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1. Introduction

Cosmology is the greatest scientific discipline.! It spans all of the length scales in physics,
from the Planck scale to our cosmological horizon. It also informs our understanding of the origin,
history, and fate of our Universe; it even hints at the possibility of universes beyond ours. Yet,
cosmology doesn’t merely pertain to existential questions, it answers them through information
encoded in maps of the Universe that are accessible with current or near-term technology. One
ongoing challenge for the modern cosmologist is decoding these maps to isolate the answers to the
questions that are of the most pressing interest.

Traditional presentations of cosmology often tell only a piece of this story: the fundamental
theory that allows us to ask deep questions about nature is treated as an independent subject from
the phenomenology of the maps that are used to answer them. Of course, both presentations
acknowledge their dependence on the other, but usually through a handful of parameters that serve
as a Rosetta Stone to relate theory and observations. Few practitioners hold in their mind both the
theoretical underpinnings and the complexity of the cosmological data as being two components
of a whole. Yet, the fundamental principles that shape the evolution of the Universe are the same
across epochs, and inform how we think about inflation, galaxy formation, data analysis, and more.

The purpose of these lectures is to give a flavor of this connection between theory and data.
Of course, the downside is that we will not have time to delve as deeply into each of our subjects
as one might like. Fortunately, there are excellent textbooks [1-3], TASI lectures [4-7], and
white papers [8—13] on many of these topics, whether it is inflation, thermal history, the cosmic
microwave background (CMB), or large scale structure (LSS). In contrast, there is comparatively
less material that synthesizes these perspectives into a single subject. Our goal will be to learn
about the connections between these topics, particularly with an eye towards testing fundamental
physics with cosmological data.

Notation

I will assume some basic familiarity with general relativity, cosmological spacetimes, and ther-
modynamics. We will always be working in flat Friedmann-Robertson-Walker (FRW) background,
i(t
ds* = —di* +a(t)’dx> H(®) = o , (1.1)
a(t)
where we will define F(f) = %F (t). We will set ¢ = = kg = 1 throughout, and define My, as
the reduced Planck mass, M§1 = 1/(87G) where G is Newton’s gravitational constant. With these
choices, the behavior of the FRW solution is governed by the Friedmann equation,

3MAH? = Zpi(z) , (1.2)

where p; (X, 1) are the energy densities of various species, and we define the homogenous density p
and fluctuations §p via p;(X,t) = p;(t) + 6p; (X, t). It is useful to recall that matter, radiation, and

vacuum energy (dark energy) redshift like a3, a=*, and a° respectively. Applying the Friedmann

-3/2

equation, the expansion rate scales as H(t) « a a=2, and a° during the respective epochs in

1T have taken some liberty of injecting hyperbole and personal opinion into these lectures.
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the standard ACDM cosmology where each of these energy densities dominates the energy budget
of the Universe. We will also sometimes define

QiI_I(% = pi(ltoday) w; = Qih2 > (1.3)

where h = Hy/(100km/s/Mpc) is introduced so that w; behaves like a density as we change
cosmological parameters while still carrying the units of ;.

At times, we will discuss perturbations of the metric and matter distribution using conformal
Newtonian gauge such that (following [14])

ds? = a*(7) [ (-1 - 2®)dr? + (1 - 2¥)5;; dx’ dn/] (1.4)

and work with the Weyl potential, ®, = ® + ¥, where dt = a(1)dt define the conformal time
variable T (sometimes called n instead). To clarify when we are using 7, we will define

0 _ad (1)
EX H) = a(t)

Conformal time is particularly useful during inflation where H is approximately constant and

X =

= H(t)a(T) . (1.5)

a(t) = —1/(HT). To avoid potential confusion with conformal time, we will define the optical
depth to reionization as Topical-

Throughout these lectures, we will discuss fields in both position and Fourier space for the
spacial coordinates X. We will define the Fourier transform of a field ¢ (X, ¢) as ¢(/€, t) so that

d*k

—ikF (T
B o(k,1) . (1.6)

o(En= [ Ereioin oG-
We will often use the notation k = |/€ | to denote the length of a vector, and k = k /k is the unit
vector.
It is also useful to remember that the redshift of an object, z, is related to the amount of
expansion between the time the light was emitted (#) and today (zy) by

a(to)

a(r)

If we set ag = a(ty) = 1, for convenience, then we can define a(r) = 1/(1 + z(t)) with z = 0 being

=1+z(1). (1.7)

the same as 7, as it should. While we could, in principle, discuss most of theoretical cosmology
without ever mentioning the redshift directly, it is useful for making contact with observations
where the redshift is what you measure.

Finally, figures showing the power spectra were calculated using the CLASS Boltzmann
code [15], unless otherwise stated.
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2. Coins and Cosmology

In most disciplines of physics, there is the idea of signal and noise, and our task is to isolate
the signals. Cosmological maps, in contrast, are literally maps of noise. This is not even hyperbole,
the fluctuations of interest in these maps are simply random sound waves that propagated though
the Universe. To understand the role of fundamental physics in the Universe, we will also have to
grapple with the meaning of the noise in our maps.

2.1 Bayesian Inference

The challenge of inferring cosmological parameters from maps of the Universe can be under-
stood as a generalization of the problem of determining if a coin is fair. Suppose we have a coin
where a flip will return heads with probability p and tails with probability 1 — p. Of course, we
don’t actually know what p is and our goal is to determine it by flipping the coin N times. The
data we get from performing this experiment is that after N flips we got n heads and N — n tails
(we will take it as a given that the order of the heads and tails is not meaningful). If we were told
ahead of time what the correct value of p was, we could calculate the probability of this outcome.
However, that is not the problem we are faced with. Instead, given this outcome, we want to know
what values of p are consistent with our experiment.

The most straightforward way to understand this problem is to use Bayes’ Theorem. The
theorem is stated as follows

Bayes’ Theorem: Given a data set, D, and a hypothesis, H (a model), that would explain the data,
the probability of the model given the data, P(H|D) (the posterior), is

P(D|H)P(H)

P(H|D) = PD)

2.1
where P(D|H) is the probability of the data given the model (also known as the likelihood), P(D)
is the probability of the data, and P(H) is the probability of the hypothesis.

The likelihood, P(D|H), is something you should be able calculate given the model’s assump-
tions. The prior, P(H), is what we think the probability is that H is correct before we see the data
(it is helpful to imagine that H is part of a family of hypotheses that we might not view as equal
ahead of time). Usually, it is a good idea to make the prior pretty weak, like P(H) = constant, so
that P(H|D) is determine by the data and not our prior beliefs. However, P(H) may also be used
to include information from other experiments and therefore it may play an important role. Finally,
the probability of the data (also known as the evidence), P(D), is simply the probability that you
would observe the specific data set given all the possible hypotheses you will consider. Concretely,
we really want P(H|D) to be a probability distribution for the parameters of a model, so it should
be true that

/ dHP(H|D) = 1. 2.2)

Notice that P(D) does not depend on H so once we know the data, D, P(D) is simply a constant.
We can therefore define

P(D) = / dHP(D|H)P(H) 2.3)



Cosmic Signals of Fundamental Physics Daniel Green

so that we have a normalized probability distribution.

Bayes’ theorem is much easier to understand when we apply it to examples, so let’s return to
the problem of coin flipping: our hypothesis is that the coin has probability p of heads and 1 — p
of tails. We assume we know nothing about p ahead of time, so that P(H = p) = constant. We
have in hand N flips of a coin returning n heads and N — n tails. The probability of getting this data

given our p is
NI

P(n|p) = p"(1 —p)N‘"(IZ) =p"(1 —p)N’"m. (2.4)

The probability of the data is simply the integral over all p:

1
N!
P(n) = dpp"(1-p)N " —nr— | 2.5
= [ dpp -V @5
so that the posterior for p is given by
nil — N-n
P(pln) = —~ d-r) (2.6)

Jldp pr(1 = pyN-n

This result is shown in Figure 1 for the choice N = 1000 and n = 550. A priori, it might have
seemed reasonable to get 550 heads from 1000 flips of a fair coin. Not only does Bayes’ theorem
tells us the fair coin is unlikely, repeating the experiment of flipping 1000 coins fair over and over
again shows that it very rare to get 550 heads from a fair coin but the distribution simulations when
we take our coin to have p = 0.55 matches the posterior we derived using Bayes’ theorem.
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Figure 1: The orange line is the posterior for p from N = 1000 and n = 550. This curve has little support for
an fair coin, p = 0.5. Using (2.10) we have o = 0.016, which would exclude p = 0.5 at approximately 3o
The blue histogram show the distributions of outcomes for n/N from 1000 simulations, each with N = 1000
flips and p = 0.55. The grey histogram is the same distribution of outcomes for 1000 simulations each using
N = 1000 flips, but now using fair coin, p = 0.5. We see that our Bayesian inference (orange curve) is a very
accurate representation of the range of possibilities that come from simulating the data with p = 0.55 (blue
histogram).

In order to build intuition, let us write n = pN so that

p"(1-p)N" =exp (N(plogp + (1 - p)log(l - p))) . (2.7)



Cosmic Signals of Fundamental Physics Daniel Green

At large N we expect this will become very sharply peaked as reflected by the narrow Gaussian in
Figure 1. The maximum value of our posterior, pg, is determined by

d - p_(A-p)
Zon(1=p)VNy g £ 12 2
ap” P po 1-po

This seems reasonable, our best guess for p given n heads is that p = n/N. We also want to know

0—=po=p. (2.8)

how certain we are of this possibility, so let’s find the behavior around the maximum, p = p + dp,
and expanding the argument of the exponential in dp,

- -——— 5p%, 29
2p 2(1-p) Zﬁ(l—ﬁ)p) @

for some constant C. From here, we notice our first important result: we have found that, around

N N
P(p=p+6pln) ~ Cexp|-—=—=6p> —6p2):Cexp(

the maximum, our posterior is a Gaussian distribution with a variance

s2oPd-n

S (2.10)

This tells us that our the uncertainty in p decreases as 1/VN. In other words, if we want to lower
the uncertainty by a factor of 10, we need 100 X N flips the coin!

The other thing to notice is that we have an overall factor of N times a function only of p and
p. If we include higher powers of dp, we will not generate any new factors of N and we find

_ N , N 1 1 3
P(p=p+dp|n) =Cexp —mép —g(m—ﬁ)ép +) 2.11)
First, we notice that the posterior will become exponentially small when 6p ~ o = O(N~1/?). At
this point N6p? = O(1), which tells us that N6p> = O(N~'/?). In other words, the higher-order
terms in the Taylor expansion aren’t very important in region that determines the probability of p,
up to some exponentially small piece. In this precise sense, adding data (flipping the coin more
times) not only decreases the variance in our knowledge of p, but it makes the posterior increasingly
Gaussian (the central limit theorem in action). For the very same reason, this result didn’t really
depend on the fact that it was a coin but would essentially be true if we draw N independent numbers
for a random distribution.
Notice that we could have extracted the errors, assuming that it reaches a Gaussian distribution,
by calculating
1 9*

i —a—pzlogp(lﬂ”ﬂp:ﬁ , (2.12)
where we recall the first derivative will vanish, by definition, at p = p (the maximum of the
probability distribution). If we were to extend this to models to include more parameters (e.g. dice
with probabilities for each of its sides, p;), this expression becomes a matrix where the variances
are determined by inverting the matrix

2

Fi; = log P({p; o 2= [F 1. 2.13
i = apdp; og P{pitIn)lp;=p; = o7 = [F] (2.13)

We have discovered the Fisher information matrix, F;;, which one can also derive using more formal
statistical techniques. But, fundamentally, all the intuition can be reduced back to coin flipping, or
any other calculable example you like.
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Takeway: The way we learn properties of a probability distribution is by sampling the distribution
many times. Given a model for the distribution with some set of parameters, the posterior distribution
for those parameters will approach a Gaussian with variances o> o 1/N when N is sufficiently
large. For more information on the topics in this section, see [1, 16].

2.2 Cosmic Microwave Background

Much of our understanding of the history of the Universe is informed by measurements of the
cosmic microwave background (CMB). To first approximation, the CMB is a blackbody distribution
of photons with a universal temperature of 2.7 K in every direction. It is a relic from the time when
the Universe first became neutral, roughly 380 000 years after the Big Bang, often called the epoch
of recombination.? Prior to recombination, the temperature of the Universe was high enough to
prevent hydrogen from forming, 7 > 1 eV, and the Universe formed a hot plasma of electrons and
protons. For the purposes of this section, we are still late enough in the history of the Universe
where dark matter and neutrinos were only coupled gravitationally to other particles, as we will
discuss later. Photons and free electrons scatter efficiently and the combined system of photons,
protons and electrons (including helium which had formed earlier) behaved as a single fluid, which
cosmologists often give the confusing name “the photon-baryon fluid".3

Baryons and electrons are vastly outnumbered by photons, by roughly a factor of 10! (see
e.g. [6] for discussion and the relation to baryogenesis). This fact is important for two reasons: first,
it explains why the Universe remained ionized to temperatures well below the binding energy of
hydrogen (13.6 V). In order to ionize hydrogen, we only need 1 in 10'° photons to have energies
above 13.6 eV. If we simply estimate the temperature of recombination, T, by the point when
e~ 13:0V/Tw = 10710 we find T, ~ 0.5 eV which is a close to the more precise value of T, = 0.2
eV. The second important consequence is that the energy density of the plasma is dominated by the
photons, which are relativistic. As a result, sound waves traveling through the photon-baryon fluid

will have a large sound speed,
1 1
2

ST 3iwRy S 3

where Rj, = wp,/w, o« a(t) is the ratio of energy in baryons to photons. During the radiation era

(2.14)

Ry < 1, and grows to Rp(tx) = 0.6. at recombinaton. The baryons are heavy and their inertia
is responsible for slowing down the sound waves in this fluid. All of the pressure in the fluid
is supplied by photons which are the only reason there are sound waves at all. However, since
photons don’t scatter with themselves, the presence of free electrons is essential for keeping the
fluid together. Even though the electrons dominate the scattering with photons, the Coulomb force
between electrons and protons brings the nuclei along for the ride and meaningfully alters the inertia
of the waves.

Once neutral hydrogen forms, the photons are no longer bound in place by scattering and the
baryons lose their source of pressure. The photons travel from that point forward without scattering
again, to first approximation. As a result, the phase space distribution of the photons goes effectively

2Like many, but not all, uses of ‘re’ in cosmology, this is the first time the protons and electrons have combined to
form hydrogen so it might be more accurate to call it “‘combination".

3Protons and electrons are “baryons" presumably in the same sense that everything heavier than helium is called a
“metal" by astronomers.
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unchanged, up to the expansion of the Universe which rescales the wavelengths of the photons and
the temperature of the distribution in unison. A small fraction of photons will scatter with electrons
after the Universe is reionized* by stars or will be gravitationally lensed by the matter, but otherwise
we are left with a relic of the recombination era.>

The image of the CMB temperature from Planck (Figure 2) is presumably well-known to most
readers and looks like a sphere covered in spots. These spots on the CMB sky are variations in
temperature of order 10> from point to point. What this map represents is an image of the sound
waves that were propagating in the plasma at the time of recombination. Decomposing the sound
waves according to their wavevector, I:, then we would expect the variation in temperature (or
energy density) due to the wave to follow the solutions of the wave equation®, namely

6T -
T(k) = Ag cos(cskty) + By sin(cskty) , (2.15)

where 7, is the (conformal) time at recombination, and Ay and B; are numbers obeying the reality
conditions A*]_} =A_;and Bz = B_;. When we look at the CMB, there is no obvious discernible
wave-like pattern, it just looks like a bunch of random spots (although maybe you can see that many
of the spots seem similar in size, which we will explain later). This is a reflection of the fact that
the amplitudes A; and B are random variables with

(Ap) =(Bp)=0. (2.16)

So far, this isn’t really surprising - unless there was some coherence source of sound that picked
out some cosmologically enormous scale, we would have expected the sound to be we generated
by something random on small scales like thermal fluctuations, in which case we might expect that
Ar and B are drawn from random distributions [17]. Since the Universe is rotationally invariant,
we would also assume that the distribution should be independent of the direction of the k vector
and because it is translationally invariant, the statistics will look like momentum (defined by /2) is
conserved. If we calculate the two-point statistics of the temperature fluctuations, we should find

(ST(K)ST(K")) = | Pa(k) cos®(cskty) +2Cag (k) sin(csktys) cos(cskty)

+ Py (k) sin?(cskty) | (2m)36(k + K) (2.17)

where
Pa(k) = (A(K)AK)Y ,  Cag(k) = (A(K)B(K")Y ,  Pg(k)=(B(k)B(K')), (2.18)

and (..) is the statistical average over these random amplitudes and we defined (..) = (..)"(27)36 (l_é +
k).

4This is a correct use of ‘re’.

50ne might wonder why the CMB is not returned to the form of a fluid after reionization? The reason is that
recombination occurs at z ~ 1100 and reionization happened around z ~ 6. The density of electrons is therefore
(1+6)3/(1+1100)3 = 10~7 times smaller at z = 6, which makes scattering during reionization rare.

6What we observe is actually a combination of the local energy density (including the gravitational redshift) and
the velocity of the fluid along the line-of-sight (Doppler shift). We will be dropping the Doppler term for now, as it is
somewhat smaller and including it doesn’t alter the overall conclusion.
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Now, if we think about sound waves in a room created by a random source, you might reasonably
assume that the amplitude was drawn from some smooth distribution and that the phase is drawn
from a uniform distribution in [0, 27r). Except for things like lasers, making waves in phase is usually
very difficult. Making the assumption of a uniform phase distribution implies that C4p(k) = 0 and
Pa(k) = Pp(k) = Psource (k). While this may seem like a reasonable guess, when we plug it into
the temperature power spectrum gives us

(ST(R)ST(K')) £ Pyouree (k) (21)35(K + k') . (2.19)

We will see that this isn’t correct. The first sign of trouble is that this answer does not depend
on parameters like the sound speed, c;, as all the physics of the propagation of the sound waves
averaged out (at least to first approximation).

So what do we know about this distribution from data? Well, if we stick with our assumption
that the answer doesn’t depend on direction, then we can take every 6T(l_<)) with the same k but
different direction k and take their average. If this is a valid assumption, then determine the
amplitude of (6T ( E)(ST(I?’)) is literally the same problem as drawing N samples from a probability
distribution and using it to infer the variance of the distribution (i.e. it is literally just our coin
flipping problem). In detail, the number of samples for a given k is not our choice but is determined
by the spherical geometry of the sky (in the case of the CMB). If we were sampling the entire sky,
we can decompose the sphere into spherical harmonics,

T () = i > armYem(0.9), (2.20)

=0 m=—¢

where 7i is a direction on the sky determined by (6, ¢), On small angular scales (large ¢), the
decomposition into spherical harmonics will take the form of a Fourier transform where k =
l/ (T() — 7,) (recalling that 1) — 7, is the distance to the last scattering surface), m is the orientation
of k, and arm ~ (5T(k) /T. The main takeway is that the CMB is like our coin flipping problem
where for each ¢ < k, each m corresponds to a single flip (draw from the random distribution),
such that we have N = 2¢ + 1 total samples for each ¢.

The Planck map of 8T (1) across the sky and the associated power spectrum are shown in
Figure 2, where

—_ TT
T = armac—m  De=+1)CIT(2n) . (2.21)
2+1 L

For £ < 1500, the pattern of the error bars follows exactly the expectation from coin flipping: the
error bars are set by the number of modes and scale as 1/V2¢ + 1 and are therefore largest at low £.
This contribution to the error of the observed CMB power spectrum is called cosmic variance: it
is the name for the minimum amount of error we need to include because we are just measuring a
finite numbers of samples drawn from a probability distribution. For £ > 1500, the error begins to
increase again due to the instrumental noise of the Planck detectors. We will return to discuss this
in detail in Section 3.
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Figure 2: Left: Planck map for the temperatures fluctuations across the sky, via thecmb.org. Right: Power
spectrum of fluctuations of the CMB temperature as a function of the angular size of the fluctuations or,
equivalently, ¢ of the associated spherical harmonics.

We expect that the shape of the power spectrum should follow” the temperature power spectrum,
L(6+1)Cp = k3P (k)| s /(r-7,)- InFigure 2, we clearly notice an oscillatory pattern that is certainly
much larger than the errors. This is completely inconsistent with our assumptions that lead to
Equation (2.19), unless Pgource (k) itself contains these oscillations. However, such an assumption
is already a problem, as it would seem to break the idea that the source of noise is local; if this were
the case, we would expect some kind of polynomial in & so that it Fourier transforms to something
localized, perhaps multiplying an overall power-law if the source has frequency dependence.

If we instead give up on the idea that the phase is random [17], then the CMB observations
match exactly what we would expect if the amplitudes of all sine waves was zero so that

Ay _
Pa(k) = k—ék"»‘ ' Pg(k)=Cap(k)=0. (2.22)

This has the advantage of explaining the frequency in terms of physical parameters like ¢, but
leaves us with a serious puzzle of how these sound waves were created in phase. To the accuracy we
have measured?® in the CMB, the phases are indeed identical and it is hard to imagine how a purely
local process during recombination, such as thermal fluctuations, could give rise to such large scale
coherence.

The puzzle we have just encountered is just another incarnation of the horizon problem (see
e.g. [4] for discussion). The fluctuations in CMB do not arise from local physics around the time
of recombination. Instead, there is a very delicate pattern of correlations between sound waves

7Factors of £(£ + 1) and k3 are needed account for the difference between a two-dimensional transform on the sky
and three-dimensional Fourier transform in space.

8]n detail, the actual CMB temperature receives a smaller contribution from the Doppler shift that is proportional to
the velocity of the fluid at last scatter, vV - A o«c A z sin(cgkTy). This is not of the same form as a phase shift of the density
itself and thus is distinguishable from B # 0. More importantly, our puzzle remains even if we have 0 < Pp(k) < P4 (k).

10
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traveling in different directions that require something more. This puzzle is resolved by inflation, a
period of exponential expansion, but what the data from the CMB is really telling us (more model
independently) is that the physics responsible for the origin of these sound waves, and ultimately
the origin of all structure in the Universe, must have come from an epoch before the hot Big Bang.

The way it works is as follows: we described the observed fluctuations as sound waves because
when their wavelengths are small compared to the scale of the spacetime curvarture, they behave
like density fluctuations of a plasma in flat space and follow the solutions of a wave equation.
However, if we postulate that these waves were not actually created during the era of recombination,
but existed long before, then if we go back far enough in time, their wavelength was larger than
the curvature scale of the Universe. Concretely, the modes we see at recombination were definitely
smaller than the curvature scale or equivalently

k
kphysical(t*) = m > H(ty) . (2.23)

Of course, because the Universe expands, a(t) is monotonically increasing and Kphysical 1S mono-
tonically decreasing. Therefore, we must have

kphysical (t*) < kphysical (t < [*) > (224)

or that the physical wavenumber was larger in the past. However, the curvature scale of the Universe
also changes as the matter and radiation densities redshift so the comparison of kpnysica(f) and
H(t) is non-trivial. Well before recombination, the evolution of the Universe was dominated by the
radiation. The Friedmann equation tells us

3M§1H2 =p(1), (2.25)

and the radiation redshifts like p oc a*. Therefore, during the radiation era H(f) « a~2, which
tells us that the time evolution of H(¢) from the dilution of the energy in radiation is a larger effect
than the redshifting of the wavelength of the sound wave. As a result, if we go far enough to the
past (while maintaining radiation domination), a physical wavenumber was much smaller than the
Hubble scale (curvature scale of the Universe), assuming it was created long before,

kphysical (f < 1x) < H(t < 1) . (2.26)

In this regime, the solutions do not oscillate as their evolution is dominated by the curvature of the
Universe rather than the pressure of the fluid. It turns out the solutions in this regime are power
laws always given by [18]

ST (k1) o c;p+aidg,

(2.27)
where ¢ and dj are constants. Of course, these solutions must match onto the oscillating wave
solutions that describe the sound waves at recombination (i.e. they set the values of Ap and Bp).
However, when we match ¢,d — AE’ By, some linear combination will be suppressed by a3,
i.e. the inverse of the volume element of the Universe, /g = a’. At this point, you can presumably
guess that this is the sine wave, Bj sin(csk7), and B o« 1/ a’(t) — 0. Therefore, if we can find

a mechanism for creating these very long wavelength fluctuations (much larger than the particle

11
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horizon during the hot Big Bang) before the era of recombination, then we can explain the phase
coherence of the CMB through the time evolution of the modes themselves.

One of the benefits of phase coherence is that the fluctuations in the CMB can be understood
to factorize into the statistical fluctuations from inflation (A;) and the evolution of the sound waves
in this plasma 7 (k). To first approximation, this takes the form

ST (k) = T (k)¢ (k) ~ cos(cskte) L (K) (2.28)

where 7 (k) is a transfer function that depends only on k& = |7€|, and we made the replacement
A — {(k), the comoving curvature perturbation produced during inflation. Correlation functions
of temperature are then just linearly related to inflationary correlation functions by

(T (k1)..6T (kn)) = T (k)T (kn)(6L (k1)L (Kn)) - (2.29)

This is important because it tells us that random part of the fluctuation is due to inflation and the
deterministic part is the plasma in the evolution up to recombination. This is roughly why we can
measure properties of inflation and the plasma simultaneously.

2.3 Large Scale Structure

At the time of recombination, z ~ 1100, most of the energy in the Universe is contained in dark
matter, not in photons and baryons. The moment when the two energy densities were equal, known
as matter-radiation equality, occurs at z ~ 3400. Despite this fact, the dominant role of the dark
matter does not translate into a large impact on the appearance of the CMB, although its presence
is unmistakable if you know where to look.°

The need for dark matter becomes completely unavoidable when you start thinking instead of
the Universe at lower redshifts. The Universe at present time is filled with all kinds of nonlinear
structures, most obviously planets, stars, galaxies, and galaxy clusters. For these structures to
have formed, we need large density fluctuations so that linear evolution fails, which is usually
characterized by a large density contrast

S(E.1) = —5pp_m(é’) )

We assume that this must have arisen from gravitational collapse, as gravity is the only force we

>1. (2.30)

know that operates on these enormous scales. Since 6,, << 1 at recombination, most of this growth
must occur where we can neglect nonlinear effects (i.e. it has to grow enough under linear evolution
to become nonlinear). In a matter-dominated universe, the matter fluctuations on small scales,
k > aH, evolve according to Newtonian gravity as [3]

) 2
Om— —Uy =0
a

1
iy + Hity = —® (2.31)
a

3
kK2® = §H2a25m ,

20One specific imprint of dark matter is the offset in the relative heights of the even and odd peaks [1], particularly the
second, third, and fourth, temperature peaks.

12
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where the first two equations describe the local conservation of mass and momentum and the third
follows from Einstein’s equation at k > aH, or (equivalently) Newtonian gravity. Here we define
the (Eulerian) velocity of the matter of the matter fluid, v,,, in terms of the velocity potential u, via
Vi = Vu m. Combining these equations, the matter overdensities evolve according to

S +2HS,, — %Hzém =0. (2.32)

From the Friedmann equation, we have

.2
3MEH? = 3M§1% = pm = wpa ™, (2.33)

which can be integrated to find

2
a(«<?3  H==. (2.34)
3t
Plugging this back, we now find the evolution in a matter-dominated universe is
" 4 . 2
Om+ Eém - @6"1 =0. (2.35)
Making the power-law ansatz, 6 = t¥ where 7 is a constant, yields the result
, 1 2
v +-y-=-=0->vy=-1,2/3 (2.36)
3 3
or
om(k,1) = a0, (k) +a(t) 5 (k) , (237)

where 0. (I—c)) are some initial conditions set after the baryons have decoupled from the photons [19].
The key takeway from this equation is that the growing solution’® for the matter density contrast,
Om, scales as 6,,1(1;, 1) « a(t) (and k>® o a?p,,6,, o a~ '8, is a constant). Clearly, if we wait long
enough, the gravitational collapse of the matter will produce nonlinear fluctuations.

This simple picture of structure formation cannot produce nonlinear structure if the matter in the
Universe was made only of baryons. The fluctuations we observe in the CMB have 6, 1, (ax) ~ 1073
at a, = 1073 (z, = 1100); gravitational collapse of the baryons would scale as §;, o a and the size
of the matter fluctuations today would only reach

S (1) = ?5;,(@) ~ (1424)1075 ~ 1072 (2.38)
*

We see that there simply wasn’t enough time for matter to become nonlinear if structure forms from
the very same fluctuations we observe in the CMB."

0The time-dependence of the growing solution is often given the name of the growth function, D(a), which in this
case is D(a) = a(t).

This fact was historically important as people had believed §7 /T must be no smaller than 1073 and therefore caused
some apprehension when they were not found at that level [20, 21].
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2.4 The Need for Dark Matter

The resolution to our paradox in ACDM cosmology is that dark matter fluctuations start growing
under gravitational collapse once they cross the horizon, k = H(t)a(t), and they do not have to
wait until recombination (the collapse of the baryons is prevented by the pressure of the photons
which is why this extra matter must be dark and non-baryonic). The modes that entered earlier
have had more time to grow and thus are able to become nonlinear by z = 1 without postulating a
new force beyond gravity. Furthermore, since we don’t directly observe the dark matter, there is no
contradiction with the amplitude of temperature fluctuations of the CMB. The consequence is that
the modes that become nonlinear must be the ones with higher k, as they crossed the horizon first.
Given that the primordial metric fluctuations have an amplitude of about 107> even the modes that
crossed the horizon at matter-radiation equality are still linear today. The truly nonlinear modes
must have entered the horizon deep in the radiation era. Because the Universe at that time was
dominated by the energy in photons, which do not collapse under the force of gravity from the
dark matter, the growth was substantially slower, 5m(/?, 1) « loga(t). We can understand this
simply if we note that k?® o Hzazé7 during radiation domination. Since the radiation density
simply oscillates, ¢, o cos(czkT), but its amplitude does not grow, we have ® o a~? during matter
domination and therefore, according to Equation (2.32), the collapse of the matter follows from
8 +2H6 ~ 0 with a(r) o« t'2, H(t) = 1/(2t) during radiation domination.

The net effect is that the power spectrum of matter fluctuations

(Em(K)5m(K')) = Po(k)(27)35(k +K) (2.39)

has a somewhat surprising shape, shown in the left panel of Figure 3. Atlow-k, it scales linearly with
k, which is a reflection of the fact that the Newtonian potential is constant in the matter era, d,, o
k2®, and that the metric fluctuations are scale invariant Py o< k=3 (i.e. Pk < keq) = k*Pg ~
Ak). During the radiation era, the Newtonian potential decays with time because it is dominated
by the sound waves which don’t cluster. The logarithmic growth of 6,,, (k) o« log(k/(aH)) we found
during radiation domination then implies that P,,(k > keq) oc (log k)?/k3. The nonlinear scale,
where 6 ~ 1, is then determined by k>P,, (k) = O(1). Figure 3 confirms this intuition and shows
it is the small scales modes that give rise to non-linear structure.

The baryons are, of course, still a part of the matter content of the Universe and have an
important role to play in structure formation. Before recombination the baryons are just one
component of the photon-baryon fluid and, as a result, when recombination ends the fluctuations in
baryons are still look like sound waves, dp, (/2) e (l_é) cos(cskTy). Once the photons decouple, the
waves no longer have pressure support and so the baryons eventually stop moving. At this point,
there is no difference between the baryons and the dark matter (on cosmological scales) and so they
both grow together under the force of gravity. Yet, the initial distribution of baryons looks totally
different than the dark matter, so the overall shape combines the initial positions of the baryons
and dark matter. The result is that the oscillatory feature of the baryons, called the baryon acoustic
oscillations (BAO), survives in the power spectrum [22] as,

P(k,wp) ~ (1 + Agaocsk sin(cgkty)) P (k, wp = 0) , (2.40)

where cos(cgkT) — ¢k sin(cgkTy) is due to the velocity overshoot [19, 23, 24], which is the result
of the non-zero velocity the baryons have at recombination (they don’t freeze in place instantly at
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Figure 3: Left: The linear and nonlinear matter power spectra at z = 0. The peak of this curve corresponds to
modes entering the horizon at matter-radiation equality, z ~ 3400 Right: Comparison of k3P, (k)/(2n?) =
62, at z = 0 for both the linear and nonlinear matter power spectrum with the rough scale of nonlinearity
Om = 1. Only the modes growing logarithmically during the radiation era became nonlinear by today.

recombination, they slow down and stop). From Figure 3, it is easy to see that the amplitude of
the BAO feature is much smaller than the rest of the matter power spectrum. This occurs because
the baryon fluctuations don’t start growing until z = 1100 while the dark matter fluctuations were
growing linear starting from matter-radiation equality and logarithmically from the time of horizon
crossing to equality.

The BAO itself contains important lessons for our understanding of structure formation. First,
the small amplitude of the BAO is a confirmation of the intuition that the amplitude of the CMB
fluctuations is not large enough to explain nonlinear structure; baryons alone would have been linear
at z = 0. Second, it is important to notice that C}T reflects the location of baryons (and photons) in
space at z = 1100, while P,,(k) maps the location of matter at z = 0 — 10. This presents a serious
problem for anyone that doubts the existence of dark matter [25]: if you want the Standard Model
(SM) matter to do all the work of structure formation, then you have to explain how the baryons
moved over distances comparable to the entire observable Universe between z = 1100 and z = 10
so that their distribution in space will match measurements of both C;T and P, (k). Introducing
new physics to accomplish this goal will require far more drastic and baroque changes to the laws
of nature than just adding cold dark matter.

The BAO is itself a gift to cosmologists for other reasons [26-28]. The scale c37, = r; is the
sound horizon at recombination and it determines the shape of the CMB. This means that if we can
measure the BAO feature at lower redshifts, then it forms a standard ruler: i.e. we know the physical
size of ry and we measure the redshift z and angular size of the feature on the sky.? From this
information we can determine H(z). Current galaxy surveys, like BOSS, provide the most precise
measurements of the late time expansion precisely from this effect [29].

2This is basically just the fact we know from flat space that if some small object has angular size 6 and has a true
physical size rg then it is at a distance d ~ rg/6. In an expanding universe, this is replaced with the angular diameter
distance which has a non-trivial dependence on the expansion history [1-3].
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3. Light Relics and the CMB

Ironically, the entire post-recombination era (i.e. the era we can directly observe) has been
dominated by components of the energy that we cannot see directly, dark matter and dark energy.
Naturally, we wonder if there could also be some form of dark radiation to complete the trinity of
the dark world. Like the other two, dark radiation would also leave a gravitational imprint that we
might hope to uncover. However, being radiation, it redshifts like a=*() and we know that this
effect cannot be large enough to directly impact gravitational evolution of the late Universe.

Fortunately, there is a source of “dark radiation" in the Standard Model, namely neutrinos,
that has given us a good reason to develop our understanding of what dark radiation might look
like and where to look for it. Therefore, we will first make a detour to discuss the cosmic neutrino
background and its signatures. See also [7] for an introduction to many of these topics.

3.1 Cosmic Neutrinos

Neutrinos interact with the rest of the Standard Model through the weak force. Neutrinos are
therefore produced or scatter at E < My, with an amplitude proportional to Gg = V2g2/ (SM‘%V),
where My is the W-boson mass and g is SU(2) weak coupling constant. By dimensional analysis,
the production rate (which carries units of energy) of neutrinos scales as I'), = G%,T5 . Neutrinos will
stay in equilibrium with the SM as long as I',, (¢) > H(¢) and thus are thermalized at high energy
temperatures. Remembering that the temperature will redshift like 1/a(#), and using p,, o« T* and
3M§1H2 = p, in the very early Universe, neutrinos will begin to decouple at a temperature Tgec,
when - o

T, ~GXTS = H(T) = g*g_OATTm ST~ M—‘;’ ~ (1MeV)? 3.1)
where g, is the effective number of degrees of freedom defined in Appendix A along with some other
useful thermodynamic quantities. Numerical calculations show that decoupling begins somewhere
between 1-10 MeV, which is consistent with this very rough estimate. See e.g. [30, 31] for reviews.

After the neutrinos decouple, their phase space distribution stays more or less the same so
that the neutrinos maintain a thermal distribution with an apparent temperature 7, oc a~!. As long
as temperatures evolve only according to expansion, the temperature of the photons and neutrinos
would still match at later times 7, = T, even though they are no longer in equilibrium. However,
there is a change from this simple redshifting behavior, not due to the neutrinos but inside the
Standard Model. At T),, > 1 MeV, electrons and positrons are still relativistic and make up an
important component of the plasma. However, when the temperature drops below their mass,
m. = 511 keV, the number densities of the positrons and electrons become Boltzmann suppressed.
Yet, because they remain in thermal equilibrium with the photons, the comoving entropy is conserved
and therefore the entropy that was once in e*e™ must be converted to the photons.

Using these observations, we can calculate the increase to the temperature of the photons,
relative to the neutrinos, using entropy conservation. Consider a time #; where the temperature was
large so that 7 > m,. At this time, the entropy of the Universe was determined by the photons,
electrons, positrons and neutrinos, all with the same temperatures as the neutrinos, T, (1),

2

/s s 7 N N N
§ = e’ gl =0y + 2 (1)) +nl +nl) | (3.2)
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All three particles have 2 helicity states and, in addition, we have 3 species of neutrinos so that'3
nf,“') = 6 and all others are 2, for a total of g,(7;) = 43/4. We then compare this to the entropy
calculated at #, when T <« m,. The electrons and positrons are Boltzmann supressed but the
temperature of the neutrinos and photons need not be the same,

LD

7 (T (1)a)’ (33)
~ 458 a5y iR '

By entropy conservation, we can equate both expressions for S. Furthermore, assuming the neutrinos
are decoupled, we have T,,(¢)a(t) = constant so that T\, (¢;)a(ty) = T, (t2)a(t2) and therefore

s n (T, (12)a)’ +

2Ty (12)a)’ = (g*m) - %ni”) (T, (12)a) . (3.4)

Notice that nf,s) actually cancels out in this expression so that the result can be expressed as

T 4
v & _ & (3.5)

3
(Ty) gy tge I
This famous result implies that there is a cosmic background of neutrinos with a temperature of 1.9
K filling the Universe today.

Given the temperature of the neutrinos, we can determine their total energy density while
they are relativistic, p, o T. Although the energy density in neutrinos is what ultimately affects
observations, it has become conventional to express p, in terms of the parameter N.g, defined by

4/3
Py = % (%) Nest Py > (36)
4/3
so that p, = p,, (1 + % (%) Nefr) is the total energy density that redshifts like radiation, p; occ a™#,
around the time of recombination.

In practice, the calculation of 7, and hence p, is corrected by several effects. First of all,
the neutrinos are not completely decoupled from the Standard Model at T ~ m,. and there is
enough e*e™ — vv (for example) to correct the neutrino temperature. Secondly, in writing the
entropy of the Standard Model, we assumed it was a dilute gas. This is a decent approximation
at T ~ 1 eV, but QED will introduce corrections suppressed by the fine-structure constant. A
more complete calculation needs to include these and other effects, giving a small increase to the
neutrino temperature, which can be interpreted as the statement that Neg = 3.044 in the Standard
Model [32-35] (where the current theoretical uncertainty is in the 4th decimal place).

3.2 Light Thermal Relics

Beyond the Standard Model (BSM) physics is awash with new light particles such as axions,
sterile neutrinos, dark sectors, mediators of new forces, etc [36]. We can abstractly consider all of
these possibilities [37] by calling this new particle or particles ¢, and assigning to it an effective
number of degrees of freedom g4. In this way, the gravitational influence of a complex hidden

B3Since only the left-handed neutrinos are required to interact with the Standard Model, the number of thermalized
degrees of freedom often does not depend on whether we have Majorana or Dirac neutrinos.
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sector is parametrized in terms of its energy density through g4 and its temperature, Tys. To explain
the absence of these particles in the lab, one might imagine that ¢ is coupled to the Standard
Model through some irrelevant operator so that we naturally avoid experimental constraints. To
be concrete, let us suppose it couples through an operator of dimension A = 4 + n > 4 so that, by
dimensional analysis, the thermal production rate of ¢ follows from

A A2
Lin 2 35040sm = Ty ~ ETHM , (3.7)

where Oy and Osy are operators made from hidden sector and SM fields respectively. When
n > 1/2, the production rate become less important than expansion (I's < H) at low temperatures
but is potentially in equilibrium (I'y > H) at high temperature, just like the neutrinos. Following
the neutrino playbook, we can define a freeze-out (decoupling) temperature, Tg, by

Fo(T) ~ 214 — p(ry) » i poet o A 3.8
o(Tp) » 5 Tp ™" = (F)~M—pl BT (3.8)

Notice that for A < Mp and moderate n, decoupling happens within the regime of control
of effective field theory (EFT) namely 7r < A. Unless reheating occurred at sufficiently low
temperature, Tieneat < T, we would expect a thermal background of ¢ to arise in any such model.
Inverting this logic, if we did not see such a background, it would requires A>" > Triﬁe_aiMpl. For
smaller values of n, the appearance of My, in this expression would imply a particularly stringent
constraint on A. Even if we only assume reheating above the weak scale Tiepear = 1 TV, for n = 1
we would get A > 10'" GeV. For high-scale reheating, Tiehear > 1 TeV, we will get very strong
constraints on a wide range of couplings.

Like for cosmic neutrinos, cosmological constraints will depend on the energy density of ¢
around the time of recombination. We can determine their temperature, relative to the temperature
of the neutrinos, by repeating the conservation of entropy argument in Equation (3.3). Comparing
the entropy at the temperature T to the entropy at 7 ~ 10 MeV, before neutrino decoupling, we get

(E)3_g7+ge++gv_£ 1 3.9)
T, gx(Tr) 4 g«(Tg) '

Significantly, this cosmic-¢ background is just another source of free-streaming* (non-interacting)
radiation that is coupled to the Standard Model via gravity. The energy density in ¢, py =
g¢Tg(n2/30), is therefore no different from an increase to p, and is therefore included as an

additional contribution to Neg = 3.044 + AN.g, where

4 g, (Tf)

ANt = g4~ (3.10)

4 (43 1 )4/ :
Note that g4 = 7/4 and Tr ~ 1 MeV corresponds to ANg = 1, as it should. Importantly, since T
is a universal function of T, the predictions for AN.g for any specific model is determined by the
number of internal degrees of freedom of ¢ and the number of degrees of freedom of the Standard

“Here we are making the additional assumption that interactions with the SM and self-interactions of ¢ (or other
non-SM particles) are controlled by the same scale A, or higher.
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Model at T ~ Tr. These universal curves are shown in Figure 4 for g4 = 1,7/4 and 2 corresponding
to a real scalar (Goldstone boson), Weyl fermion, and massless vector/complex scalar respectively.

There are two noteworthy features of these curves. First, all the curves asymptote to AN.g =
0.027g 4 for Tr > 100 GeV . The fact these curves reach minimal values of AN, is a consequence
of the finite number of degrees of freedom in the Standard Model so that at high temperatures
g+(T > m;) = 106.75. Unless we double the particle content of the Standard Model at the weak
scale,’> observational sensitivity to these asymptotic values probes vast regions of parameter space
where these light particles would have thermalized. Second, there is a major change in ANgg
for freeze-out before and after the QCD phase transition, due to the large change in g, (T) of the
Standard Model. For this reason, current observations largely tell us about physics after the QCD
phase transition, but this is about to change with coming observations.

T T T T T T T

= Goldstone boson
—— Weyl fermion
Vector boson

Current (95% c.1.)

& 0.2 i
Z@ SO (95%c.1.)
< 0.1 i
CMB-S4 (95%c.l.)

*************** 0.054

0.05 - 0.047

Future sensitivity

Future target 0.027

0.02 | i
0.001 0.01 0.1 1 10 100 1000 10 10°

Figure 4: Contributions to AN.g as a function of 7. Reproduced from [11, 38].

Figure 4 also show the current and future constraints on AN.g that arise from the CMB + BAO.
A concrete future survey of interest is CMB-S4 which is expected to excluded AN.g < 0.06 at
95% confidence [39]. We can see that these constraints are reaching very interesting values of Neg,
excluding 7 < O(100GeV) for particles with spin and excluding the thermalization of any dark
sector with g4 > 2.2. Translating these into constraints on beyond the Standard Model physics is
competitive with, and often more sensitive than, lab-based and astrophyiscal constraints [40—44].
Naturally, we should understand where this constraint is coming from and what else it might tell us
about the Universe.

3.3 Implications for the CMB

The measurement of Neg is driven by the physics of the plasma that fills the Universe prior to
recombination. Recall that this plasma, and its associated sound waves, are made up of photons,
electrons, and protons. The signals of cosmic neutrinos (and dark matter) we measure in the CMB

5Weak-scale SUSY would clearly be relevant to Neg for T > 100 GeV while a single WIMP would be negligible.
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arise only from the gravitational influence of these additional sources of energy density on the sound
waves. The relevant forces at before recombination are illustrated in Figure 5.

Compton 4 o
— . relativistic

{ Coulomb

fluid
" Gravity
Neutrlnos [ b Dark Matter
Other Light
Partlcles

Figure 5: Pre-recombination matter content and forces

The goal of these lectures is not to derive every formula from first principles, but to give you
an idea of where the results come from. To understand the CMB in full detail, one starts with a
distribution function for each species f; (X, p,t). In short, this tells us the number of particles with
momentum p and energy E(p) at location X at time z. From the forces acting between all of these
particles, the evolution of f; is just the repeated application of Newton’s laws (or their relativistic
counter-parts). However, when the number density of these particles is sufficiently large, it can be
a very good approximation to define quantities like the energy and average local velocity at X and 7,

- d*p - . &p p -
pi(x’t)z‘/‘WE(p)fi(x’p’t) V,‘(x,l): (2 )3_ﬁ( ,P,t), (311)
rather than the full distribution function. Working with the metric
ds* = a*(7) [(=1 = 2®)d7* + (1 - 2¥)§;; dx' dx/], (3.12)

the conservation of energy and momentum completely dictate the form of some of the equations
for time evolution for each decoupled sector i, namely [14, 45]

6! =Viu; +3¥,

3.13
u;:clzéi—/\(iui+V2(Ti+‘D, ( )

where cf = Z—I;", xi=H(1- 3c?), and eu,- = v;. The quantity o; is the anisotropic stress, which
is a determined by the higher moments of the distribution function, while ¥ and ® are determined
by Einstein’s equations.

20



Cosmic Signals of Fundamental Physics Daniel Green

Defining d, = 6,, — 3'¥ and taking c% ~ 1/3, the photon-baryon fluid is described by
d — AV, = Vio, + VO, (3.14)

where @, = ® + . The homogeneous equation is the wave equation, as advertised, and imposing
our initial conditions from Equation (2.22) has solutions

dy (K, 7) = Ag cos(csk) . (3.15)

To first approximation, what we observe is this sound wave at the time of recombination, 7 = 7.
After recombination, the photons free steam so that we observe them more or less unchanged, up to
gravitational redshift from climbing out of their potential wells, and appear on the sky as spherical
harmonics with € = k/(19 — 7«). Very roughly [46], the nth peak of the CMB temperature power
spectrum (CgT), {,,, occurs at the n-th maxima of cos(£7x /(19 — 7«))?, or
L (3.16)
T0 — Tx
The values of ¢, are very well-measured'® in the CMB [47] and are not dependent on our cosmo-
logical interpretation of the data: this is just a fact about angular scales of fluctuations we see in
the sky. However, from our theory, we know that these locations depends on 7, and 7y, which are

defined by
t ’ a ’
T:/ dt :/ _da” (3.17)
o a() Jo H(a')a?
During radiation domination,
704\ "
H(a) o« 1+§(H) Neg , (3.18)

while at late times, H(a) o« Hy. If we vary N.g while holding Hy fixed, then the locations of the
maxima will change because of the change to 7,, with 79 — 7, = 7 held fixed,

1/2

4 \43
fn(zveﬁ)oc(ug(ﬁ) Neff) X 70 . (3.19)

Since the locations of the peaks are known, namely ¢, are fixed, the better way to understand the

1/2
4 )4/3

impact of Neg is to also change Hp o (l + % (ﬁ Neg| , or equivalently 7!, so that we hold

the angular locations of the acoustic peaks fixed [48], usually parameterized by the angular scale of
the first peak, 6.

The true impact on Ng is therefore encoded in the corrections to the homogeneous solutions
arising from the non-perfect fluid behavior through o, and the gravitational influence of the density
perturbations through ®. Solving these equations in detail will be too large a detour, but we can
summarize the most important effects.

6Very roughly, there are 100(2¢,, + 1) modes around the n-th peak, so we would expect from our mode counting that
we can measure these peaks at 1072 — 1073 accuracy, for £, = O(103), in agreement with the actual measurements.
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Diffusion (Silk) Damping

The most important effect is the damping of the sound waves from the diffusion of photons. In
short, because the photons move a finite distance between scattering events, they don’t stay perfectly
coupled to the density perturbations of the baryons and slowly dissipate the energy in the waves.
The result is a damping factor [49]

1 da 1 16
d, ~ Ax ke Kl = / R2+—(1+Ry)| . (320
y & Agcos(cskt)e e roradH(@) 6L+ R \Fo 15( »)| » (3.20)

where o is the Thomson cross-section and 7, is the density of free electrons. Notice that this

Gaussian suppression is just the Fourier transform of probability distribution for the distance the

photons travel during random walk, where the variance, 0')2(, is given by

t 1
k=02« < . 3.21
d 77X " neor  H(ax)neor ©-21)

Using k — €/ (19 — 74) we see that the damping in £ will take the form

¢
ST (£) ~ Ag m cos (cs ki )e—fzaﬁ/ﬁo—“)z. (3.22)

T0 — Tx

The main point to notice is that the behavior of the damping as we change Ng will be different if
we hold Hy or 6, fixed [48]. Concretely, the damping at high-¢ is controlled by

2 2
Oy H

0
. 3.23
(o7 H(aw) 029
o2 4/3 =172
If we vary Neg holding Hj fixed, it means ﬁ oc (1 + % (%) Neﬂ‘) . If we additionally

vary Hy with Ng so that we hold 6, fixed, then the damping scale evolves as

2 2 4/3 1/2
Ox Hy 7 (4

1+=-|— N, . 3.24
w—nV“Hw»*( s\i) M G20

Notice that the N.g dependence at fixed 6, has the opposite behavior we would expect for the
damping tail is we had just calculated k;z and held Hy fixed. This difference can be seen clearly in
Figure 6.

It turns out that the change to the damping scale is the largest measurable effect that changing
Neg has on the CMB and thus drives the constraints from current and future observations. However,
it is not particularly sensitive to the detailed physics of the light relics. First, it is just a measure of
the overall size of H(a) at recombination so it tells us nothing more than the overall energy density.
The weak self-interactions of the neutrinos play no role. Second, diffusion damping is sensitive to
a number of other quantities, most notably the number density of free electrons, n.. This number is
itself sensitive to BSM physics. For example, . is changed by the amount of helium, n, o (1-Y),),
where Y, is the primordial helium mass fraction. Electrons are bound to helium at recombination,
so increasing the fraction of helium reduces the number of free electrons (holding pj, fixed, which
includes a contribution from helium). The amount of helium is sensitive to N.g at the time of
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Figure 6: The effect of varying Neg on C}T. Left: Changing Neg holding Hy fixed. Right: Changing Neg
holding 6, fixed.

Big Bang nucleosynthesis (BBN), but also any other changes to the physics during that epoch as
well [30]. For these reasons, constraints on Ng change significantly if you allow the helium fraction
(or any other parameter that changes the shape of the damping tail) to vary . That being said, even
if you only want to consider a single light relic that contributes to Ng at all times after decoupling,
we must change Y), in order to be consistent with Neg # 3.044 during BBN (holding w), fixed) as

Y, = 0.247 +0.014 X ANef . (3.25)

This change to Y, (Neg), also known is BBN consistency, is implemented by default in most, but
not all, CMB codes.

Gravitational Influence of Fluctuations

We can understand a lot about the role of gravity in the recombination era by solving the inhomoge-
neous equations for the densities, Equation (3.14), while treating @, as an external source. Fourier
transforming X so that we have only an ODE in terms of 7, we can find the inhomogeneous solution
using Green’s function,

D7 _ ’
a'y(k,‘r)—‘/d‘r

When @, is determined by radiation, we can assume the role of gravity is negligible in the far future,

lk sin (csk (1 — 7)) (=k2®, (k, 7)) . (3.26)

N

namely ®+(Z, T — o0) — 0. Since the source is no longer present in the far future, dff(l_é, T — 00)
is determined by the homogeneous solutions, sin(czk7) and cos(cyk7). Inserting the homogeneous
solution on the LHS, we can manipulate (3.26) to give

- 1 -
d5 (k,7 — o) — Acos(cskt) + Bsin(cskt) = / dr’ B sin (csk (7 — 7)) (—k*®@,(k, 7)),

N

(3.27)
Im ((B + iA)eiC‘kT) = Im k7 /O ’ dr’ e’k @, (7)) . (3.28)

It is useful to rewrite the integral on the RHS so that
(B +iA) = Cﬁ /_ : dv' e’k (@M () + o5 (1) , (3.29)
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where (DiA)(T <0) = —@iA)(lrl) and @is)(r <0) = @frs)(hl). Defining these variables allows
us to isolate the sine and cosine of the late-time solution with the real and imaginary parts of the

integral,
k . 1 icskt 3 (A) (s
A = — dt'e's* T oV (7)), (3.30)
Cs J -0
k ® r icskt’ 3 (S) (1
B = — dt'e's* T D7 (7). 3.31)
Cs J -

We notice two things about this solution:

1. Radiation of any kind will generically produce A # 0, including just from the photons
back-reacting on themselves. This is sometimes called radiation-pumping as the radiation
amplifies its own fluctuations (in phase). This can be seen from the integral over 7’ if we
notice that @iA) (77) is generally a non-analytic function at 7/ = 0. The amplitude A will also
get an additional contribution from Neg but, as we will discuss, these effects will largely be
degenerate with other cosmological parameters.

2. We will have B = 0 unless our source can move faster than ¢, =~ % This is the due to the
effective role of causality in the fluid, as B = 0 is required because information cannot travel
faster than the sound speed of the fluid. However, in the Standard Model, the neutrinos are
not part of this fluid and travel near the speed of light so that ¢, > cs. This gives us the
result that B oc Ng (at least to linear order), which follows from the integral because, for
adiabatic fluctuations, <D£S) (7’) is an analytic function and therefore B vanishes if we can
close the contour in the upper-half plane. This fails, for example, when @) « cos(cy k),
with ¢, > c;.

Remarkably, this phase shift (B # 0) can be searched for directly in the data and was first
detected at 5o TT data by [50]. It has subsequently been inferred from TTTEEE at 100 [14]. The
same phase shift survives in the BAO feature, Equation (2.40), in large scale structure [51] and
was been measured at 2.50 [52]. Taken all together, we have a fairly unambiguous detection of
the cosmic neutrino background using its gravitational influence of free-streaming neutrinos on the
baryonic matter in the Universe, with an energy density (temperature) consistent with theoretical
predictions from BBN.

3.4 Future CMB Experiments

Now we come to the measurements of N.g via the CMB. We have focused, so far, on the
measurement of the CMB temperature (CET), however, the coming generations of surveys will make
a lot of their gains in sensitivity from the measurement of the polarization of the CMB [53]. This is
essential in the measurement of gravitational waves from inflation, i.e. primordial B-modes [54, 55].
However, for generic BSM physics, the role of of the polarization measurement may not seem to
be essential but is important for understanding the real-world opportunities and limitations of these
surveys.

Thomson scattering polarizes the CMB for the same reason that light reflected off any object is
polarized (and hence why good sunglasses use polarized lenses). For unpolarized photons scattering
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off an electron from a specific incoming direction, the probability of scattering in different outgoing
directions depends on the polarization of the outgoing photon. As a result, scattered light from a
localized source is polarized. However, the CMB is not a localized source but instead is, to first
approximation, a uniform distribution of photons in every direction. For the CMB maps to exhibit a
net polarization, we must have a residual effect after adding up the contributions of photons scattering
from all possible incoming directions. If the incoming photons are unpolarized and equally likely
to come with the same energy from any given direction, then there is no net polarization. This
can been seen in detailed calculations, but is fundamentally just a result of symmetry: if the initial
distribution of photons has no preferred directions, it cannot produce a preferred polarization from
scattering. The same is even true for a local temperature dipole: polarization is not actually a
vector (two polarization “vectors" rotated by & are equivalent) and cannot be proportional to a just
a dipole.

In the end, generating a polarized CMB map requires that radiation at recombination has a
non-zero local quadrupole moment. There is no such quadrupole generated in a perfect fluid,
which is described only by a monopole (the local temperature 7') and a dipole (the local velocity
V). Fortunately, the plasma at recombination is not a perfect fluid and a quadrupole is generated
by the finite mean-free path of the photons. However, the polarization field P = Q + iU, where Q
and U are the Stokes parameters, is suppressed relative to the CMB temperature fluctuations by the
mean-free path n.or, so that |P| ~ T/(n.or).

Given this suppression, a natural question is why polarization is useful at all? Since the
amplitude of the polarization signal is much smaller than that of the temperature fluctuations, we
might imagine deeper CMB maps would have the most gains from the temperature maps which have
much higher signal to noise. In addition, the physics responsible for the polarization is essentially
the same, as it is just encoding the propagation of sound waves in the pre-recombination plasma
(except, again, for the gravitational waves).

In order to understand the value of the polarization maps, we need to discuss how we quantify
the sensitivity of a CMB survey. To start, we need to understand the sources of noise in our maps.
As discussed in Section 2, the maps of the CMB are themselves maps of noise and therefore there
is a fundamental limitations on the amount of information. However, we also have two additional
sources of noise we have to worry about, detector noise and point sources. If we Fourier transform'
a map of the CMB (taking the flat-sky limit for simplicity), then a good approximation to what we
see on a wide range of scales is

Tmeasured (E) = B(Z) (TCMB (E) + TPS (2)) + Ndetector (E) ) (3-32)

where Tps is the contribution from unresolved point sources between us and the CMB, Ngetector
is the white noise associated with the sensitivity of the CMB detectors, and B(E) is a transfer
function associated with the “beam" of the telescope (i.e. the limiting resolution). In principle, we
can determine the function B(Z) exactly (or close enough for this discussion) by calibration of the
instrument, so that we can simply remove the effect by dividing through

Tmap ({7) = (B(Z))_leeasured(E) = TCMB(E) + Tps (Z) + (B(E))_lNdetector(E) . (3.33)

Note here that £ is a two dimensional Fourier of 7 on the flat sky so that € — €, m on the full sky.
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The same formula will also hold for the polarization maps, except that the detector noise in
polarization is usually larger than in temperature by a factor of V2, and that the the point-source
contribution is suppressed by the small fraction of the emission from point sources that is polarized.

The sensitivity of these CMB experiments to a set of cosmological parameters ® can be
quantified using the Fisher matrix [56]:

ac,
00,

20+ 1 aC
F,-,-:Z ” fskyTr(Czl(G) Lc;'(o) (3.34)

~ 2 00;
where fiy is the sky fraction of the survey, ©; is one of the cosmological parameters being measured,

CTT +NTT CTE
Ce = ¢ CTE ‘ CEE ¢ EE | (3.35)
¢ (N,

and Ny = Cgs + B;nge‘“tor is the effective noise power spectrum including both point sources and
detector noise.'® Here we replaced P — E, where E (B) is the parity even (odd) component of the
polarization map, which are the only polarization configurations that arise in the primary® CMB in
the absence of primordial gravitational waves (see [57] for review). The formula here is literally the
same as Equation (2.13) where we have to take into account that the amplitude of the fluctuations
(the variance) depends on ¢ and the type of map. We will focus on the case of ACDM+N,.g where

0; € {05, wm, Wy, As, 15, Topticals Nest} (3.36)

are the parameters we are trying to constrain simultaneously. The noise, N, does not depend on
the cosmological parameters (and does not contribute to the derivatives) and therefore the Fisher
matrix can be understood as representing the (S/N)? for the individual parameters.

The sensitivity of most experiments to any specific cosmological parameter is limited both
by the experimental noise and the degeneracy with other parameters. The degeneracy with other
parameters is easy to understand as follows: imagine the probability of getting heads from a coin p
is given by p = A + B where A and B are the parameters we want to know. Repeatedly flipping the
coin will help us determine p, but we will not have enough information to determine A or B. We
can see this at the level of the Fisher matrix as follows: if two parameters affect the observable in
the same way, dL&Cg o dingg, then the Fisher matrix is not of full rank and we won’t be able to
invert it. This is the same as saying that 0 (®; ) — oo when ®; and @, have the same effect on the
CMB (i.e. are degenerate).

As a general rule, parameters that control the changes to smooth functions are often degenerate.
The basic reason is that if a function is well approximated by a low-order polynomial, then all the
fundamental parameters are effectively controlling these few coefficients of the polynomial. As a
result, if we have lots of free parameters that control a smooth function (or a smooth envelope of

80One might ask why the CMB data usually follows CfTT, and not C[TT+N[TT, even when the detector noise is becoming
large (N}T 2 C[TT). The reason is that the reported CZ,TT is usually obtained by cross-correlating maps measured at
different times so that (Ngectector (11) Ndectector (£2)) Vanishes. The same approach does not remove the point sources and
those usually do show up if we plot Ct,TT to high enough ¢.

®The primary CMB is the CMB without a number of effects that alter the appearance of the CMB after recombination
(the secondaries), including CMB lensing that we will discuss in Section 4.

26



Cosmic Signals of Fundamental Physics Daniel Green

our oscillatory function), then odds are that several linear combinations of them will cause very
similar changes to the function. We saw this already when discussing the CMB damping tail. In
contrast, the oscillatory part of the shape is usually much more robust: the location of each peak
and trough carries independent cosmological information.

From these observations, we can now understand the unique value of the polarization data.
First, we see from Figure 7 that the point sources make a much small contribution to the polarization
noise curves. Concretely, in temperature, the CMB will be swamped by point sources for £ > 3000.
This places a fundamental limit on our ability to recover more information from CET with more
sensitive surveys. Point sources are only polarized at the percent-level, which translates to a
suppression of approximately 10 in C;S’EE compared to chs T

¢
significantly more suppressed in polarization than the polarization of the CMB itself. As a result,

. As aresult, the point sources are

we see that polarization noise curves are minimally impacted by point sources with the coming
generation of observations.

Because of the reduced impact of point sources, the number of E-modes measured in the
survey is determined by the dectector noise level, at least for £ < 4000. At a given noise level, the
set of cosmic variance limited modes, Ny < C¢/ V2¢+1 for ¢ < Cmax, define the effective number
of modes in the survey, Npodes = fskyfrznax- In polarization, lowering the detector noise, Cgetecmr,
increases {max and drives the overall sensitive of the survey. However, because all the C, decay
exponentially with £, as in Equation (3.22), the gain in the number of modes is roughly logarithmic?©
in the decreasing noise, {max o log NE]. By comparison, surveying a larger amount of the sky, or
increasing fgky, gives us a linear increase in the number of modes. As a result, most high-£ surveys
are designed to optimize for fyy (within the limitations set by the foregrounds like the galaxy or
the location of your telescope on earth).

A second important result is that polarization data produces sharper acoustic peaks, as we can
also see from comparing the amplitudes of the oscillations in TT and EE in Figure 7. This means
that the uncertainties in the polarization peak locations are smaller for the polarization spectra and
give cleaner measurements of cosmological parameters that affect these positions.?’ The reason
for the sharper peaks is that the CMB temperature fluctuations are primarily a combination of two
terms: gravitational redshift due to the overdensity at recombination, proportional to § o< cos(cskT),
and doppler shift, due to the line-of-sight velocity at recombination, v|| ~ sin(csk7). The latter is
smaller because we have to average over the angle of the velocity vector relative to the line-of-sight,
but is otherwise out of phase with the density fluctuations and washes out the acoustic oscillations.
Polarization is only a measurement of the temperature quadrupole at recombination and thus all
contributions to the signal are in-phase.

Using these tools, we can forecast the sensitivity of future cosmic surveys to Neg. These
are shown in Table 1 along with the current best measurement of Neg from Planck [60]. The next
generation of surveys, concretely the Simons Observatory (SO) [58] and CMB-S4 [39] will improve
significantly on this measurement. Keep in mind, the physical parameter we care about for light
thermal relics is not N.g itself but the freeze-out temperate T (or the coupling strength A). In that
context, the change in o (Neg) from 0.07 to 0.03 translates into a change of T > O(1) GeV to

20Fortunately, detector sensitivity has been improving exponentially in time, in a Moore’s law-type fashion, such that
the number of modes has been increasing like a power-law in time.
210ne can understand, from first principles, how the peak positions are effected by different physical effects [46].
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Figure 7: Noise curves for temperature and polarization using similar modeling to [58]. The rise of the
noise at low-{ is associate with noise from the atmosphere (for ground based surveys) and the point source
amplitudes are can from the estimates of [59].

Tr > O(100) GeV, as seen in Figure 4, for a single massless vector, complex scalar (two Goldstone
bosons), or Weyl fermion.

’ Survey H 0 (Nefr), Yp-consistency ‘ 0 (Nefr)-Y, marginalized ‘
Planck [60] 0.17 0.29
Simons Observatory [58] 0.07 ~ 0.1
CMB-S4 [39] 0.03 0.07

Table 1: Forecasts for Neg from future CMB surveys. The middle column using Y),-consistency assumes
Negr is the same at BBN and recombination (and hence we change Y, consistently). The third column treats
Y, and N.g as independent parameters so that the Neg measurement is mostly a measurement of the phase
shift (as the parameters are degenerate for the damping tail). The SO forecasts with Y,, marginalization
is approximate, as there is no official forecast of this combination of parameters by SO. The forecasts for
CMB-S4 with Y, marginalization uses delensing of the temperature and polarization [61], which sharpens
the acoustic peaks and gives a better measurement of the phase shift. Using just the lensed data, we would
have o (Neg) = 0.07 — 0.09 instead.

Converting constraints on Neg to parameters of a given model will depend in detail on the
specific coupling of the light particle(s) to the Standard Model. However, in most cases, the
conversion is well approximated by our formula for 7r in Equation (3.8) [37]. In a wide range of
examples, future (and sometime even current) N.g measurements will provide the best constraints
on couplings of a single light degrees of freedom to the Standard Model [11]. The CMB has two key
advantages: (1) it is potentially sensitive to 7 > 1 TeV and thus is a powerful probe of couplings of
high dimension [37] and (2) all the Standard Model particles were in equilibrium at high temperature
and so it is a excellent probe of couplings to heavy fermions [43, 44]. More generally, Neg is a
valuable tool for searching for dark sectors, including the physics of light dark matter or light force
carriers [41, 42] or hidden copies of the Standard Model motivated by solutions to the hierarchy
problem [62—64]. The reason N.g is so versatile is that we do not depend on a specific coupling of
the particle to the Standard Model to make a detection; any coupling that thermalizes the particle
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at some point in the history of the Universe is enough. Once it is produced, gravity is the force that
we use to infer the presence of these particles.
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4. Massive Neutrinos and CMB Lensing

In the previous section, we discussed how the CMB encodes physics of the hot plasma around
the time of recombination. From our discussion of the dark matter, the matter power spectrum, and
the BAO feature in Section 2, we also saw how some of this information is stored in the distribution
of matter at low redshifts. In this section, we will focus on distribution of matter in the Universe
after recombination and how it is sensitive to the physics of the neutrino mass and any other light
but massive particles left from the early Universe [65]. We will focus in particular on how the CMB
is also sensitive to this physics, not from the primary CMB but from the gravitational lensing of the
CMB (one of several CMB secondaries of interest).

4.1 Neutrino Mass and the Late Universe

Given constraints from the primary CMB, we know the overall mass scale of the neutrinos is
subject to the constraint ) m, < 260 meV (95%) [60]. On the other hand, neutrino oscillations tell
use that ), m, > 58 meV, where >, m, = 58 meV corresponds to a single massless neutrino and a
normal hierarchy of masses [66]. This guarantees that at least 2 of the neutrino mass eigenstates
will become non-relativistic at a redshift 1000 > zyg > 100. We can quantify this statement by
defining c,,, the non-relativistic speed of neutrino propagation, as

cy = 3 8.7x 103 ¢ L (—58meV) ,

m, m, a

4.1

niy,

where ag = 1 is the scale factor today. This equation also assumes the the neutrino temperature, 7,
follows from our calculation in Equation (3.5).

Once the neutrinos are non-relativistic, the homogenous energy density in neutrinos is indis-
tinguishable from any other form of matter. As a result, the matter density at low redshifts is given
by

Pm = Pb + Pcdm + Py & a? > 4.2)
where

4.3)

Gy =QH2, QR =62x10"* (M) .

58 meV
We see that massive neutrinos are a small but non-zero contribution to w,,,.

The baryons and cold dark matter are both cold enough that we can neglect their effective
velocities, cp, ccam = 0. In contrast, the thermal velocities of massive neutrinos are not negligible,
even though they behave like matter for the purpose of the overall expansion rate. Neutrinos move
over cosmological distances in a Hubble time and thus the evolution of their density fluctuations

must include the effect of their velocity. We can determine the evolution of the cold matter,
Spy

Ochb = %, and the neutrinos, 6, = 5, as a coupled system of fluids using mass and
momentum conservation
Sen (k1) —a KPusy =0,  6,(k,1) —a""kPu, =0, (4.4)
and
_ 1 _ 1 c?
tep + Huep = ——@, u,+Hu, =——®-—6,, 4.5)
a a a
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respectively. We have again defined u as the scalar velocity potential such that v; = ﬁu,—. On the
scales of interest, Newtonian gravity is a good approximation and

V20 = 472G (pebeb + frv0y) - (4.6)

We can combine these equations to determine the evolution of the two over-densities,

. 4 . 2
Och + Eé‘cb = ﬁ [fvév + (l - fv)écb] 4.7
.. 4 . 2a 2
61/ + 561/ = _ﬁév + ﬁ [fvév + (1 - fv)écb] (48)
where . )
k22 k Q, a3 Xmy
= = — =—=44x10 . 49
T TR = an (58 meV (49)
We defined « in terms of a free-streaming wavenumber [67], kg = \/g % such that
- 1 Z my
kg = 0.04 hMpe™! x —— . 4.10
B pe - x I+z (58meV) (4.10)

The phenomenology of massive neutrinos is controlled by k¢, which plays the role of an effective
Jeans scale such that the neutrinos do not cluster when k > kg. There is a separate kg for
each neutrino mass eigenstate. However, in practice, near term observations will not be able to
distinguish the individual mass eigenstates from cosmological observations. For this reason, from
an observational point of view, we replaced m, — ), m, when discussing the suppression of small
scale power.

For free-streaming neutrinos, « is not a constant because k¢, depends on time. As we vary k,
we are interpolating between @ < 1 and @ > 1. Nevertheless, as we will explain below, the correct
solutions in the limiting cases, @ < 1 and @ > 1, can be obtained by separately treating « as a
constant in each regime. First, let us consider the case where k is small and @ — 0. The equations
for cold matter and neutrinos are identical and 6, = ,, + dc, behaves just like cold matter. In the
second case, where k is large and a > 1, the evolution of ¢, is given approximately by

. . 2a _1 2
0y + §6" ~ _ﬁé" — 0, =ct 6 cos (%\/Elogt) “4.11)

and therefore decays so that §,, — O at late times. The details of this decay are unimportant
(hence justifying treating « as a constant), as the evolution of d., and therefore ¢,, ~ d.p, becomes
independent of @ when @ > 1. We can therefore solve these equations analytically treating « as
a constant throughout and still reproduce the correct limiting behavior at both large and small k.
Following [2], we make the ansatz

dcoct?, 6, =£E0, 4.12)
to find that the growing modes have
2f,a 1 fra?
=23 - ——, = - 4.13
Y3 50%e) YT 1va Gtap +-13)
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to linear order in f,, < 1. Combining these results, we find

6=(1-f)0c+ fydy =1+ (£ =1 fy)dcoc (1+ (51 fy)r”. (4.14)

To simplify things, we can also expand the exponential

4.15)

5k f,) ~ 6(k f, = O)(14 (6= 1)fy) X (1 _ e i) ,

5(1 + (Y) & AaNR
where we used a o« 72/3 in the matter era and ang = 1 /(1 + zNR) & 1072 is the scale factor when

the neutrinos become non-relativistic. At large k, this gives rise to an overall suppression

]+ZNR
1+z

6
Py, (k> ki, 2) = (1 =2f, — gf,, log ) Py i, =0(k > kg, 2) (4.16)

The factor 1 — 2f,, was perhaps expected from the fact that the neutrinos don’t cluster; after all,
this is just correcting for the fact that only a fraction of the total matter, the cold matter, has density
fluctuations on small scales. However, the second term is the result of the change to the rate of
growth of the fluctuations in cold matter itself, due to the presence of the neutrinos. This second
effect may be surprising at first sight, but we recall that we already saw that the matter density
fluctuations grow much less slowly during radiation domination. In this precise sense, the neutrino
energy density is weakening the growth of structure in an analogous way to radiation. This effect is
log-enhanced because it changes the entire history of the growth of structure in the redshift range
z € [0, 100]. The result is that the overall suppression is approximately (1 —8f,). This extra source
of suppression is why we can measure sub-percent densities of neutrinos contributing to the matter
density.

Equations (4.7) and (4.8), despite their simplicity, are actually quite accurate models of the
power spectrum suppression from neutrinos at all k. While it is difficult to solve the coupled system
of equations analytically for time-dependent @, the equations are easily solved numerically and give
excellent agreement with the results of Boltzmann codes [68, 69].

4.2 Relation to Dark Sector Physics

Given the above description, one would be naturally interested in how massive relics in dark
sectors are constrained by the same measurements. Following [69], we can introduce a dark sector
of y-particles with a typical mass-scale m,, number density n,, and temperature 7, at z = 0. We
will assume this is not the primary component of the dark matter and so we require that it is a
subcomponent such that

myn, < pp . (4.17)

To be distinguishable from dark matter, we will assume the mass is such that it was relativistic at
BBN and therefore it contributes

4 T \*
BBN X
ANe ™ = = 8xx (T_v) , (4.18)
where g, « is the effective number of degrees of freedom of the y-sector. We can constrain this
quantity using the primordial abundances of elements, with current limits giving AN ffEN < 0.37 at

95% confidence [30]. This will change the abundance of helium according to

Y, ~0.247 +0.014 x ANSPN | (4.19)
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which then impacts the CMB damping tail as well, even if y is non-relativistic at recombination.

To understand the cosmological impact of y, we can treat it like a massive neutrino and
determine the redshift z,, where y becomes non-relativistic, namely (p,)/m, < 1. If the particle
is free-streaming, it will act like a neutrino as far as gravity is concerned for z < z, where

1+, = X (4.20)
3T,
All observable modes of the CMB (£ < 4000) enter the horizon when z < 10° and therefore if
Ty > 10°, the y sector will behave like cold dark matter for the purposes of any CMB or LSS
constraint.

At late times, the y field will behave like matter for the purposes of expansion and thus will also
suppress power on scales smaller than the free-streaming scale of y, namely k > ké If kg < kg
the contribution of y to the matter density will be indistinguishable from a change to }’ m,,. Using
py = myn,, the resulting effective sum of neutrino masses is given by

T\ 1+z
D imyer =) my+gymy (T_X) => my (1 1o ZX h  ANSEN | (4.21)
v v

where g, is the effective number of degrees of freedom for the number density, where we include

a 3/4 factor for fermionic particles (rather than 7/8 for the relativistic energy or entropy density),
and we have defined /2, = g, /gy, ~ 1 so that we can express the result in terms of ANSPN,

The above expression is a slight simplification, as the amplitude and shape of the effect depend
non-trivially on z,,. We know the amplitude is logarithmically sensitive to z, using Equation (4.16),
so we are implicitly assuming log z, /z, = 1. This is a reasonable assumption because we also had
to assume kg < k}’s where

X _ éﬂ _ LV my & _ LV 1+ZX
ki (z) = \/;CX =k (2) (_Z mv) (Tx) = ki (&) 70— et (4.22)

If we were to have z,, > 1000, the scale dependence of the signal would be visible on observable
scales in current large-scale structure surveys. Therefore it is only the regime z,, < z, where
the logarithmic factor might be important, but the amplitude of the contribution from y is already
suppressed by (1 +z,/)/(1 + z,)) which is more important than the change to the logarithm.

Finally, if z,, < 1100, the energy density in y contributes to Neg for the purposes of the CMB,
namely )

ANCMS _ %‘ o (;_X) . (4.23)

When z,, 2 1100, we cannot simply map the parameters of this model to Neg or ,m, for the
purposes of the CMB and we would require a dedicated analysis. However, constraints from }’ m,,
from the primary CMB (no lensing) constraints ) m, < 0.26 eV at 95% confidence [60] and
therefore if 7\, ~ T,,, we can anticipate a similar constraint on m,,.

4.3 The CMB as a Backlight

The surface of last scattering occurs at z # 1100 and has the photons arriving on earth from the
furthest possible distance associated with the observable Universe. As these photons travel towards
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us, they travel through all the intervening matter, radiation, and energy that fills the Universe. Many
things can happen to these photons along the way that distort the appearance of the CMB.

One important effect that is always included in the ACDM model is the reionoization of the
Universe. As we discussed in Section 2, the photons primarily scatter off of free electrons which
are effectively absent after the Universe becomes neutral. However, star formation introduces more
high energy radiation that (re)ionizes the hydrogen and reintroduces free electrons into the Universe
around z ~ 6 — 7. However, because of the expansion of the Universe, the density of electrons has
diluted by a factor of (1 + Zreion.) >/ (1 + Zrecomb)® ~ 1077, enough to make the scattering inefficient.
A small fraction of photons do scatter and the optical depth?? associated with this process is given
by Topticat = 0.054 + 0.007 [60]. This rescattering? of the photons reduces the amplitude of the
CMB temperature fluctuations so that at high-¢ the amplitude is effectively

CTT

7530 oc Ase_Z‘I_-()plicul . (424)

This effect is often described like frosted glass: you lose the fine details of the image of the CMB
but can still see the very large scale variations.

The dark matter constitutes most of the matter in the Universe but does not interact directly
with light. However, gravitational lensing caused by all the intervening matter, including the dark
matter, has a large and important effect on the CMB. Following [73], CMB lensing moves photons
around due to the gravitational potential along the line-of-sight. Because lensing is only deflecting
the photons, the lensed temperature we observe in a direction X is just the unlensed temperature that
would have come from a direction A’ = 7 + @(#),

Tensed (ﬁ) = Tunlensed(ﬁ + &(ﬁ)) (4.25)

where @ = V,,¢ is the deflection angle, ¢ is the lensing potential,

#(f) = —2 / > "o, (th, 1 - 1) | (4.26)
0

TyT
and @, (X, ) is the Weyl potential we defined earlier. The same kind of mapping also applies to the
polarization, Q + iU, in each direction. As we can see, the lensing potential is just an integral over
the gravitational potential along the line-of-sight. This quantity is sometimes described in terms of
the lensing convergence, k = —V2¢/2, so that ®, — §,,, and
2

k(A) = / dzW*(2)0m(t(2)1, 2) W¥(2) = gQmi(l + z)T(z)T*_—T(Z) (4.27)
2 H(z) Tx
The window function W*(z) gives the range of redshifts that are probed by CMB lensing and
the range is illustrated in Figure 8 and compared to other low-redshift probes. The details of this
expression are mostly unimportant for our conceptual understanding; we only need to recall that
lensing is an integrated probe of the matter density fluctuations along the line-of-sight which gets
support over a wide range of redshifts.

2]t is common in the literature to use 7 as the optical depth. We will use Toptical to avoid potential confusion with
conformal time.

23There is also additional scattering of electrons by the hot gas found inside galaxy clusters. This is known as the
Sunyaev-Zeldovic effect and leads to a changed in the spectrum of photons. This effect can be used to find and map high
redshift clusters, which is an interesting tool for cosmology and astrophysics. Unfortunately, we will not have time to
discuss this in detail, but see [70-72] for review.
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Figure 8: Comparison of CMB lensing, with information for galaxy surveys reproduced from [69]. The
curves represent the relative contribution from each k and z to the signal of each observable. Note the scale
kgs(z) is typically much smaller than the scales that contribute to these observables. Particularly due to the
support at higher redshift, CMB lensing is less impacted by nonlinear physics than other LSS observables.

There are many ways to think about what lensing does to the CMB. The most intuitive starting
point is Equation (4.25), expanded in the deflection angle

. . N N . i .
Tiensed (1) = Tunlensed (77) + V@ (11) - Viniensed (72) + 5V,~¢(n)VJ~¢(n)V’VJ Tuntensed (72) . (4.28)

At high-£, ¢(#) is largely uncorrelated?* with Typensed(77). Therefore, if we calculate the leading

effect on the temperature power spectrum, taking the flat sky limit C; 7 — PTT(¢) (where { is the
Fourier transform of 71), we have

d*L > > > s o
Pljégsed(f) ~ (1 - €2C¢)Pfrgensed(€) + Wpfrgensed(lf -LD((¢-L)- L)2P¢¢(L) ., (4.29)

where P??(L) is the power spectrum of the Fourier transformed lensing map, qb(Z), and Cy =
% (ngng¢’ ¢ (L) arises from the second-order term in Equation (4.28). The latter must appear to
ensure that the total power of the temperature fluctuations is unchanged (i.e. we are only moving the
fluctuations around). The consequence of this formula is that the acoustic peaks in TT are smoothed
out because we convolved it with P?? (L), which takes sharp features in PTT(|{7 - Z|) and smears
them over a range of k weighted by P??(L). The same phenomenon occurs for the polarization
as well, meaning that lensing power spectra have smoother features and thus are less sensitive to
imprints like the neutrino phase shift. Both effects are shown in Figure 9.
Fortunately, the Universe was more kind to us than to simply wash out some the CMB
information [74-76]. Instead, the CMB actually contains the information we need to reconstruct

the specific realization of ¢(7i), which we can use to undo the effect of lensing (delensing) and

24 At low-¢ we have the integrated Sachs-Wolfe effect which is also sensitive to the low-redshift gravitational potential.
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measure C Z’d’ (here we used L because it is reconstructed for temperature modes 7, where £ # L). To
understand how this works, let us assume that there exists a single lensing Fourier mode ¢(Z) #0.
In the presence of this mode, the Universe is no longer isotropic and homogenous and therefore we
can have a non-zero off-diagonal correlator of T(lz):

(Tiensed (D) Tiensed (£)) = (£ - L) Puntensea(€)$(L) (21)*6(€+ € — L) . (4.30)

In the absence of lensing, there are no correlations between T(E) and T(Z ") for ¢ # —C and therefore
by measuring this off-diagonal correlation, we determine the precise value of ¢(Z) and not just
some statistical average of ¢. Using this observation, Planck has made an all-sky map of the lensing
potential and its associated power spectrum [77]. This strategy for reconstructing the lensing mode
is useful for searches for any new field that modulates the power or polarization fluctuations [78].
For constraints on new physics, this encodes the same information as the CMB four-point function,
but it gives us a more intuitive window through which to view the observational implications.

-8 .
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Figure 9: Left: Lensed versus unlensed spectra. We see the lensed spectra are smoothed out compared to
the unlensed. Right: The lensing convergence power spectrum, C;* compared to the lensing reconstruction
noise N* for various CMB experiments. The noise curves were calculated assuming iterative delensing of
TEB using the CLASS_delens code [79].

4.4 Forecasting with CMB Lensing

For the purpose of measuring ) m,,, gravitational lensing of the CMB provides a measurement
of Czw that we will use to determine the suppression of structure due to neutrinos. Of course,
to isolate the neutrinos we need to know all the other cosmic parameters that are important to the
amplitude of the lensing power spectrum. Fortunately, we get some of those from the primary
CMB: we get a measurement of Age~2Toptical from the € > 30 modes and a measurement of A from
¢ < 30 (again, think of this like frosted glass). We usually think of the latter as a measure of Topical
which also explains why the error bars on Topicar are typically much larger than the other parameters
of ACDM (after all, there aren’t many modes at low-¢).

We can forecast our sensitivity using the same Fisher matrix formula as before [56],

_ 20+1 4 . 0Ce . OC
Fij = ; 5 Jay Tr (Cg (0) 26, C, (6) 2, (4.31)
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but now where C/ is given by

T TT TE T¢
C/T+N] C} C,
C,= C/E CFE+NFE 0 : (4.32)
c,’ 0 cl?+NP?

The noise associated with the lensing reconstruction, NZ"”, is somewhat more complicated to
calculate and giving a complete description is beyond our scope in these lectures. The reason is that
the lensing noise is not set by fundamental limitations of the observations, but are in part determined
by the method we use to measure ¢. Concretely, the lensing reconstruction noise curve for CMB-S4
that is shown in Figure 9 is the result of iteratively measuring and removing the lensing, so that it
goes beyond our linearized understanding from the previous section. In fact, in writing our formula

for the Fisher matrix, we did not specify if CZT’TE’EE

are the lensed or unlensed power-spectra.
To make the most of these maps, we should actually use the delensed TTTEEE spectra. Although
understanding these procedures and implementing them is rather involved, they can be calculated
using the publicly available Delens code [79].

Neutrino mass specifically is a particular challenge to forecast because the impact of changing
>, m, on Czw is almost entirely described by a change to the amplitude. The scale kg(z) is
sufficiently small over the range of z of the window function that there is no scale-dependent feature
associated with ), m,. Instead, neutrino mass is just one of three parameters that controls the
amplitude of lensing,

C? o« i As(1-81,) . (4.33)

For ), m, = 58 meV, which is the smallest possible value consistent with neutrino flavor oscillations,
the suppression of Cf") is approximately 1% which is easily measurable given our noise curves.
We see in Figure 9 that we will measure the power spectrum to L = O(10%) which is about 10°
modes with high signal to noise. By our 1/v/Npodes counting, we would should be able to measure
the overall amplitude at 10~ precision.

The limiting factor for determining }’ m,, is not the precision of our measurement of C(LM’ itself
but that we also need to determine w2, and A to much better than 1% accuracy in order to distinguish
>, m,, from a change to these parameters in ACDM. DESI or Euclid are expected to measure w,, to
the needed precision using the effect of w,,, on the expansion rate [80], as measured by the BAO.
The more fundamental limitation is our determination of Ay which is degenerate with Topicar for
¢ > 30 in the CMB. As a result, )’ m,, rests on a few modes of the CMB at very large angular scales.
Planck has measured Topica = 0.054 £ 0.007 [60], which is sufficient for a 2-30- measurement of
>, m,, at the minimal value. In principle, all the low-£ modes contain enough information to reach
0 (Toptical) = 0.002 which would enable a 4-50- measurements. There is also hope that Topgicar might
be measurable through higher order statistics of the CMB that are not degenerate with A; and may
enable a > 50 detection of Y, m, with CMB-S4 [39].

Given these limitations, it is not surprising that forecasts are not very sensitivite to the noise
level of the CMB experiment, or even the Ly,x that is accessible in the lensing map. Forecasts for
o (), m,) are shown in Figure 10 for various combinations of CMB, BAO, and 7opical data. We
see that the forecasts are essentially unchanged going from CMB-S3 to CMB-S4. In contrast, the
forecasts are very sensitive to the BAO measurement and the Topicar-prior, as anticipated.
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Figure 10: Impact of CMB-noise levels, BAO sensitivity and 7 prior on }, m, forecasts. CMB-S4 forecasts
follow [39] while CMB-S3 are similar but assume a single 5uK-arcmin white noise level for the temperature
maps. BOSS and DESI BAO forecasts are based on [80]. Finally, the Planck Topical prior is given the
current measurement with o (Topical) = 0.007 [60]. Lines for optimistic and conservative balloon-borne
measurements of Topiical With 7-Surveyor (7S) were derived in [81].

More generally, CMB lensing is an important tool in the cosmologists arsenal that is potentially
important for our understanding of BSM physics. For example, constraints on dark-matter baryon
interactions from CMB-S4 will be driven entirely by the measurement of lensing [82]. A natural
question, however, is why should CMB lensing provide more useful information than a galaxy
survey? After all, both are measurements of the low-redshift clustering of matter and the number
of modes available with lensing is smaller than both future galaxy surveys and the primary CMB.
The unique value of CMB lensing is that it is a measure of the matter distribution, ¢, in the linear
regime. The distribution of galaxies includes measurements in the linear regime but, as we will see
in the next Section, the distribution of galaxies is related to the matter density by some unknown
nonlinear function. Galaxy lensing can also be used to determine J,,, but on smaller scales and
lower redshifts where nonlinear effects are important. These differences are illustrated in Figure 8.
Even though the statistical power of the galaxy surveys is, in principle, vastly superior to CMB
lensing, the two tend to be very complimentary tools in our understanding of the Universe.
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5. Primordial non-Gaussianity in Large Scale Structure

We saw in Section 2 that the initial density fluctuations that gave rise to structure in the Universe
could not have been produced locally during the hot Big Bang. The solution to this problem is
inflation, which extends the geometry into the past (effectively inventing negative time). This
change to the geometry enables us to create the fluctuations at a much earlier time and allows them
to evolve to be larger than the horizon scale. In this way, they evolve outside the horizon for long
enough to produce phase coherence and can enter the horizon around the time of recombination as
needed.

5.1 Inflation

The inflationary epoch is defined by a period of accelerated expansion where the initial density
fluctuations were created [4]. This can be formalized by the EFT of inflation [83], which defines
inflation in terms of two basic conditions (see Appendix B for more details):

1. Nearly exponential expansion, defined by a Hubble parameter H(¢) = d(t)/a(t) which
satisfies
|H(t)| < H*(1) . (5.1

2. A physical clock?> which defines the ends of inflation. In slow-roll inflation, the clock is
a scalar field ¢ with ¢ ~ ¢t where ¢ is nearly constant. More generally, we can think of
this clock as a pattern of symmetry breaking where some operator O gets a time-dependent
expectation value, (O (X, 1)) o ¢, that defines a preferred time coordinate.

The first condition gives us the required geometry to convert small-scale to large-scale fluctuations.
Since H is nearly constant during inflation, modes evolve from being inside to outside the horizon,

k
=H= tant —— > H, 5.2
a(tn) constant — 2t <1 (5.2)

where ty is the time of horizon crossing.

The second condition not only ensures that inflation ends, but introduces the scalar metric
fluctuation that we need to explain structure in the Universe. The EFT of inflation formalizes the
idea that the clock is a pattern of symmetry breaking such that the scalar density fluctuations are
controlled by the Goldstone boson, 7, associated with the spontaneous breaking of time translations
(translations are then weakly gauged by gravity so that the Goldstone mode is eaten by the metric).
Because no clock is perfect in quantum mechanics, the fluctuations of the clock (or equivalently
) must be equivalent to a change in how long inflation lasts from place to place. As a result, we
can choose a gauge where the scalar fluctuations are encoded in the metric as a field (X, 7) that
describes the local change to a(¢), namely

ds? = —dt* + a?(1)e* B0 gx? | (5.3)

In single-field inflation, £ (X, ¢) is equivalent to fluctuations of the clock in terms of the Goldstone
boson (X, ¢) and it can be shown that = —Hr to leading order [86]. In multi-field inflation [87],

25]nterestingly, the solid inflation [84] is not inflation by this definition, which is also why its observational predictions
often differ from conventional models of inflation, e.g. [85].
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the end of inflation can be controlled by additional fields, o7, that are unrelated to the pattern of
symmetry breaking, so that { = F[x; 0y].

The predictions of inflation are encoded in the statistical correlation functions of ¢ (l_é) that are
inferred from the correlations of the density fluctuations at late time. These statistical fluctuations
typically arise from quantum fluctuations and can be calculated in quantum field theory using the
in-in formalism [88]. The essential physics can be understood from a massless scalar in de Sitter
(dS) [4], with an action

1 1 :
S=fd7d3xa4(r) —2¢’2——26i¢6’90 ) (5.4)
a a

In de Sitter, we can solve for the conformal time by integrating a(z) = e®* and dt = dt/a(t) to find
that a(7) = —1/(Ht) and 7 € (—c0,0]. The classical equations of motion for the Fourier modes,
go(l;, T), are

142 2 ’
¢ -~y +k2p =0, (5.5)

which can be solved to find

- . H
_k _ ikt .
o(k,7) = ar NTEE (I —ik7)e™" +a_; NTEE

where aj are (complex-valued) constants. To quantize the field ¢ — ¢, we promote the constant to

(1 +ikt)e k7 (5.6)

-, with the usual commutation relations

" A N
operators, aié — alg and ap — dy,

|at.az | = ems (k-F) . (5.7)

Here, I have cheated in fixing the overall normalization from the beginning. The easiest way to
have guessed the answer is to require that inside the horizon, k > aH or —k7 > 1, we recover the
flat-space answer as a WKB approximation.?® Specifically, in flat space we define the vacuum so
that we create the positive frequency modes; assuming the same will be true of the WKB solutions
in the flat-space limit implies

R I I
G (Kphysical > H) —wae’/ dr ) Ly (5.8)
w

where w(t) = kphysical (1) = k/a(t) and /[ dt'k/a(t’) = —k/(aH) = k7. Expanding our solution in
(5.5) in the limit T — —oco, we find

> —-iHt

p(k,7— 0) = al ————e'™*7 5.9
é( ) = a; LTS (5.9)

_jw

_ At (_~ —3/2) e H
=—id. (—ia ——+h.e.. (5.10)

k V2w
This matches our expectations from the WKB approximation up to a phase (—i) and an extra factor
of a=3/2. The latter is there because we Fourier transformed with respect to comoving momenta

k= kphysicala rather than kphysical-

26This choice, that short distances in dS are the same as flat space vacuum, is known as choosing the Bunch-Davies
vacuum for the ground state. See e.g. [89] for an explanation of why this vacuum is preferred.
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Having determined the correct definition of the operator ¢, we now take the superhorizon limit,
kt — 0. Expanding the mode functions, we find

al

i
¢k, 7) = —5— |H(1 + Li*>k?) + -HT K | +hee. . (5.11)
V2k312 3

The leading term is a constant and gives us that famous result of a scale-invariant two-point function:

- - H? - o
lin})(gﬁ(k, 7)¢(k', 7)) = m(277)3(5(k +k) (5.12)

However, the key thing to notice is that the the imaginary part vanishes like 7> — a~3. This is not
an accident, it is equivalent to the statement that the the equal-time commutator must be

[P(F.0, 9.0 = ~=6(G ~F) = [p(k.0, $(F,0)] > =06k +F),  (.13)
Vg a

where we have dropped the ¢ — ¢ for convenience. The factor of /g is required by diffeomorphism
invariance and gives rise to the factor of a3 around our background. This has two very important
consequences:

* The two-point function we calculated is a classical statistical correlator for all practical
purposes. The commutator vanishes like a3 and is negligible, meaning that we have
converted quantum fluctuations to classical fluctuations through the expansion of the Universe
(see e.g. [89-91] for discussion).

* There can only be one constant real solution outside the horizon. This is an inevitable
consequence of causality [18] that explains the phase coherence of the sound waves in the
CMB that we discussed in Section 2.

Although we demonstrate these results for massless fields in de Sitter, these conclusions are far
more general.

The above calculation, Equation (5.12), tells us all the Gaussian correlators of the free theory.
Yet, if we want to understand is the dynamics of inflation, we will need to know the non-Gaussian
correlations, e.g. the three-point functions. These can be calculated perturbatively using the in-in
formalism [88], which is defined by

t t

(in|Q(1)|in) = <T exp [1/

—oco(1+i€)

dt’Hint(t’):| Qint(t)TeXp |:_l/

—oo(l-i€)

dt’Him(t’)D , (5.14)

where |in) is the interacting vacuum at time ¢, Q(¢) is some operator composed of one or several
fields go(l_é, t), each with different l_<> and T (T) denotes (anti-)time ordering. The interactions are
described by Hiy(t) = — f d3x\/§Lim(¢pim (X, 1)) and @y, are the interaction picture fields. We will
not calculate anything in detail, but in principle everything follows from familiar techniques.
What we observe is not the fluctuations of a fundamental scalar field ¢, but the scalar metric
fluctuation . The key thing to remember is that { is dimensionless, so any relation to scalar field
must come with a second scale. In slow-roll inflation, this scale is set by speed of the rolling
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background scalar, ¢ ~ constant, so that the relation between the fluctuations of the inflaton, ¢ and
{ is given by

- - 2 > -
@) = %w(kwk'» , (5.15)

where d¢ are the fluctuations around around the background, ¢ (%, 1) =~ ¢t + ¢ (X, t). We will often
define the amplitude of the power spectrum as A, such that

. A2
(CRY(R)Y = Pe(k) = Sk™ — A} = A2 (5.16)

where Ay = (2.1 £ 0.03) x 1072 (68% confidence interval) is the ACDM parameter measured by
Planck and (...) = (...)"(27)3¢ (l_c) + /?) as before. The scalar spectral index, ny, is also measured by
Planck, ng; = 0.965 + 0.004 (68%), which at our level of approximation means n; — 1 = 0. In the
late Universe, the Newtonian potential is given by ® = —3//5 so that A = 3A; /5.

The three point function in Fourier space, also known as the bispectrum, is restricted by
symmetries to take the form

(C(k)Z(K2)Z(K3)) = ALB(ky, ko, k3)(20)36 (ky + ka + k3) (5.17)

where fnr is the amplitude normalized so that kiB(k*, ky,ky) = IS—SA‘é for some reference scale
kx (usually called the pivot scale). This is a slightly funny normalization because an order-one
non-Gaussian correlator would have B = O(Az) or fNLAy = O(1), which in our Universe is
L = O(10%). Said differentially, fyr. = O(1) would be a 10~* departure from Gaussianity and
would require roughly 108 modes to measure. It is also important that B(k, k5, k3) is a function
only of the length k; = |/Z,~|. Since the three vectors 13 sum to zero, they form a closed triangle
where the bispectrum depends only on the length of each side.

The bispectra are often characterized as “shapes" [92] that reflect how each triangle contributes
to the signal-to-noise,

( N )2_ /d3k1d3k2d3k3 £2,B(ky, k. k3)?

3 - - -
N ar GP(kP() PRy 0 O latial o GI9

where V = kr;fn is the survey volume, and we have assumed that we can measure the bispectrum
directly?’ in terms of ¢ (which is the optimal estimate of fni). As the spectra are usually scale
invariant, it is often useful to factor out the overall momentum scale so that (see Appendix C)

S)\? 2 Pk 1 : /X2 4.4 2 /A6
- =V d d B(1, x;, AD 5.19
( ) Fa (27)3 (472) Ji)2 " 1-x, x5 Bl 32, 33)7/A, G-19)

N

where x; = k;/k1, and we have used the permutation invariance of B(ky, k, k3) to enforce k; >
ko > k3 without loss of generality. The shape of non-Gaussianity is characterized by the function

S(x2,x3) = (x2x3)2B(1,x2,x3) . (5.20)

27When the Universe is linear, this isn’t a bad approximation: &, (1_5) = —%{;T(k) for some transfer function 7~ (k) that
is essentially fixed by the measurement of the power spectrum. This is a precise example of the benefit of factorization,
as we noted in Equation (2.28), that enables us to separate inflationary and recombination-era physics.
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This is preferable to using B(1, x3, x3) directly, as the shape S(x1,x,) accounts for the suppression
of the signal to noise in limits like x3 — 0, which arise because of the small number of modes with
k3 — kmin. Finally, notice that the overall scaling of the signal to noise, after integrating over k1
will be (S/N)? o< V3. ~ Niodes» s0 our error bars will scale like 1/4/Nmoges as expected.

There are a wide variety of possible bispectra and higher-point correlation functions that encode
the physics of inflation in different ways. It would be an entire set of lectures to explain how this
works in detail [7, 93]. Instead, I will focus on two particular shapes, local and equilateral (shown
in Figure 11), and how they are measured. Even without being able to do all the calculations, these
two examples are a good window into the relationship between the physics of inflation and the
strategies to search for non-Gaussianity.

Slocal (k27 k"))
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Figure 11: The shape functions, S(x2,x3) for local (leff) and equilateral (right) non-Gaussianity. Reproduced
from [3].

5.2 Local Non-Gaussianity

Theoretical Background

Local non-Gaussianity was the first model used in observational searches for non-Gaussianity [94].
It is often expressed in terms of the Newtonian potential @ as

D(F) = g () — 75 (9 (F)* = (ho(¥)D) (5.21)

where ¢, (X) is a Gaussian random field. Using ® = —3¢/5 and ¢, = —5¢4/3, we can also write

this as 3
£= el + ThT e (D)’ (5.22)
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From Wick contractions of the Gaussian field, we can see that P, (k) = P, (k) and

B(ky, ko, k3) = gfylff (Ps(k1)Ps(ka) + Pg(ki)Ps(k3) + Py (ko) Py (k3)) . (5.23)

The most common way to generate local non-Gaussianity is through an additional light scalar field
(i.e. a field with m < H that is not the inflaton) that changes the duration of inflation or time to
reheating. Popular models of this kind include the curvaton [95] or modulated reheating [96, 97].
We can understand the general idea as follows: suppose we have a light scalar o-(X) that controls
some physical parameters of the theory, decay rates, masses, etc. Suppose these parameters control
how long inflation lasts, or the amount of time it takes to reheat the Universe. This means that
the number of e-folds of expansion between the start of inflation and the end of reheating (for
example), depends on the local value of o-(X). Now notice that if we define the amount of expansion
up to a time ¢ with o(X) = 0 by a(t), then expansion at time i with o-(X) # O can be written as
a(t)et® [98-101]. Hence,

1 d°N,

() = Ne(0 @) = No(0) = N () 4 1

2 -
24
dor > e T W (5.24)

where N, = log[a(tend)/a(tvegin)] is the local number of e-folds of inflation. Therefore, any
nonlinear relationship between o (X) and N, will give rise to local non-Gaussianity where

Pg(X) = %a(f) . (5.25)
In more complicated multifield models, ¢4 (X) may corresponds to a model-dependent linear com-
bination of the additional fields.

One of the most important characteristics of local non-Gaussianity is that it does not?? arise in
single-field inflation [86, 105]. In single-field inflation, { = constant is equivalent to a homogenous
FRW background up to a change of coordinates: if we shift £ by a constant, { — ¢ + ¢, and rescale
the coordinates, X — Xe™¢, the metric is unchanged. This implies that the bispectrum must obey a
Ward identity [106, 107], also known as a single-field consistency condition [86, 105],

lim B(ky ko, k3) = (— ( + 3) + O(k%)) Py (ki)P(k3) . (5.26)

dlogk,

This can be stated as flll"]f = —5(ng — 1)/3 in single-field inflation, although the full predictions
of single-field inflation cannot be reproduced by a local ansatz [108] like (5.21). In fact, even for
the bispectrum alone this statement is somewhat misleading because for this special case where
;IOLC = —5(ns — 1)/3, the bispectrum actually introduces no physical effects on small scales [109],
as it is equivalent to a change of coordinates (up to gradients). For these reasons, it is very useful
to understand the limit of one vanishing momentum (here k; — 0) in the bispectrum (or any
correlator), which is also given the name the squeezed limit.
At face value, the above description is quite confusing. The symmetry we defined above is
always a symmetry of the action, regardless of the field content of the theory; it is just a large

diffeomorphism of the FRW background [18]. However, we made an implicit assumption when

28This statement may not hold away from the Bunch-Davies vacuum [102] or around a non-attractor solution [103, 104].
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relating the symmetry to the observable correlator, namely that an observable fluctuation (12 — 0)
is the same as ¢ = constant. This is not a trivial assumption in general but especially in a model with
multiple fields where {( k— 0) = F[n;0y,t]. For example, a second field can cause { to change
over time, ¢ (/2 < aH) o a(/E < aH, t) in which case the long wavelength field is not equivalent to
a constant rescaling of the coordinates because ¢ depends on time [110]. Remarkably, this occurs
even if o~ is massive such that it has redshifted away by the end of inflation [111, 112]. For example,
a massive scalar with m? > 0 that interacts with the inflaton can introduce a non-trivial correction

9 m?
Py (k1)Py(k3), V:\,Z_ﬁ' (5.27)

Notice that Re (% - v) < 2 for all m?. This means that taking m > H does not simply reduce

in the squeezed limit

3
. d ki\P”
lim B(ky, ko, k3) = ull
dim, Blk1, k2, ks) (dlogk1+c(k3)

the results to single-field inflation. Instead, in this regime the amplitude, ¢, becomes exponentially
suppressed [113, 114], so that the dominant signal is controlled by single-field inflation.

More generally, non-Gaussianity offers an opportunity to measure the spectrum of particles
present during inflation in terms of their masses (in H units) and their spins [115]. The fact
that these additional fields break the single-field consistency conditions is particularly useful as it
gives us a tool to observationally separate classes of models. Yet, all inflationary models tend to
produce slightly different correlation functions at some level, such that our ability to distinguish
them will be hard to appreciate without understanding the limitations of realistic cosmic surveys.
Any characteristic differences between models will only be valuable observationally if they can be
exhumed from actual maps of the Universe.

Observational Signatures
The best current constraints on flllolf are from the CMB (Planck), namely fI{I‘}f =-09+5.1at
1o [116]. There is not much to explain in their process: they measure the three-point functions of

loc
NL

(Ay) from the two-point statistics (C¢). However, our interest is how these constraints will improve

their maps and infer the same way you would measure the variance of the primordial fluctuations
with the next generation of surveys. Although maps of the CMB will continue to improve, we
saw the number of modes grows slowly with the noise level. In detail, the CMB constraints on
primordial non-Gaussianity improve more slowly than just 1/v/Npodes Which fundamentally limits
to improvements possible in the CMB [117]. Instead, it is galaxy surveys that promise to improve
measurements on £,

NL
Local non-Gaussianity impacts the formation of galaxies is a surprisingly non-trivial way [118],

by an order of magnitude.

which is a major reason for the optimistic forecasts. The easiest way to understand this is to remember
that galaxy formation is an essentially local process (by cosmologists’ standards) that happens on
some short distance scale. In contrast, we want to measure correlations in the number of galaxies
that are separated by cosmological distances. For the Gaussian fields, the small and long wavelength
fluctuations are uncorrelated, so we can write ¢, = ¢s+¢ to distinguish modes that live on galactic
(ks) and cosmological scales (k) respectively. However, non-Gaussianity mixes these modes so
that the long wavelength field will influence the amplitude of the small scale fluctuations,

(O(ks)D(k)) = (p(ks)p(Ks))(1+2£%¢ . (F)) . (5.28)
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We see that the amplitude of small scale fluctuations of ®( I;S) are modulated by the value of the
long wavelength Gaussian field, ¢ (X). This is still true after we apply the linear transfer function
to q>(1€s) to determine the local matter density,

_ 2k*T(k)D(z)

Sm(k, 2)
where T'(k) is the transfer function and D(z) = D(a(z)) is the growth function. Again, the
small-scale matter fluctuations are modulated according to

(Sm(ks)Sm(k5)) = (6m.(Ks)om.c(kg)) (1 + 215D, (%)), (5.30)

where 5m,G(1€) = T(k)q&g(lz) is the Gaussian matter fluctuation. This implies that the amplitude
of fluctuations of the matter density (a physical quantity) on small scales is modulated by the
local value of the long wavelength Newtonian potential, @ (X). This is usually forbidden by the
equivalence principle, but this has occurred here because of the presence of a light scalar during
inflation.

We can understand the implications for cosmology while being largely agnostic about how
galaxy formation works in detail. Instead, we will only need to assume that galaxy formation is
local in space and that it is a non-linear process. Since the metric is not a local observable, this tells
us the density contrast of galaxies should be a nonlinear function of the matter density contrast,

Sgal (F) = b16m(X) + b202, (F) + ... , (5.31)

where b; are constants in space but may depend on time (z). This is known as the bias expansion
or biasing [119] because it tells use that dgy is a biased (in the statistical sense) measurement of
Om- So far, we haven’t accounted for the Newtonian potential that appears in (5.30). Since it alters
the amplitude of small scale fluctuations, (§2(¥)) oc (1 + 2 fIlIOLCQD (X)), we should really add the
Newtonian potential since it can affect the number of galaxies

Sgal(F) = b16(F) + ba6* () + 2bo L PL(F) + ... . (5.32)

Importantly b¢ # 0 has been seen in many simulations and can be derived from popular models of
halo formation [118]. Taking the Fourier transform and keeping only the linear terms, we find

- mH> .
Seat (k) = b1+b¢f§fm Sm(K) . (5.33)

The transfer function is defined such that 7(k — 0) — 1, so that at small k (large distances),
6ga1axy(l;) x & (l—é) /k?. This tells of that this signal?® of local non-Gaussianity peaks at the largest
possible scales (k — 0), far away from the nonlinear regime.

This phenomena, sometimes called scale-dependent bias, is a property of the squeezed limit
of the bispectrum, limy, o B(k1, k2, k3). If we interpret his limit as telling us how long and short
modes are correlated then we can determine the effect of scale-dependent bias for any bispectrum.

29We still have to determine if the noise will allow us to observe this part of the signal.
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For example, with massive fields the bispectrum is given in (5.27) and scale-dependent bias arises
in the form
mH3k3/2_V

- 3 -
Ogal(k) = [ b1 + ba f1. P Om(k) . (5.34)

*T(k)D(z)
Notice that I have not included the (ny — 1) contribution here because it is equivalent to a change
of coordinates and has no effect on the number of galaxies [120]. In contrast, the scale dependent
effect from these massive fields changes the scaling behavior of the galaxy power spectrum in a way
that allows us to extract the mass of the particle [121].

From our discussion of signal-to-noise in the CMB, one should worry that a signal that lives at
small k is actually limited by cosmic variance. After all, we have always argued that our errors are
fundamentally limited by the number of modes available, and there are very few modes with small
k. However, the nature of this signal is somewhat counter-intuitive and the forecasts are better for
two important reasons:

* Cosmic variance is really set by the fluctuations of the Gaussian theory Pgy = b%Pm(k) and
therefore the signal, Pg, (k) o P, (k)k3=2” /k* will be enhanced for small enough v.

* It is possible to measure the individual Fourier modes of 5m(/€) directly, using CMB lensing
(as we discussed around Equation (4.30)) or the gravitational lensing of high-redshift galaxies.
If we know both 5m(12) and 5gal(12) for the same &, then the relationship is completely
deterministic and has no cosmic variance [122]. This is possible because the scale-dependent
bias was really the result of nonlinear physics at the scale ks which converted a three-point
function involving k; into a two point function at ky. As a result, one should count the
number of modes at kg to determine the fundamental limit set by cosmic variance. In detail,
one finds that this “no cosmic variance" result is utilizing most but not all of the information
one would expect from this kind of mode counting [123]. In this sense, the non-linear physics
of galaxy formation is actually measuring a lot of modes for us but processing it in a way
where we can recover most of its statistical value without actually resolving these modes
ourselves.

For these reasons, the prospects of measuring local non-Gaussianity, or any non-Gaussianity with
a non-trivial squeezed limit, is quite promising in the next generation. Concretely, the SPHEREXx
satellite [124] is specifically designed to go after these low-k mode for the purpose of measuring

the scale-dependent bias. Their forecasts , or future ground based surveys [125], for the local shape

loc
NL

future, which translates into a factor of 10-25 improvement over the current Planck constraints.

(i.e. m =0 or v = 3/2)) suggest that o ( £,2°) = 0.2 — 0.5 could be achievable in the relatively near
By combining maps of galaxies with CMB lensing from CMB-S4, it is possible that surveys like
LSST/Vera Rubin could achieve similar results [126]. For additional massive particles (intermediate
shapes) will be more sensitive than Planck to additional particles with m < H [121].

The fundamental limitation of these surveys turns out to be “shot noise" rather than the detector
noise that we saw limited that available modes in the CMB. We measure the three dimensional
position of some fixed number of galaxies, Nga1, and reconstruct a galaxy density field dgqi(X) =
Pgal (x)/ Pgal- However, notice that the matter density contrast 6,, is effectively continuous, while the
density contrast of galaxies is discrete. This disconnect between the continuous underlying density
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Figure 12: Galaxy power spectrum for difference choices of bias parameters and including local non-
Gaussianity. We see that adding I{ﬁf changes the low-k behavior, while b, (and other bias parameters)
changes the high-k behavior. The shot-noise of a DESI-like survey is shown for comparison. Notice that the
signal to noise is strongly affected by b; for a fixed density of objects.

and the discrete locations of galaxies gives rise to shot noise. The galaxies follow the background
density field, ,,(X), but their exact location is still random within any small region and uncorrelated
with the other galaxies we might measure (this is sometimes implement explicitly in the form of
“stochastic bias"). In position space, this would imply the correlation between any two galaxies
at positions X and X’ contains a term proportional to §(xX — X’), reflecting the non-deterministic
component of galaxy formation. In the galaxy power spectrum, the shot noise manifests itself as an
additional constant term

1
Pga (k) ~ TPy (k) + i (5.35)
ga

where 7igy) = Nga1/V. This tells us that if we want to measure the structure of P,, (k) at a given scale
k, then we need the gy X (b%Pm(k)) > 1. Given this source of noise, the Fisher matrix for a the
power structure in a LSS survey will take a form familiar form from the CMB, Equation (3.34),

d3k anal(k) 6Pgal(k) 1
2r3 00, 00; [, 1 \2
(ble(k) ; @)

F;=V (5.36)

This formula is approximate as we have neglected the fact the measurements are in redshift and
angles (not three dimensional positions), and we dropped higher order terms in the noise covariance
(i.e. we use Equation (5.35) when calculating the noise). Importantly, the parameters ®; now
include the bias parameters by, by, ... as we typically do not know them from first principles and
therefore must also measure them in the data. It is often assumed that b oc () — 1) is something
we know from first principles, and therefore we do not have to fit b independently; this assumption
has come under some recent scrutiny [127] and is surely overly optimistic.
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5.3 Equilateral Non-Gaussianity
Theoretical Background

The story of inflation is often told in terms of a fundamental scalar field ¢ with a canonical
kinetic term and a potential V(¢). Inflation is a period during the early Universe when the energy
density associated with the scalar field is dominated by its potential energy, 7., ~ g,V (¢), where
V(¢) = constant for at least 50-60 e-folds. However, there is no reason to assume that inflation
is described by a weakly coupled (fundamental) scalar. As we saw above, we can define inflation
as a pattern of symmetry breaking where the long wavelength adiabatic scalar density fluctuations
are the Goldstone boson of the spontaneously breaking time translations3°. Naturally, we can ask
if this pattern of symmetry breaking is the result of a weakly coupled scalar (like a fundamental
Higgs field) or something more dynamical (like Technicolor). Like electroweak symmetry breaking,
writing a specific model of inflation in terms of a weakly coupled scalar and a V(¢) is subject to a
number of questions about fine tuning [ 128], which has motivated an exploration of more dynamical
models of inflation (e.g. [129, 130]). Interesting, as we will see, these models typically produce
novel observational signatures as a consequence.

Just like particle physics, one way to test for new physics in the inflationary sector is to study
the interactions of the mode we have observed3,  (or ). At low energies, these fields can have
Lorentz-violating derivative interactions like /3 that give rise to a bispectrum, in terms of @,

5
Ap
kikoks (ki + ko +k3)®

G Bo (ki ko, k3) = 1621

~LBo N (5.37)

where we have taken the limit ny, — 1. Notice that expanding in k; < ko, k3 this obeys the
single-field consistency condition in Equation (5.26). By dimensional analysis, the amplitude of
non-Gaussianity is set by fqi Ay o« H*/A? where A is the UV cutoff of the EFT of Inflation or, said
differently, the energy scale where perturbative unitarity fails [131-133].

In order to make sense of the constraints on f;‘i we need to understand the other energy scales
in the problem [131], as illustrated in Figure 13. The scale where the symmetry is broken can be
defined by the Goldstone boson decay constant f, which in canonical slow roll models is given
by f* = ¢?. Interestingly, in the EFT of inflation, this scale controls the amplitude of scalar
fluctuations, 412A, = H*/ f,‘r1 , so that we know f, = 59H from the value of A; measured by Planck,
Ay ~ 2.1 x 107, In order for the model of inflation to be described by a weakly coupled scalar, the
UV scale A must be larger than the scale of the background A > f, or I\e{ < 1[134]. In contrast,
any measurement of fl\ej‘i > 1 would exclude canonical slow roll inflation. In addition, there is a
conjecture that fﬁi < 1 is always described by a weakly coupled fundamental scalar [132]. In this
precise sense, f;i allows us to distinguish mechanisms of inflation.

There are a number of ways to generate flfli > 1 in controlled examples. The P(X) models
offer a simple class [135], where we still have a single scalar field ¢ but now the action is

0ot . (5.38)

L=P(X)-V(¢) XE%

30The fact that this is also a metric fluctuation is the familiar fact that the metric eats the Goldstone when time
translations are weakly gauged by gravity.
31This strategy is similar to a Higgs factory approach to searching for BSM physics at colliders.
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Figure 13: The energy scales that control single-field inflation: H is the scale relevant for the freeze-out
of the scalar fluctuations (), f, defines the scale of the clock, A defines the strength of self-interactions of
the Goldstone boson, and H is the deviation from an exact de Sitter background. We have assumed all the
scales are small that then reduced Planck mass, M, so that they are in the regime of control of perturbative
quantum gravity.

DBI inflation, where P(X) = A*y/1 — X /A4, is one such example where the full non-linear structure
of P(X) can be derived from a UV completion [129]. However, the equilateral shape arises far
more generally as the result of interactions of the inflaton with heavy fields [111, 131, 136—
138]. Although these additional fields will introduce a deviation from the single field consistency
conditions in the soft-limit for physically producing the extra mode, the signal to noise is dominated
by the self-interactions of the inflaton that are generated by integrating out the extra field so that A2
is controlled by the gap3? in the spectrum of fluctuations.

One of the general characteristics of equilateral-type non-Gaussianity that makes it a partic-
ularly interesting theoretical target is that it usually appears with a pole in the total energy [10,
139, 140], (k1 + k2 + k3)™" . The remarkable thing about this pole is that the residue is the flat
space scattering amplitude for the associated field. In this sense, the bispectrum contains the same
dynamical information as we would associated with the S-matrix. This connection can be under-
stood if we think of the pole as the cosmological analogue of the energy conserving J-function
we would get from scattering 0 — 3 particles. The fact that there are no poles at physical mo-
menta, (e.g. (ky + k2 — k3)™™) is a direct consequence of the fact these are quantum vacuum
fluctuations [91, 141] such that all the fluctuations (modes) have positive energy (frequencies). This
observation also opens the possibility of testing the quantum origin of structure from inflation via
equilateral non-Gaussianity [91].

Observational Signatures

Equilateral non-Gaussianity is the hallmark of a probe driven by the number of observed modes,
as the signal is essentially scale-invariant and statistical in nature. The best current constraints
come from the CMB (Planck), namely ff& = —26 + 47 [116]. However, if we are going to reach
o( ff&) = O(1) we will need roughly 100-1000 times more modes than Planck, something that is

32]n non-relativistic theories, the gap is not solely determined by the mass so this distinction can be important.
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simply not possible in the CMB. We must therefore turn to the three-dimensional volume of the
Universe for more modes, via galaxy surveys or some other LSS probe [142].
The difference between equilateral and local non-Gaussianity is that the signal-to-noise of the

equilateral bispectrum is maximized by including the largest k¢ possible. Very schematically, the

3

number of modes in the survey is Vk; ..,

so at a fixed survey volume, V, you will gain/lose a huge
amount of information from a relatively small change in knyax. The problem is that k. is often
not limited by the noise of the survey (the shot noise discussed previously) but by the limitations in
modeling nonlinear evolution [143]. To understand the challenge, let us again return to our biasing

model, ignoring the scale-dependent bias [119]
Sgal (F) = b16(F) + b26*(X) + bg, (V;V;@)? + b36°(3) +. ... (5.39)

We have introduced the tidal tensor bias terms, starting with bg,, as theses term are consistent with
the equivalence principle [144] but greatly expand the number of free parameters of our model.
The signal we are trying to measure is

(Sgar (K1)Sgar (K2)Sgar (k3))pea = BYT (k)T (ka)T (k) /1 By, (K1, ko, k3) (27)°6 (k1 + K2 + k) -
(5.40)
However, we notice that there are lots of new contributions to the bispectrum of galaxies, e.g.

(6ga1 (K1) gar (k2)8gar (K3)) D biba (Pyar(k1) Pgar(k2) + permutations) (271)°8 (k1 +kz+K3) . (5.41)

We can define how similar two bispectra are by defining an inner product,

(2n)35(ky + k2 + k3) (5.42)

5B _/ dPkid>kod’ ks Bi(k1, ko, k3)Bj(ky, k, k3)
o (2m)°  6Pga(k1)Pga(k2) Pga (k)
and their cosine,

B - B;
VB: - Bi\B; ‘B,
This cosine is defined so that when |cos(B;, B;)| ~ 1, the two bispectra are very degenerate
making the error bars on either parameter increase significantly when marginalizing over the other.

cos(B;, Bj) = (5.43)

Alternatively, when | cos(B;, B;)| < 1, we can effectively measure both parameters independently
at the same time. In proper forecasts, Pg,(k) includes the shot-noise term (and potentially higher
order stochastic effects) discussed around Equation (5.35). However, we will assume that the shot
noise is low enough (which is under our experimental control with the design of the survey) so that
we are primarily limited by our understanding of non-linear effects.

If we were only to measure the bispectrum and power spectrum, the cosine between the bispectra
controlled by fffi and b, respectively is close to one for most n. This means that a bispectrum
analysis is very sensitive to higher-order nonlinear effects (6"). If we marginalize over b,, then it
will increase our error bars on fy| significantly. Alternatively, if we hold b,, fixed, a small error in
the value of the b,, will lead to a bias, in the statistical sense, in our measurement of fgi (because the
measurements of f;’]g and b,, are highly correlated). It was argued in [143] that one can reduced the
potential for bias by introducing theoretical uncertainty as a component of the error of the survey,
at the cost of reducing the overall sensitivity.
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Fortunately, the bispectrum and power spectrum do not contain all the information in the maps
produced by LSS surveys [145]. To see this, we note that adding a parameter b,,~ # O not only
alters the bispectrum, it also introduces a non-zero (n + 1)-point function in the map,

n+l
(6ga1(k1)..6ga1 (Kns1)) D b"by, (P(ky)..P(k,) + permutations) (27)36 (Z 121-) . (5.44)
i=1
In the same way that we defined a cosine from the signal-to-noise for the bipsectrum, we can
generalize a cosine to include these higher point correlators. Figure 14 shows how the degeneracy
between fgi and b,~, is dramatically reduced when all the information in the maps is included.
This suggests that making a competitive measurement of f;}i may be less sensitive to nonlinearity
than previously thought.
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Figure 14: Lefi: Cosine between fy and the bias parameter by, as defined by the (S/N)?, for the
bispectrum-only and map level constraint respectively. Here the fl\e&“, b,, changes to the map is labeled by dng
and §,, respectively. Note that b6, primarily affects the bispectrum of the map and therefore the bispectrum
and map-level cosines are the same. Reproduced from [145].

The reality is that we are far from having demonstrated that a realistic survey can achieve the
kinds of sensitivities we would need to improve upon the measurement of ff;ﬁ from the CMB. The
first proof of principle for a measurement of fg% using galaxy survey data was only performed in 2022
and had to make a number of very conservative choices [ 146, 147]. Modeling the nonlinear evolution
in sufficient detail to measure the bispectrum is technically challenging, and it is complicated even
further by the fact that we observe galaxies in angle and redshift rather than three-dimensional
positions. Redshift space distortions become non-perturbative on surprisingly large scales and
strategies to mitigate them is still a work in progress. A selection of current measurements and
published forecasts for o ( fl\e&) is shown in Table 2 to give a sense of the current state of the art.

Despite these challenges, there is also reason to be optimistic that we can speed up simulations
of the maps of the Universe to perform this analysis without the same reliance on a perturbative
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Survey o( f;% kmax

Planck [116] 26 £47 -

BOSS [146] 260 + 300 0.08 h Mpc~!

BOSS [147] 24212 0.22 h Mpc~!

CMB-S4 [39] 22 -

Euclid [148] 35 0.16—0.24 hMpc™! (0.7 < 7 < 2)

Mega-Mapper [149] 17 0.2hMpcatz=3

PUMA [150] 4.5 0.1/D(a) hMpc™! (0.3 < 7 < 6)

Table 2: Current measurements and forecasts for fl\el% for a selection of CMB and LSS surveys. The
assumptions on kpax and other aspects of the LSS surveys vary wildly, but the final column gives a rough
indication of how ky,x was chosen in the respective bispectrum analyses or forecasts. Here D(a) is the
growth function discussed in Section 2.3.

understanding of the modes [151]. There is evidence from multiple perspectives that the f;% signal
is encoded in these maps in a way that is distinguishable from late time non-linear evolution [145,
152, 153]. There are more than enough modes in LSS surveys to make a competitive measurement.
Preliminary work using these novel techniques suggests that measurements that exploit these features
may be possible in the near future.
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6. Conclusions

In these lectures, we only scratched the surface of how cosmological data can be used to
understand physics that manifests itself in map of the Universe. We are now entering the third
decade of high precision cosmology and a wide range of ideas have been explored in actual analyses
of cosmology data that take advantage of novel analytic, numerical, and statistical techniques.
Naturally, for many models (or even vague ideas) you come up with, analyses constraining the
relevant parameters have been performed, at least in a model that looks qualitatively similar to the
specific example of interest. In this sense, you can learn a lot from cosmological data without
performing the analyses yourself. Yet, at the same time, the data is public and new and interesting
analyses are being performed by theorists all the time [13].

Our goal here was to see how the microphysics of a specific model manifests itself in the way
we analyze our data to look for signals of beyond the Standard Model physics. For particles with
sub-MeV masses, the entropy of these particles cannot be hidden and will show up in the CMB
and/or large scale structure in ways that depend on the characteristics of the particles and their
interactions. The most universal impact of these particles arise from gravity, via Neg, > m,, etc.
Direct interactions of new particles with themselves and/or the Standard Model are more model
dependent but can be equally important. Given that gravitational effects are detectable, a wide
range of seemingly weak interactions can have measurable cosmological effects as well. The same
is true of the physics of inflation, where quantum fluctuations of the vacuum produce observable
effects that can distinguish between models of inflation or probe the masses and spins of particles
coupled to the inflaton.

One of the most exciting aspects of theoretical cosmology is the sense that a deeper under-
standing of the space of models, or their role in the history of the Universe, can directly impact our
ability to test these models with current and future surveys. Local non-Gaussianity offers a beau-
tiful illustration of this interplay, where our deepening understanding of the space of inflationary
non-Gaussian signals led directly to the discovery of scale-dependent bias and numerous advances
in the statistical tools we use to extract this signal from data. This pattern continues to this day, as
new directions in cosmology are being driven by theorists expanding how we look at data. I hope
these lectures help inspire you to want to learn this full picture and maybe even get in on the fun
yourself.
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A. Thermodynamics

A.1 Some Important Formulas

Reminder of some basic definitions and results:

&dp . . dp R

— = " FE A.l

n (zﬂ)3fi(p) p / 20y (p)fe(P) (A1)
where E(p) is the energy of particle with three-momentum p and the distribution functions are

Fermi-Dirac (+) or Bose-Einstein (-)

_ 8s
Je = cEP)IT £ 1° (A.2)
For massless particles we have
3
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where a, = gx = g, for bosons and g, = %gs, Ay = %gs for fermions, and g is the number of
independent spin degrees of freedom. Finally, during radiation domination, the Hubble parameter
is given by
212 4
3M,H" =p = g*%T . (A.S)
These definitions are useful shorthands for cosmology, as the simply represent the results of integrals
we would otherwise have to do all the time.

A.2 Proof of Entropy Conservation

In deriving the approximate value of N.g = 3 in the Standard Model, used the fact that the total
entropy is conversed in the expanding universe. We will derive this result here. First, recall from
thermodynamics that

Td(sV)=d(pV)+ pdV . (A.6)

In order to match the coefficient of dV on both sides of the equations, we have T's = p + p. After
making this identification, we then have TVds = Vdp. Applying our definition of s we get
dr dTr
ds=T_1(dp+dp)—s7:ds+dp—sT —dp=(p+p)dT. (A7)

Now, as a last step, we recall that conservation of the energy momentum tensor for a homogenous
fluid requires that p + 3H(p + p) = 0.
Combining all the observations, we can derive the rate of change in the total entropy

d T
30 3 “tpa a1
a m(a s) 3Hs+T '[p+p T(p+P)]

_ T
3Hs =T '3H(p+p)+p = =(p+p)

T
p- ;(p +p)
- 0. (A.8)

This shows that in thermal equilibrium, the total entropy is conserved.
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B. Inflation

In this appendix, we will review some basic facts about inflation to complement the discussion
in the main text.

B.1 Slow roll inflation

The canonical example of inflation is slow-roll inflation. The idea is very simple, we have a
scalar field ¢ with a Lagrangian

L=-30,00"¢ - V(¢) (B.1)

For some range of field values, we would like the potential to be flat enough that it is potential
energy dominated. Here, we can use Einstein’s equation to find

3M§1H2 =147+ V(9). (B.2)

For the RHS to be potential energy dominated, we require that ¢> < V(¢) over a sufficiently long
period of time. In practice, this means that we need ¢ to be nearly constant as well. The equations
of motion for ¢ are given by

G+3Hp+V'(¢)=0. (B.3)

Demanding the slow-roll solution ¢ ~ —V’/3H. Using this solution with potential energy domina-
tion tells us that M;l(V’ /V)? < 1. This inequality is equivalent to |H| << H?. This ensures that we
have a(t) ~ eM" and H is nearly constant. These meet our requirements for creating superhorizon
fluctuations.

Maintaining this solution requires that n = M]flV" /V < 1. If we expand in ¢(¢,x) = ¢(¢) +
¢(x, 1), then we see that m%p < H? is the same as demanding small 7. Therefore, we expect to see
thermal fluctuations of ¢.

Ending Inflation : The motivation having slow roll inflation is that there is a easy mechanism
to end inflation. This can be done in several ways by engineering the potential and/or interactions
with other fields. The main feature is that there exists a value of ¢ = ¢.. above or below which the
slow roll conditions no longer hold. This could happen because a field y has a mass that depends
on ¢ and becomes negative at this critical value (hybrid mechanism). Alternatively, the potential
may simply cease to be sufficiently flat.

Although ending inflation is the prime motivation for inflation rather than meta-stable de Sitter,
the details do not much matter for single-field inflation. Because £ in conserved outside the horizon
in single-field inflation, the predictions to do depend on how inflation ends. However, in multifield
inflation, the situation we be very different as we saw in Section 5.2.

B.2 Breaking Time Translations

The important feature of slow roll is that the field ¢(¢) plays the role of a physical clock [83].
This is the important feature of the background evolution of ¢ that allows inflation to end everywhere
in the Universe at once. However, what we observe is not ¢ but the fluctuations around this
background. Therefore, if one is only interested in the predictions for observations, it makes sense
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to construct the theory for the fluctuations directly without having to write an explicit model for the
background.

The general idea is that a physical clock defines a preferred notion of time. If we were in a non-
dynamical (rigid) flat background, this would spontaneously break the time translation symmetry,
t — t+c. Intherigid limit, there must be a goldstone boson 7 associated with this broken symmetry.
Because this symmetry is spontaneously broken, this goldstone must non-linearly realize the time
translation so have an invariant action. It is easiest to write the action with this property is in terms
of an operator that linearly realizes the symmetry U = t + . In terms of U, any scalar function fill
produce a symmetric action and therefore S = f d*x f(U = t + ) will be time translation invariant.
However, we must impose an addition non-trivial constraint by demanding that the background
does not contain a tadpole for 7, or (z) = 0.

We will not be working in flat space, and the time translations will be (weakly) gauged by
gravity. Because the time translation is now a gauge symmetry, we are free to choose many different
gauges. The two that will be most important to use are:

m-gauge : In this gauge, the metric is takes the form
ds* = —=N?dt* + a(1)*6;; (dx" + N'dt)(dx/ N’ dt) . (B.4)

We will be ignoring the tensor fluctuations for now, but they are easy to put back in. In this gauge,
m is the propagating scalar degree of freedom, and we must solve the ADM constraints to determine
N, N' as a function of . During inflation, 7 gauge is made convenient because of an analogue of
the goldstone boson equivalence theorem.

/-gauge : In this gauge (also called unitary gauge), the metric is takes the form
ds* = —=N?dt* + a(1)*e* 6, (dx" + N'dt) (dx/ N’ dt) . (B.5)

In this gauge, we have set m = 0 to that the scalar fluctuation appears only in the metric.

To related these gauges, recall that under a diffeomorphism, 71 — 7 — £(¢,x). Therefore, the
diffeomorphism that relates ¢ = 0 (7 gauge) and 7 = 0 ({-gauge) is { = —Hnm + ... [86]. This
expression is very useful because we can do calculations in 7 gauge, where the action is easier to
write down, and convert back to ¢ gauge at horizon crossing. Converting back is important because
{ is the perturbation that is exactly constant outside the horizon.

For a number of reasons, I would like to work in m-gauge throughout these lectures. The
original papers derive many of their results in unitary gauge [83]. While it is sightly easier to derive
a few results in unitary gauge, { is like the longitudinal mode of a gauge boson and, just like a
massive gauge field, for understanding physics to short distances (high energies), it is easier to work
with 7 [131].

B.3 Actions

Let us construct the action for the fluctuations around an FRW solution. In 7 gauge, recall that
under the diffeomorphism ¢ — ¢ + £(x,t) we transform 7 — 7 — £(x, t) to that the combination
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t + & transforms as a scalar. To write a fully diffeomorphism invariant action, we may write
S = / d4xw/_—g[ §M§1R — F(t+7) — c(t + 1), (t + 7)0" (¢ + 7) (B.6)
+ 0((3,,@ + )M (1 +70) + 1)2) ] ,

where we have contracted the indices with the metric g#”. Here the last term means “quadratic
in fluctuations". As written, it may not be clear why we have organized terms in this way. Any
action that is a function of ¢ + m would have been equally good, however, we still need to impose our
no-tadpole condition. To accomplish this goal, we will demand that the solutions to the equations
of motion permit an FRW solution of the form
2 2 2, dr? 2 102
ds® = —dt* +a(t)" (———= +r°dQ°), B.7)
1-Kr?

with (r) = 0. We will start by solving Einsteins equation around this background with a general
a(t). All the terms after the Einstein-Hilbert term (R) in Equation (B.6) represent contributions to
T#”. Differentiating with respect to g#¥ one finds that

c(t) + F(1) (B.8)

K
3M§1(H2 + ;)
3M§1(H +HY) = F@)-2c@) (B.9)

Putting these equations together, we see that c(¢) = - M ZI(FI - Kyand F(r) =M 21(3H 2+ M 21H +
p a p p
2%). Putting these terms back in the action, we find

. K

S = / d*x\=g[ M R - M3 (3H” + M H + 2-5) (B.10)
. K

+ ML (H + =)0, (1 + )" (t+m) +...] . (B.11)
a

For a generic FRW solution, this construction will hold (so my title is a little misleading — this is
the EFT of any FRW, inflation or otherwise). However, for a generic FRW, there is no advantage
to working in 7 gauge as perturbations will become non-linear and are more easily understood in
Newtonian gauge (as we did in the first lecture). At this point, H(t) is some unknown function
although we usually impose H < 0 by the null-energy condition.

Our primary motivation for this construction was to study the perturbations during inflation.
We will take as our definition of inflation a period during which H?(¢) > |H|. This is the same as
our first slow roll condition for the explicit model of using scalar fields. Since H = d/a, we will
define the number of e-folds as log(a./a;) = N, = fl l_zg H(t)dt. We require 60 e-folds of inflation
to solve the horizon and flatness problems (assuming a high reheat temperature).

In the context of inflation, we can neglect the curvature, K /a> — 0, as it vanishes exponentially
quickly. Since H is small, it may not be obvious that curvature cannot be important, but we will
see that the hierarchy of scales required in the model ensures that K /a? is negligible. If we ignore
higher order terms, we have simply rewritten slow roll inflation. To see this, note that our action is
given by

S = / d*x\=gl %le]R - M§1(3H2 + M;H) + M;Ha,,(t + )0 (t+7)] . (B.12)
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If we work in unitary () gauge, this is simply
Sunitary = / d*xy=g[ §M3R — M2 (3H? + M3 H) + M} Hg™] (B.13)

— [ TR - V() + 6] > [ deyTRLIMER - 10,006 - V(0)

In this precise sense, we see that slow-roll inflation is equivalent to keep just these universal terms
in the EFT of inflation.

Now it should be clear how to extend the EFT of inflation to describe models beyond the regime
of slow roll. Slow roll is simply the universal part of the action for the goldstone boson, but we are
free to add terms that are quadratic, or higher, in the fluctuations without altering our background
solution. For example, we can write

S = / d4x\/_—g[ %MglR - M§1(3H2 + M;H) + Mnga,,(z +m)OH(t + ) (B.14)
1
+ Z — M1+ 1) (B, (t + ) (1 +71) + 1) .
) n!

Construction, Mfl' will contribute to the action at order 7. We may also include terms with
additional derivatives acting on . Again, we can use the operator U = t + m that U transforms
linearly under diffeomorphisms and simply add higher-derivatives of U to the action. However,
in curved space, we must use covariant derivatives in curved spacetime which may cause addition
complications in counting powers of m for a given interaction. It is therefore useful to introduce
quantities such as

[v,,vvu] = (V,,VVU — H(guy + V”UVVU)) , (B.15)

so that [V,,VVU] =O0(m).
If we keep the Mg term, we can see that M; = —2M21H (1 = ¢2)c;? and the quadratic Lan-
p

grangian takes the form
5

M c2
Lauaa = ——5—(# = =5 (8im)?) . (B.16)
C a

2
s

We see that ¢ controls the speed of propagation so we require ¢y < 1, The additional terms M:>2
only contribute to non-Gaussian correlation functions and are included perturbatively.

So far, nothing I have said ever required that I picked any gauge. The action with 7+ is actually
gauge invariant! This was clear because I went to { gauge by setting 7 = 0. All the complications of
each gauge come from picking a gauge fixing condition and solving the ADM constraint equations.
Neither of these steps have been performed so far. We will not go through the algebra but will
simply quote the result. For this case, the ADM constraints in 7 gauge give us [154]

. Hr
SN=eHr and  O'N;=—e—, (B.17)
cS
where € = —H/H? < 1. Substituting back into the action gives us the quadratic terms.
M3 H 2
Louaa = ——5— (" = = (0in)* + 3eH’ 1) . (B.18)
c a

N
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As we established previously, what we actually observe are the fluctuations in ¢ so one should
change variables. Plugging 7 ~ —¢/H we find that we get
.

Mpl %) C% 2
Lauad = — T (&= —36:07 . (B.19)

The cancelation of the “mass term" is not surprising, as it is a requirement that (12 — 0,ris a
constant (conservation of the adiabatic mode), which is only possible if £ is exactly massless.

It is noteworthy that the coupling to gravity was suppressed by € < 1. This is a related of a
goldstone boson equivalence theorem, which requires that the Goldstone decouples from dynamical
gravity in the limit Mp,; — oo, H — 0, holding M;H fixed. The decoupling limit is useful because
it tells us, up to terms suppressed by € or H?/ MS , the action of 7 without dynamical gravity captures
the dynamics of the scalar mode of the metric. See [131] for further explanation.

C. Bispectrum Signal-to-Noise

In the main text, we calculated the (S/N)? for the bispectrum using a change of variable
ko, k3 — x5, x3. Here we sill show how that change of variables was performed.

In general, when we integrate over all the modes in the bispectrum, we have the following
measure of integration

Bk, dky ks

(2m)3 (27)3 (27)3 (2m)*6° (k1 + ko + K3) . (C.1)

To change variables, we first integral over the §-function integral to

Bk &k,

(27)? 21)3 ©2

with %3 = —l:l - l_éz. Now, we are left with an integral over iél and %2. By rotational invariance,
the (§/N)? will depend on one of the angular integrals. However, there will remain one d cos(6)
integral is non-trivial as it represents the angles between the vectors ky. To simplify this integral,
we work in a polar coordinate basis with respect to k 1 so that @ is the angle between k 1 and 122. In
this basis, we have

cos(6) = (k3 — k3 — k3)/(2k1k2) , (C.3)

which follows from k% = (12 1+ 122)2 = k% + k% + 2k ks cos(6). Now let us rewrite our integral as

Pk 11
wmﬁ/dCOS(e)/d)Qx% (C4)
1

where x, = ky/k; and x3 = k3/k;. We don’t want to integrate over angles but over the length of the
sides of the triangle made by k;. We can do this with the change variables in Equation (C.3) and
d cos(6) — x3dx3/x,. In this new basis, our integration measure becomes

Phy 101
WW’(—?/X3X3/CZXQ}C2 (CS)
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Now we are left with the question, what is the domain of integration of x3 and x,? Using permutations
of the l—éis, we can multiply our measure by a factor of 6 and then enforce 1 > x, > x3. Solving for
the end points of the cosine we first find that x3 > x; — 1 (which corresponds to cos = —1). Finally,
the triangle inequality tell us x, + x3 > 1 but x, > x3 and therefore x, > 1/2. Altogether, our final

Be 31 [! x2
Bl SR B dx3xs . C.6
(27)3 (4n2) k% ‘/1/2 X2X2 [_xz X3X3 (C.6)

result is

From here we get that the single to noise is

2 7 1 2
S dky 3! 2 B(1, x5,
(_) =V ! dxy / dX3X§X§ —( X2,%3) , (C.7)
2 1-x2

N|] (2m)3 (4n2) Jyy Ag

where we have assumed exact scale invariance, P (k) = k‘3Afr.
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