
the kinetic bracket (5) are unchanged, f;‘ = {1, while the interaction bracket (6) changes to

0 (h1, 92, 93) = A d1 * 2 % ¢3 . (16)

The Moyal-Weyl twist is compatible with the cyclic inner product (7), (—, =) = {—, =), so the free
braided scalar field theory is unchanged from its commutative version.

The action functional for the interacting braided scalar field theory changes to

1 1
S* = 5 <¢’€1 (¢)>* - 47 <¢’ 6;(¢’ ¢’ ¢)>*
X . (17)
=/d4x (§¢(—D—m2)¢—m¢*¢*¢*¢ .

At the classical level, it follows that braided scalar field theory is identical to the standard noncom-
mutative scalar field theory.
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3.2 BV quantization of braided scalar field theory

Let us now explain how to compute correlation functions of the interacting braided scalar field
theory using the braided BV formalism developed in [11]. More details can be found in [12].

We start from the cohomology H*® (V) of the abelian L,-algebra (V, ), which describes the
classical vacua of the free (braided) scalar field theory on R!-3. This is also an abelian L-algebra
concentrated in degrees 1 and 2, given by the solution space H! (V) = ker(¢;) of the massive Klein—
Gordon equation ((J + m?) ¢ = 0 and the space H*(V) = coker(¢;), with the trivial differential 0.

Following the discussion in Section 2 and in Appendix A, we need to define a translation-
equivariant projectionp : V. — H*®(V) of degree 0 and a translation-invariant contracting homotopy
h: Vo — Vj. For this, let G : C*(R"?) — C*(R"?) denote the scalar Feynman propagator

1 , = 1
O+ m2 with G(k) = Tnﬂ ,

G=-

where G(k) are the eigenvalues of the Green operator G when acting on plane wave eigenfunctions
of the form e!**, It satisfies

toG=—(0+m?) oG =idewggs) -

Since we are interested in calculating (braided) correlation functions, we take the trivial
projection map p = 0, or more accurately we restrict the cochain complex of H®(V) to its trivial
subspaces. With these choices, the contracting homotopy h : V, — V| is given by the propagator
h = G. Explicitly

—1k(x )
N0 =~z ¢ = [ &y [ S a0, (18)

for ¢* € V,, where we use the shorthand fk f (2ﬂ)4 In momentum space representation the
contracting homotopy acts as

(") (k) = 50

Now we apply braided homological perturbatlon theory. As in the undeformed case, we extend

the maps p and h to the braided space of functionals Symg(V[2]) on V. The data above induce a
trivial projection map P : Symg (V[2]) — Symg (H*(V[2])) given by

P(l) =1 and P((p] @* et O* QDn) = 0

The extended contracting homotopy H : Symg (V[2]) — Symg(V[2]) is defined as

H(1) =
(19)
H(@1 Ox =+ Ox o0) = = Z + Q] Ox *+* Ox Pa—1 Ox N(@a) Ox Pus1 Ox =+ Ox P »
a=1
for all ¢1,...,¢, € V[2]. We used the translation-invariance of h in (19) which trivializes the

action of R-matrices. Note that on generators ¢, € V[2], the twisted symmetric product ©y is
braided graded commutative:

Pa Ox g = (=DI%al 1221 R, (1) @4 R (g4
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As in the undeformed case, we perturb the free differential ¢;, extended as a graded derivation
to all of Symg (V[2]), to the ‘quantum’ differential

QBV=£1+6

on Symg (V[2]), with a formal translation-invariant perturbation 6. The braided extension of the
homological perturbation lemma [11] then constructs the perturbed projection map P = P + Py,
where

. -1
Ps =P (idsymg(vi2)) —6H) 6 H.
We are interested in two perturbations ¢ of ¢;.

Free theory. Correlation functions for the free braided scalar field theory are calculated from the
perturbation

6 =1hAsy,
where Agy : Symg (V[2]) — Symg(V[2])[1] is the braided BV Laplacian defined by

Agy(1) =0 > Agy(p1) =0 > Apv (@1 Ox @2) = (@1, P2)% »

ABV(()DI Ox « - Ox ‘Pn) = Z + <90a, Rauﬂ e ‘Ra/b_l (Sob))* ©1 Ox = Ox Pg-1 (20)

a<b

Ox R (041) Ox -+ Ox R (0p_1) Ox @ps1 Ox -+ Ox @n »

for all p1,..., ¢, € V[2].

Since the braided BV Laplacian contracts fields pairwise and lowers the symmetric algebra
degree from n to n — 2, it is clear that in this case the correlation functions (14) vanish unless n = 2k
is even, in which case the free braided 2k-point functions are then defined by

Gy (x1, . x20) @ = (OIT[B(x1) * - -~ % p(x2x)] 10

(21
1= (ih Agy H)k(5x1 Ox +++ Ox 5x2k) .

Using (7), (18), (19) and (20) we obtain the braided Wick expansion

. 1
1hABV H(5x1 Ox * -+ Ox 6X2k) = ﬁ Z ¢a R(la+1 e Rab_l (¢b) 5x1 Ox -+ Ox 6xa_1

a<b
Ox R+ (6Xa+|) Ox *+ Ox R-! ((be—l) Ox 6xb+1 Ox =+ Ox 6X2k .
‘We use the notation

Ba d1 = OIT[P(xa) ¢(x1)]10)* = =i h G(xq - xp)
L1

for the free propagator and the fact that the only non-zero pairings are (0, G(dx,))x = G(xq —xp).
Note that the Koszul sign factors are trivial for antifields ¢, = d,, € V[2]2. Let us illustrate how
these definitions work on the examples of two-point and four-point functions.

10
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For the two-point function one finds immediately the free propagator
Gy (x1,x2)”) = 11 Apy H(6x, Ox 6,)

1
=1hAgy 5 (G(éxl) Ox 6xz + 5x1 Ox G((sz))
1
=175 ((G(6x)); 8w + {0y, G(02))x)

e—ik-(xl—xz)
=-ih / W = —iFLG(Xl —Xz) ,
k _

where we used (18) to calculate G(J, ). In momentum space representation, the two-point function
is defined as

4
(2m)* 6 (k1 + k2) .

G (ki ) = i Ay H(eM 0y &) =10 === 1 ¢
7_

where e¥(x) = e'%* and the contraction is done in momentum space.

For the four-point function in position space representation we start from
. 1
lhABV H(6x1 Ox «++ Ox 5x4) = 5 (¢|1_|¢2 (5x3 Ox 6)(4 + ¢1 R(,(¢3) Ra(éxz) Ox 5x4
+¢1 Ra Rg(a) R (6yx,) Ou RE(6y,) + 9293 65, Ox Oy
+$2Ra(94) 0, Ox R (613) + 93 6 61, Ou 5,) -
Using
17 Agy H(éxa Ox 5xb) =¢da dp
[
we then find that the four-point function is given by

G} (x1,%2,%3,%4) ) = (17 Ay H)? (6, Ox Sx, Ox Oy O O,)

1
= 5 (2019293 94+ 61 Ra(63) R (92) g + 61 R” (63) §2 Ra(94)

+¢1 Ry Rg(a) RY(¢2) RE (3) + ).
$1Rq (3(¢4) (¢2) R”(¢3) 19402 ¢3
We now employ some R-matrix manipulations using
0; (#294) = =0} (92 94)
to conclude that the second and third terms are equal. From the identity [12]
R, R R (¢2) RP(¢3) = :
1R, (3(¢4) (¢2) R7(#3) 104203 (22)
we see that the last two terms are also equal. Altogether we arrive at

G (x1,x2,%3,%4) ) = $1 9283 ¢4+ 1 Ra($3)R7(62) du+ 81 446293 (23)

11
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Repeating this calculation in momentum space results in

G (ki ko, k3, ka) @ = (ih Ay H)? (eX1 0, e*2 0, b 0, &)

i (20 8k + ko) (2m)* (ks + ka)
_(1)( K2 — m? K2 —m2
4 4
N 2r)* 6 (ky + kg) (2m)* 6(ky + k3) o8
k% - m? k% —m2
+eikik (2n)* 8(ky + k3) (2m)* 6(ka + k4))
k% - m? k% —m2

= 010203 ¢a+P1adnds+e 041636004,

where k-0 p := k, 6" p,, = —p -6 k. The last term in (24) is exactly the term ¢ R, (¢3) R¥(¢2) ¢4
in (23)

Interacting theory. An interacting braided scalar quantum field theory is captured by the pertur-
bation

0 =1hAgy + {Sint, —}« - (25)
The antibracket in (25) is the braided graded Poisson bracket
{= =}« : Symg (V[2]) ® Symg (V[2]) — Symg(V[2])[1]
defined by setting

{0a, op}x = (@as 0b)x = £ {Ra(05), R (@a) }x

for ¢, € V[2], and extending this to all of Symg (V[2]) as a braided graded Lie bracket which is a
braided graded derivation on Symg (V[2]) in each of its slots; for example

{01, 02 Ox @315 = (@1, P2)x Ox ©3 £ R (92) Ox (R (1), 3)4 - (26)

As in the undeformed case, the antibracket is compatible with the differential €1, as a conse-
quence of cyclicity of the inner product (—, —),. It is also related to the braided BV Laplacian
through

Agy(a) Ox az) = Agy(a) Ox az + (‘Dlall ay Ox Agy(az) +{ay, ar}x , (27)

for all a1, a; € Symg(L[2]).
For A ¢*-theory on R!-3, the interaction action Siy; € Symg (V[2]) in (25) is defined by

1
Sint = _Z <§ ’ g;ext(g, ‘:C’ §)>iXt . (28)

The contracted coordinate functions & € Symg (L[2]) ® V are given by

fz/(ek®ek+ek®ek),
k

12
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ik k-x

where e (x) = e”'%* is the basis of plane waves for V; with dual basis e*(x) = e (x) = el

for V5.
These bases are dual with respect to the inner product (7), in the sense that

k

/ (er,e”)xep=er  and / e’ (ex, ")y =e”,
p
where throughout we use

/ d*x etk = 2m)* 5(k) .
The star-products among basis fields are
ek*ep:e_%k’el’ €kip » (29)
while the action of the inverse R-matrix on them is given by
R !(ex ®ep) =R,(er) ®R(ep) =€k 7 e 0e,, . (30)
As discussed in [11, 16], the interaction action (28) satisfies the classical master equation
(Su) + 5 (S S =0,
and it is annihilated by the braided BV Laplacian, Ag, (Sint) = 0. As a consequence, the operator
Opv = b1 + 11 Agy + {Sint, —}

is a differential, (Qyy)> = 0, which describes the correlation functions in terms of a braided quantum
L,-algebra.
To explicitly calculate (28), we extend the braided Lo-structure on V to Symg (V[2]) ® V via
the non-zero brackets [16]
(a1 ® ¢1) =+ a1 @ 1(¢1)
(a1 ® ¢1,a2 ® ¢2,a3 ® ¢3) = + (a1 Ox Ro(a2) Ox RgR(a3))
® (5 (RPR(41),R7 (¢2), ¢3) ,

for aj,as,a3 € Symg(V([2]) and @1, ¢2, ¢3 € Vi; again we write + for the Koszul sign factors
determined by the gradings of the elements involved in all operations. Similarly, the cyclic structure
is extended via the non-zero Symg (V[2])-valued pairing

(a1 ® ¢, a2 ® ¢*)" = £ (a1 Ox R (a2)) (R*(¢), " )u

foray,az € Symg(V([2]), ¢ € Vy and ¢* € Vs.

13
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Explicit calculation of (28) using (7), (29) and (30) results in

1
k * ext (. k k k ext
Sint = _47 <e '® ekl > 53 * (e ’® ekz’e '® ek3,e ‘® ek4)>*x
© Jky ko, ks kg
1

- Th Cax- €k, » (ek2 Ox Ro(e5) 04 Rg R(T(ek“))
© Jky, ko, ks kg

® £ (RPR%(e,), R7 (er,), ek, )5

1 oika 0 katiky- 0 kytiks-0 ke
4! ki,ko k3, ks
x (" ® ey, , (e Oy eF O, M) ®  (er,, ek, €1, )"
1 oike 0 katiko 0 kytiks-0 ks
4! ki,ka, k3, ks
x " 0, Ry (" 0, €8 0, M) (R (er,). £ (er,. €xy» €1) )

/l i Z ku'gkb

=0 e a<b ekl Ox ek Ox ek Ox ek (ks €y * €fy X @)y )5
4! ki,ka,k3,ky
/l i Z ku'gkb _% 2 ka'gkb

= —— e a<b e a<b

4 Jky ko ks ks
4 ky ko k3 k4
X(27T) 6(k1+k2+k3+k4)e Ox €7 Ox e Oy e

: / Valky, ko, k3, k4) ek‘ Ox (’.‘k2 Ox ek3 Ox ek4 .
ki,ky,k3,kq

The interaction vertex
A1 3 Y ke0k
Valkioko, ks ka) = =25 e o= (2m) (ki + ko + ks + ko) 31)

coincides with the vertex of the standard noncommutative A qu—theory [1, 2]. It has the braided
symmetry

Va( kit ka ) = e K @%at Vy(ky, ka, k3, k) (32)
under interchange of any pair of neighbouring momenta, and also the cyclic symmetry
Va(ki, ko, k3, ka) = Va(ka, k1, ko, k3) (33)

which follows from momentum conservation.
The interacting correlation functions of the braided quantum field theory are now given by

Grxts. o xn)™ = (OIT[P(x1) * - - % (x,)]|0)™

N (34)
‘= Z P (i Apy H+ {Sints =} )™ (63, O -+ O 6x,))

m=1
or in momentum space representation

(o)

G:(pl, e ,pn)int = Z P ((lhABV H+ {Sint, _}* H)m (epl Ox - Ox epn)) . (35)

m=1

14
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This is a formal power series expansion in A and the coupling constant A.
We represent terms in this perturbative expansion using standard Feynman diagrammatic
techniques; the Feynman rules are depicted in Figure 1.

ks k,

= (~} (k) =V (kl’ k2’ k3’ k4)

k2 kl

Figure 1: Diagrammatic representation of the propagator (left) and interaction vertex (right) for braided
4
A ¢,-theory.

4. Examples: Two-point functions at one-loop

In this final section we consider two illustrative examples: the two-point functions at one-loop
order for braided ¢*-theory in four dimensions and braided ¢>-theory in six dimension. We will
present all calculations in momentum space representation.

4.1 Braided ¢*-theory

We consider first the braided ¢4—theory on R!3 from Section 3, which was studied in [12] in
position space representation. Let us compute the one-loop correction to the free two-point function
from Section 3.2 in momentum space. Using (34), this is given by

G3(p1.p2)") = (17 Ay H)? {Sin, H(e” 04 7)) (36)
We first calculate {Sin, H(e?! O, eP?)}, using the non-zero pairings
(e,G(e"))s = (G(eP), e")x = (€7, G(e"))x = G(p) 2m)* 6(k +p) , @37

together with the braided derivation property (26) of the antibracket as well as the symmetry
properties (32) and (33) of the interaction vertex V4 (ky, k2, k3, k4). We find

4
{Sin, H(eP' 0, eP?)}, = = / Va(ky, ko, k3, ka) ((ek“, G(eP')), ek o, ek o, ek o, eP?
2 Jiyderks ky
+ (e, G(eP?)), el 0, el 0, ef2 0, b)) .

Inserting this into (36) gives

~ 4
Gy (p,p)V == / Va(ky, ko, k3, kg)
2 ki,ka,k3,ky

X ((ek4, G(epl)>* (ih Agy H)2 (ekl Ox ek2 Ox ek3 Ox epz) (38)

+ <ek4’ G(ep2)>* (1 hABV H)z (epl Ox ekl Ox ek2 Ox ekS)) .

15
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The free four-point functions in (38) are evaluated by using the braided Wick expansion (23)
in momentum space. We obtain

(i Agy H)? ("1 04 €2 0, e 0, e?)

= 17 ((e", G(ek)), (k. G(e™))s
relk 0k (eh G(e), (€%, G(eP)) + (€4, G(eP)) (€2, G(e"))s) (39)

= —h* (2m)8 G(p2) (6 (k1 + k) 6(k3 + p2) G(k1)
+e' M0k (k) + k3) 8(ka + p2) G(k1) + 8(k1 + p2) (ko + k3) G(k2))

and similarly

(il Apy H)? (eP! 04 ek 0, eF2 0, eF3)

= -1 (21)* G(p1) (6(k1 + p1) (k3 + k2) G(k2) (40)
+e' 20K §(py + ko) (k1 + k3) G(k1) + 6 (ks + p1) (ko + k1) G(ky)) .
We now substitute (39) and (40) into (38), and resolve the delta-functions. We find that all

six contributions are the same. Altogether the one-loop contribution to the two-point function in
momentum space is given by

. n*a (2n)*S(p1+ pa) 1
Gy (p1,p2)! = / : (41)
’ 2 (p-m?) (p3-m2) Ji k> =m?

This result agrees with the position space calculation given in [12]. It is independent of the
deformation parameter and coincides with the classical two-point function (at 6 = 0), including the
correct sign and overall combinatorial factor. It shows that there is no UV/IR mixing in the two-point
function at one-loop order, in contrast to the standard noncommutative quantum field theory [1, 2].
It also suggests that there are no non-planar Feynman diagrams in perturbation theory, see Figure 2.
This appears to be a consequence of the braided symmetries of the interaction vertex due to the
braided L-structure, through its interplay with the braided Wick theorem.

P P

>
>

Y

Figure 2: In braided A ¢3—theory, the one-loop self-energy receives a contribution only from a planar tadpole
diagram.

4.2 Braided ¢°-theory

We extend the example of braided 1 ¢*-theory in four dimensions to braided A ¢>-theory in six
dimensions. This is based on the braided L-algebra with graded vector space V = V| @ V,, where

16
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Vi=V,=C® (Rl’s), differential ff ={; = =[O0 — m?, and the single non-vanishing higher bracket
3 defined as

G (91, ¢2) =11 % b2, (42)

forA e Rand ¢, ¢y € V).
The calculation of the interaction action functional Siy; € Symg(V[2]) proceeds as in Sec-
tion 3.2. We obtain

1

k *ext (  k k ext
Sintz_y / <e : ®ek1,€2 (e 2®ek2,e 3®ek3)>*
© Jkiky ks

= / V3(k]9 k2’ k3) ekl Q* ek2 Q* ek3 s
ki,ka k3

where the interaction vertex is

A 5% kaOk
Vi(kicka,ks) = —3re om0 (2 6k +ka + k3). @3)

witha, b = 1,2,3. Analogously to (32) and (33), the vertex function (43) has the braided symmetry
Va( kast kg ) =e a0 Ra v(ky, ko, ks) (44)

under interchange of any pair of neighbouring momenta, and also the cyclic symmetry
Va(ki, ka, k3) = Va(ks, ki, k2) . 45)

The two-point function is defined again as

(9

G5 (p1,p)™ = D" P (1A A H+ {Sini, =} H)™ (€7 0, &), (46)

m=1

The one-loop corrections to the free two-point function are given by the sum of two terms

G (p1.p)\" = i h Ay H {Sine H (1 hApy H) {Sine H (7' 04 eP)} )},

i (47)
G5 (p1.p2)" = (17 A H)? {Sine, H {Sine, H (e? 0 P} .
We start with
3
{Sin, H(e? 0, eP)} == / V3(ki, ko, k3) (€2, G(eP')), eX1 0, e*2 0, e
2 ki,ky, k3 48)

+(e", G(eP?)), P! O, &M 0, e?) |
where the non-zero pairings are of the form
(e*,G(eP))x = (G(eP), e")s = (P, G(e"))x = G(p) (2m)°5(k +p) .
To calculate G; (p1, pz)fl), we apply i/ Agy H to (48) and obtain
(i hABV H) {Sint, H(epl Ox epz)}*

3

_3 / Va(ki, ko, k3) (€%, G(e))x (i h gy H) (€4 0y ek 0, eP?)
2 ki,k,k3

+(e", G(e”2))y (1h Ay H) (eP' 0y eX 0, eF?)) .
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These two terms result in

. 2.
(1A H) (e 04 2 0y e7) = Zih (e, G(e"))x e (49)

+ (€2, Ge"))y ekt + e T1hI 0k (k1 G(eP)), ek?)

and

. 2.
(ihAw H) (7' 0y e 0, e) = Sih ((eh1,G(eP)), ek (50)

+(ef,G(ef)), et + etf ki (eP1 G(ek2)), eb1) .

Adding another vertex insertion introduces three more internal momenta, two of which will be
contracted via another application of i A Agy H, resulting in

(17 Agy H) {Sini, H(e") }x =3 / V3(q1,92,93) (€®,G(e"))x (G(eT),e®)y . (51)
q1-92-93

where we used the symmetry properties (44) and (45). Applying (51) to (49) and (50), and adding
all terms, we get the first correction term

- 1y _ (hD)? 2m)°6(p1) [ 1 r (27)°6(p2)
Gy(pp2)y " = —¢ 2 —m? /k 2 —m2 pi-m?
L (h)?  em°s(pi+po) 1

3 (p2-m?) (p3-m?) Ji (0—m?) (k> —m?)

(52)

We recognise the first term in G;( D1, pz)fl) as the contribution from the disconnected pair of
tadpole diagrams and the second term as the contribution from the connected tadpole diagram, see
Figure 3.

p P »>- »>-
p p

Figure 3: The tadpole contributions to the two-point function at one-loop in braided A ¢>g—theory.

To calculate G; (p1, pz)él), we first have to add one more vertex to (48):

{Sint, H {Sint, H (ep] Ox ePz)}*}*

3

2 / Va(ki. ka. k) (€5, G(eP"))s {Sim. H (X1 0, €® 0, e7)},
2 ki,ka,k3

+(e, G(e”))x {Sin, H (e” 0y "1 04 )} ) .
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The first term is given explicitly by

{Sint, H (ekl Ox ek Ox epz)}*

3

=3 / V3(q1, g2, q3) ((€%,G(e")), e 0, e 0, e*2 0, eP?
q1.92,93

+(e?,G(e)), e O, e O, e® O, e

+(eB,G(e"?)), ek 0, eF2 0, e 0, ),

and similarly for the second term.

The next step is to apply the operator i 2 Agy H twice in a row, which is equivalent to the braided
Wick theorem applied to any product of four fields found under the integral. The result is given by

(1 hABV H)2 {Sint’ H {Sint’ H (epl Q* epz)}*}*

3
[ [ vtk k) Vi asas) (€4 Gler)) (e, Gt
ki.ky,ks Jq1.92.93
X (e, (&%), (5, G(eP), +H70 P2 (&0, G(e)), (e, G(eP)),

+(e?,G(e”)), (e©, G(ek)),) + .. ) ,

where for brevity we display explicitly only the braided Wick expansion of the first product arising.

Unravelling everything, one gets the second correction term

G2 (pr, py) = G2 Gm)5(p) [ /k ! r (2m)°5(p2)

12 pom? k2-m2|  pl—m?
. 2 6
L (07 (2m)°8(p1 +pa) 1 (53)
6 (pj-m?) (p3-m?) Jk (0—m?) (k* —m?)
L Ah)?  (21)°8(p1 +pa) 1

2 (pr-m?) (p3-m?) Jx (K2 -m?) ((p1—k)?-m?)

The first and second terms are the same as the two terms we found in G; (p1, pz)fl). The third term
in G~; (p1, pz)él) comes from a vacuum polarization diagram, see Figure 4.

k
P P

Figure 4: The vacuum polarization contribution to the two-point function at one-loop in braided 2 ¢g-theory.
Finally, by adding the two corrections one finds that the one-loop contribution to the two-point
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function in momentum space is given by

631, py» = -2 G 5(p0) [ / 1 r (2m°6(p2)
k

4 p%—m2 k2 — m? p%—m2

_(h)* (2m)°8(p1+p2) 1 (54)
2 (pi-m?) (p5-m?) Ji (0—m?) (k* —m?)

_(h)? (2m)°6(p1+p2) 1

2 (p2-m?) (p3-m?) Jk (K2 =m?) ((p1—-k)?-m?)

This is exactly the same result as in the commutative case because braided features that come from
different places, such as the vertex and the braided Wick theorem, have cancelled each other out.
Additionally, all numerical factors agree with the commutative result. Therefore, we conclude that
also in the braided noncommutative ¢>-theory in six dimensions, UV/IR mixing is absent from the
two-point function at one-loop.

It would be interesting to further extend our analysis to calculate the one-loop beta-function
for this model and to check whether the braided noncommutative ¢>-theory in six dimensions is
still asymptotically free. It would also be interesting to explore the extent to which our conclusions
concerning the absence of non-planar diagrams and UV/IR mixing prevail at higher loops and in
higher-point correlation functions, in both the ¢* and ¢* scalar field theories. We plan to investigate
these and other problems in future work.

A. Drinfel’d twist deformation formalism

In this appendix we briefly introduce the basics of Drinfel’d twist deformation formalism and
the notation we use in the main text. More detailed and thorough treatments can be found in [17, 18].

In the Drinfel’d twist formalism, a deformation is introduced via a twist element ¥ € Ub ® U,
where Ubv is the universal enveloping algebra of the Lie algebra of vector fields v := I'(TM) on a
manifold M. We use the notation ¥ = f* ® f, and F~! =f? @ f,,.

The invertible R-matrix R € Uv ® Uv encodes the braiding and it is induced by the twist as

R=FnF '=R*®R,,

where %21 = 7(F) = f, ® £* is the twist with its legs swapped. It is easy to see that the R-matrix
is triangular, that is

Ro1=R'=R, ®R". (A.1)
The simplest class of twists are the abelian twists which are of the form
F=exp(—46X,®Xyp), (A2)

where (6?) is a constant antisymmetric matrix and {X,} is a set of commuting vector fields. For
these twists %1 = ¥ ! and R = F 2. The standard Moyal-Weyl twist and also the angular twist
of [19] are examples of abelian twists.
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The twist (A.2) deforms the pointwise product f - g on the algebra of functions C* (M) to the
noncommutative star-product

frg=1(f) falg) =Ra(g) xR(f)

) (A.3)
= f-g+50"X.(f) Xp(g) +0(67).

Extending the action of Ub to tensor fields using the Lie derivative, the exterior algebra of
differential forms Q° (M) is deformed in a similar way with

W1 Ay wy = T%w)) Afo(wr) = (=D R (wr) Ay RY(w)) (A.4)
and
d(wi Ax w2) = dwi Ay Wy + (—1)""1| w1 Ay dws .

By |w| we denote the degree of a homogeneous form w. The exterior derivative d does not change
under the deformation.

We define braided field theories using the twist formalism. A classical field theory on R4~ is
generically Poincaré invariant, so its L -algebra consists of modules and equivariant brackets for the
universal enveloping algebra Uiso(1,d — 1) C Uv of the Poincaré algebra iso(1,d — 1). Hence we
have to restrict to twists ¥ € Uiso(1,d—1)®Uiso(1,d—1). We can further restrict to abelian twists
F € Uiso(d — 1) ® Uiso(d — 1) constructed from the spatial isometries of R?~! ¢ R4~ as this
simplifies some of the analysis in the quantum field theory, such as the treatment of time-ordering,
as well as avoiding potential issues with unitarity.

For definiteness, and for the sake of illustration, in the main text we choose the Moyal-Weyl
twist

TICXP(—%HU (91'®(9j) S (AS)

where (6"/) is a (d — 1)x(d — 1) antisymmetric real-valued matrix, and 9; = 2 € T(TRY") for
i=1,...,d -1 are vector fields generating spatial translations in R"-4~1,

Acknowledgments. We thank the organisers of the Corfu Summer Institute 2022 for the stimu-
lating meeting and the opportunity to present the preliminary results of our work. We also thank
Nikola Konjik and Biljana Nikoli¢ for helpful discussions. The work of Ds. B., M.D.C. and V.R.
is supported by Project 451-03-47/2023-01/ 200162 of the Serbian Ministry of Education, Science
and Technological Development. The work of R.J.S. was supported in part by the Consolidated
Grant ST/P000363/1 from the UK Science and Technology Facilities Council.

References

[1] S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics,
JHEP 02 (2000) 020, [arXiv:hep-th/9912072].

[2] R.J.Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378 (2003) 207-299,
[arXiv:hep-th/0109162].

21



BV quantization of braided scalar field theory M. Dimitrijevi¢ Ciri¢

(3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

D. Blaschke, Aspects of perturbative quantum field theory on noncommutative spaces, Proc.
Sci. 263 (2016) 104, [arXiv:1601.03109].

A. P. Balachandran, A. Pinzul and B. A. Qureshi, UV/IR mixing in noncommutative plane,
Phys. Lett. B 634 (2006) 434-436, [arXiv:hep-th/0508151].

J. G. Bu, H. C. Kim, Y. Lee, C. H. Vac and J. H. Yee, Noncommutative field theory from
twisted Fock space, Phys. Rev. D 73 (2006) 125001, [arXiv:hep-th/0603251].

G. Fiore and J. Wess, On full twisted Poincaré symmetry and QFT on Moyal-Weyl spaces,
Phys. Rev. D 75 (2007) 105022, [arXiv:hep-th/0701078].

P. Aschieri, F. Lizzi and P. Vitale, Twisting all the way: From classical mechanics to quantum
fields, Phys. Rev. D 77 (2008) 025037, [arXiv:0708.3002].

R. Oeckl, Untwisting noncommutative R and the equivalence of quantum field theories, Nucl.
Phys. B 581 (2000) 559-574 [arXiv:hep-th/0003018].

M. Dimitrijevi¢ Ciri¢, G. Giotopoulos, V. Radovanovi¢ and R. J. Szabo, Braided L..-
algebras, braided field theory and noncommutative gravity, Lett. Math. Phys. 111 (2021)
148, [arXiv:2103.08939].

B. Jurco, L. Raspollini, C. Simann and M. Wolf, L,-algebras of classical field theories and
the Batalin—Vilkovisky formalism, Fortsch. Phys. 67 (2019) 1900025, [arXiv:1809.09899].

H. Nguyen, A. Schenkel and R. J. Szabo, Batalin—Vilkovisky quantization of fuzzy field
theories, Lett. Math. Phys. 111 (2021) 149, [arXiv:2107.02532].

M. Dimitrijevié Ciri¢, N. Konjik, V. Radovanovi¢ and R. J. Szabo, Braided quantum electro-
dynamics, arXiv:2302.10713.

O. Hohm and B. Zwiebach, L,-algebras and field theory, Fortsch. Phys. 65 (2017) 1700014,
[arXiv:1701.08824].

J. Gomis, J. Paris and S. Samuel, Antibracket, antifields and gauge theory quantization, Phys.
Rept. 259 (1995) 1-145, [arXiv:hep-th/9412228].

M. Doubek, B. Jur¢o and J. Pulmann, Quantum L.-algebras and the homological perturbation
lemma, Commun. Math. Phys. 367 (2019) 215-240, [arXiv:1712.02696].

G. Giotopoulos and R. J. Szabo, Braided symmetries in noncommutative field theory, J. Phys.
A 55 (2022) 353001, [arXiv:2112.00541].

S. Majid, Foundations of Quantum Group Theory, Cambridge University Press (1995).

P. Aschieri, M. Dimitrijevié¢, P. Kulish, F. Lizzi and J. Wess, Noncommutative spacetimes:
Symmetries in noncommutative geometry and field theory, Lect. Notes Phys. 774 (2009) 1-199.

M. Dimitrijevié Ciri¢, N. Konjik, M. A. Kurkov, F. Lizzi and P. Vitale, Noncommutative field
theory from angular twist, Phys. Rev. D 98 (2018) 085011, [arXiv:1806.06678].

22



	Introduction
	Homotopy algebras and BV quantization
	Braided scalar quantum field theory
	Braided L-algebra of scalar field theory
	BV quantization of braided scalar field theory

	Examples: Two-point functions at one-loop
	Braided 4-theory
	Braided 3-theory

	Drinfel'd twist deformation formalism

