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1. Introduction

Collective phenomena observed in relativistic heavy-ion collisions (HICs) signal the existence
of the Quark-Gluon Plasma (QGP), a deconfined state of nuclear matter described by the underly-
ing theory of Quantum Chromo Dynamics (QCD). This behavior can be described by relativistic
viscous hydrodynamics, an effective theory at a macroscopic level. Modern constructions of hydro-
dynamic theories rely on gradient expansions of the energy-momentum tensor of the fluid, which
limits the validity of the hydrodynamic description to be only close to equilibrium. Conversely,
any microscopic non-equilibrium description is expected to reach its macroscopic hydrodynamic
effective description in the long-wavelength and low-frequency limit [1–3] if the system is suffi-
ciently close to equilibrium. Constructing effective hydrodynamic descriptions by integrating out
the microscopic degrees of freedom may wash out the diversity in microscopic theories. It is thus
interesting to study the emergence of macroscopic behavior from different underlying microscopic
theories, and to what extent the universal features emerge in the macroscopic limit.

Non-hydrodynamic modes describe the remnants beyond the near-equilibrium hydrodynamic
modes [4]; these may exhibit some degree of universality or display a strong diversity among
different microscopic theories out-of-equilibrium. We investigate these questions within various
microscopic kinetic theories [5], where the microscopic dynamics are governed by the single
particle distributions, and infer the macroscopic behavior of the energy-momentum tensor. Based
on this description, we present a simple approach to extract the hydrodynamic sound modes and
non-hydrodynamic modes. A remarkable degree of universality of the macroscopic behavior is
observed, in particular for the hydrodynamic sound mode. Details of our study are provided in [6].

2. Linearized kinetic theory

We study four types of kinetic theories, including the Relaxation Time Approximation (RTA),
scalar 𝜙4 theory (SCL) [7], SU(3) Yang-Mills (YM) kinetic theory [8] and QCD kinetic theory [9,
10], in four sets of Boltzmann equations respectively

𝑝𝜇𝜕𝜇 𝑓 (𝑡, ®𝑥, ®𝑝) = 𝐶 [ 𝑓 (𝑡, ®𝑥, ®𝑝)] . (1)

Considering linearized perturbations 𝛿 𝑓 on top of a homogeneous equilibrium background 𝑓eq in
the form of 𝑓 (𝑡, ®𝑥, ®𝑝) = 𝑓eq(𝑇, ®𝑝) + 𝛿 𝑓 (𝑡, ®𝑥, ®𝑝), a Fourier transform from the position ®𝑥 to the
wave-number ®𝑘

𝛿 𝑓 (𝑡, ®𝑘, ®𝑝) =
∫

𝑑3𝑥

(2𝜋)3 𝑒
−𝑖 ®𝑘 · ®𝑥𝛿 𝑓 (𝑡, ®𝑥, ®𝑝) , (2)

results in a complex integro-differential equation

(𝑝0𝜕𝑡 + 𝑖 ®𝑝 · ®𝑘)𝛿 𝑓 (𝑡, ®𝑘, ®𝑝) = 𝛿𝐶 [ 𝑓eq(𝑇, 𝑝), 𝛿 𝑓 (𝑡, ®𝑘, ®𝑝)] . (3)

for the phase-space distributions 𝛿 𝑓 of linearized perturbations. The difference among kinetic
theories is encoded in the collision integrals 𝛿𝐶 [ 𝑓 , 𝛿 𝑓 ]. We source scalar perturbations by small
changes in the background temperature 𝛿𝑇 , leading to the initial condition

𝛿 𝑓 (𝑡 = 0, ®𝑘, ®𝑝) = 𝛿𝑇
𝜕 𝑓eq(𝑇, ®𝑝)

𝜕𝑇
. (4)
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Figure 1: Energy response functions �̃�𝑠
𝑠 ( �̄� , 𝑡) in different kinetic theories (QCD, YM, SCL, RTA) and

wave-numbers �̄� , compared to the first-order hydrodynamic response function in Eq. (6).

3. Universality of energy-momentum response

The nontrivial response to a temperature perturbation can be quantified in kinetic theory by
means of a response function 𝐺𝑠

𝑠 in the sound channel, which we define in terms of perturbations
of energy density 𝛿𝑒 as

�̃�𝑠
𝑠 ( ®𝑘, 𝑡) =

𝛿𝑒( ®𝑘, 𝑡)
𝛿𝑒( ®𝑘, 𝑡 = 0)

, with 𝛿𝑒( ®𝑘, 𝑡) = 𝛿𝑇00( ®𝑘, 𝑡) =
∫

𝑑3𝑝

(2𝜋)3 𝑝
0𝛿 𝑓 (𝑡, ®𝑘, ®𝑝) . (5)

A simple example of universality in the hydrodynamic theory can be seen by reformulating the
response function of the first-order hydrodynamic theory. Indeed, the response function can be
expressed in terms of the scaling variables 𝑡 = 𝑡 𝑠𝑇

𝜂
, �̄� = 𝑘

𝜂

𝑠𝑇
as

�̃�1st
hydro(𝑘, 𝑡) = cos(𝑐𝑠𝑘𝑡)𝑒−

2
3

𝜂

𝑠𝑇
𝑘2𝑡 = cos(𝑐𝑠 �̄� 𝑡)𝑒−

2
3 �̄�

2𝑡 . (6)

The comparison of response functions between kinetic theories for different wave numbers �̄� is
naturally the first examination of the universal scaling behavior beyond hydrodynamics.

Universality of response functions in kinetic theories: We present the comparison of re-
sponse functions among different kinetic theories as well as the response function from first-order
hydrodynamic theory in Fig. 1 at various �̄� . The left panel of Fig. 1 shows a clear convergence
of all kinetic theories to the hydrodynamic limit for small gradients �̄� = 0.1. In the middle and
right panel, we can see a remarkable degree of universality between kinetic theories for larger wave
number �̄� = 0.5, 1.0, well beyond the hydrodynamic limit.

Sound and non-hydrodynamic modes: In order to further quantify this universal energy-
momentum response, we present a simple approach to extract the hydrodynamic sound modes
and the non-hydrodynamic modes. Inspired by the first-order hydrodynamic response function in
Eq. (6), we fit the response functions from kinetic theory in two components

�̃�𝑠
𝑠 ( �̄� , 𝑡) = �̃�𝑠 ( �̄� , 𝑡 > 4𝜋) + �̃�𝑛 ( �̄� > 0.4𝜋, 𝑡), (7)

with the same functional form containing complex frequencies

�̃�𝑠/𝑛 ( �̄� , 𝑡) = 𝑍𝑠/𝑛 ( �̄�) cos[Re(�̄�𝑠/𝑛 ( �̄�))𝑡 + 𝜙𝑠/𝑛 ( �̄�)]𝑒Im( �̄�𝑠/𝑛 ( �̄� ) )𝑡 . (8)
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Figure 2: Sound and non-hydrodynamic modes extracted from response functions �̃�𝑠
𝑠 ( �̄� , 𝑡) in QCD kinetic

theory at various �̄� .

The fitting of the sound mode �̃�𝑠 is done with late time data after the hydrodynamization time
𝑡=4𝜋, whereas the fitting of the non-hydrodynamic mode �̃�𝑛 is performed for the remaining part
on early time scales.
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Figure 3: Dispersion Re[�̄�( �̄�)], damping
Im[�̄�( �̄�)] and residue 𝑍 ( �̄�) in different kinetic
theories (QCD, YM, SCL, RTA) and wave-
numbers �̄� . Compared to the ideal and second-
order hydrodynamic dispersion relations.

Since we are using one single mode to describe
the non-hydrodynamic behavior, which in general
can be expected to exhibit multiple poles or branch-
cuts in the complex frequency plane, we avoid fitting
very early times before 𝑡=0.4𝜋. We demonstrate
the fitting for the QCD response function in Fig. 2.
The left panel at small �̄� = 0.1 shows the sound
mode dominance at the hydrodynamic regime. The
non-hydrodynamic mode appears at slightly larger
�̄� = 0.5 in the middle panel when the plasma is out
of the hydrodynamic regime. The right panel shows
an increase in the non-hydrodynamic contribution
at even larger �̄� = 1.0 and a failure of fitting at
a very early time 𝑡 < 0.4𝜋, where additional non-
hydrodynamic excitations play a prominent role.

Dispersion, damping and residue: After ex-
tracting the sound and non-hydrodynamic modes
from Eq. (8), we also inspect the universality in terms
of complex frequencies and residues of the hydrody-
namic sound modes presented in Fig. 3. The real part
of the frequency represents the dispersion relation of
the perturbation and the imaginary part of the fre-
quency represents the damping of the modes. Both
dispersion and damping show universality among
kinetic theories even at large �̄� beyond the hydro-
dynamic regime. At small �̄� they all converge to
the hydrodynamic limit as compared to the ideal and
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Figure 4: Energy response functions in position space 𝐺𝑠
𝑠 ( �̄� , 𝑡) in different kinetic theories (QCD, YM,

SCL, RTA) compared to the first-order hydrodynamics as well as free-streaming.

second-order hydrodynamic dispersion relations. The residue characterizes the fraction of energy
carried by sound and non-hydrodynamic modes respectively. It goes from sound mode dominance
at small �̄� down to non-hydrodynamic mode dominance at larger �̄� and also shows some level of
universality between different microscopic theories.

Response functions in position space: By Fourier transforming back from wave-number �̄�
space to the position 𝑥 space, we evaluate the response function as a space-time propagator

𝐺𝑠
𝑠 (®𝑥, 𝑡) =

∫
𝑑3 �̄�

(2𝜋)3 𝑒
𝑖 ®𝑘 · ®𝑥�̃�𝑠

𝑠 ( ®𝑘, 𝑡)𝑒−𝜎 ( �̄�𝑡 )2
, (9)

We show the corresponding response function in position space in Fig. 4. The universality among
all kinetic theories is clearly visible, even for early time, while they approach the hydrodynamic
limit at a later time indicating the thermalization of the medium.

4. Conclusions & Outlook

We study the energy response functions of four types of kinetic theories including RTA, SCL,
YM, and the QCD. A simple method is performed to extract the sound and non-hydrodynamic
modes from the kinetic response functions. The sound modes extracted from the kinetic theories
all converge into their universal hydrodynamic limit. Among all these studies, we find a remark-
able degree of universality among all kinetic theories, especially for sound modes even at large
gradients beyond the hydrodynamic regime. This indicates the possibility to construct an effective
hydrodynamic theory beyond the traditional hydrodynamic validity regime in the future.
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