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Technical Note: Subsecs. 1.1, 1.2, 1.4, 2.1, and Section 3 follow closely reference [1]. We refer
to it for a detailed introduction on the topics exposed and a complete list of references.

Introduction

The aim of these lectures is to provide students an introduction to the idea behind the Corner
Proposal for Quantum Gravity. Basically, the proposal is to gain physical intuition about the
quantum nature of gravity by deriving a universal class of Noether charges, and their associated
algebras, describing gravity on the classical level. Then, upon quantization, these are the observables
that any theory of quantum gravity should encompass. Specifically, it is shown that the so-called
Universal Corner Symmetry algebra is maximal, namely it is independent of a particular setup.
Therefore, any specification of a theory or a choice of a quantization scheme will give rise to a
subset of this charge algebra.

The notions of symmetry and associated charges are therefore the building blocks of this
proposal. These topics are discussed in section 1 within the formalism of the covariant phase space,
introduced in section 1.1, which is more suitable for the task at hand. The characterization of
Noether charges in this formalism is then discussed in section 1.2. To better understand how this
formalism works, an application to gauge theories is presented in section 1.3. Then, the notion of
asymptotic symmetries, mostly applied in the subsequent sections, is introduced in section 1.4.

In section 2 the application of the formalism introduced in section 1 to the gravitational setting
is considered. The diffeomorphim invariance characterizing gravity is the source of some issues that
are analyzed and addressed in section 2.1. Two physical results are then presented: in section 2.2,
the Bondi-van der Burg-Metzner-Sachs (BMS) algebra is introduced and it is then used to derive
the memory effect, characterizing the passage of gravitational waves, in section 2.3; in section 2.4,
Weinberg’s soft theorems are derived from symmetry arguments.

The last part of the lectures, namely section 3, is devoted to the corner proposal. In section 3.1
the Universal Corner Symmetry algebra is derived. Then, in section 3.2 the problem of the
integrability of charges is addressed by introducing the notion of extended phase space. Finally, the
corner proposal is stated and discussed in section 3.3.

1. Symmetries

Symmetries are one of the most powerful tools in the description of physical theories. From
symmetry arguments physical laws can be derived and the solution to complicated problems can
be simplified by restricting the allowed solutions to particular classes obeying a given symmetry.
Symmetries can also be used to constraint physical theories: for instance, the number of allowed
Lagrangians in relativistic quantum field theory is heavily limited by the requirement of Lorentz
invariance. In these notes, we will adopt a geometric approach to the description of symmetries
based on the so-called covariant phase space formalism.

The first naive distinction that can be found in textbooks is between local and global symmetries.

• Local symmetries are described as transformations characterized by spacetime dependent
parameters. They are typically thought of as pure redundancies without any physical content.

© Copyright owned by the author(s) under the terms of the Creative Commons
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Cornering Quantum Gravity Luca Ciambelli

• Global symmetries are described as transformations being specified by constant parameters.
These are typically regarded as physical transformations acting non-trivially on physical
systems.

The above distinction is somewhat confusing in that there are some contexts, specifically in the
presence of boundaries, when local symmetries are actually physical. The spacetime dependence of
transformation parameters should not be the discerning feature in the distinction between physical
symmetries and non-physical ones. The latter should be rather guided by the presence (or absence) of
non-vanishing associated charges. Therefore, the fundamental tools in this distinction are Noether’s
theorems [2].

There are two main frameworks in the study of Noether’s theorems and symmetries:1

• In the Hamiltonian formalism, see [3, 4], the evolution of the system is described by trajec-
tories in phase space. The positive aspects of this formalism are that it is a very robust and
unambiguous framework and, more importantly, it is the classical approach which is closest
to quantum physics (it is indeed the one used within the canonical quantization procedure).
However, there are also some important drawbacks, the most important of which for our
purposes is that it breaks the manifest spacetime covariance. This is the main reason why we
will not adopt this formalism.

• In the Lagrangian approach [2], see also [5], the phase space is in one to one correspondence
with the set of solutions to the equations of motion. This is why this approach is manifestly
covariant, indeed there is no specification of what time is but rather the physical system is
described in terms of this abstract set of solutions. However, this comes with some negative
aspects, mainly that this approach is somewhat more ambiguous and thus it is sometimes less
intuitive.

As anticipated, we will adopt the Lagrangian formalism in these notes in that it allows us to apply
the covariant phase space formalism which we will now introduce.

1.1 Covariant phase space

The idea of this formalism is to describe spacetime calculus (see for instance [6]) and field
space calculus (see [5] for a recent review) on the same footing.

1.1.1 Spacetime (De Rham) calculus

Given a manifold 𝑀 , it is possible to introduce the De Rham calculus on the space of forms. A
1-form is a linear map from𝑇𝑀 , the space of vector fields over 𝑀 , to𝐶∞(𝑀), the space of infinitely
differentiable functions over 𝑀 . The space of 1-forms is dual to 𝑇𝑀 and is therefore denoted by
𝑇∗𝑀 . A generic 𝑝-form is a linear, skew-symmetric map, from 𝑝 copies of𝑇𝑀 to𝐶∞(𝑀). 𝑝 is also
referred to as degree of the 𝑝-form. Given the skew-symmetric nature of these objects, the space
of 𝑝-forms is denoted by Ω𝑝 (𝑀,R) = ∧𝑝 𝑇∗𝑀 , where

∧
denotes the skew-symmetric product. If

dim 𝑀 = 𝑑, it is clear that the maximum degree of a form is 𝑑. Such 𝑑-forms are called top forms.
Therefore, we can build the space of all forms, called the De Rham complex, as

1As already mentioned, we refer to [1] for a complete list of references.
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Cornering Quantum Gravity Luca Ciambelli

Ω•(𝑀,R) :=
𝑑⊕

𝑝=0

∧𝑝
𝑇∗𝑀 , (1)

where 0-forms are scalar functions, namely
∧0 𝑇∗𝑀 := 𝐶∞(𝑀). Observe that dimΩ𝑑 (𝑀,R) = 1,

namely there exist only one top form, modulo function multiplication. On this complex, three
derivations can be defined, namely the interior product, the exterior derivative, and the Lie derivative.

The interior product is defined as a contraction of a 𝑝-form with a vector field and it is a
(anti-)derivation of degree −1, namely it decreases by one the degree of forms. If 𝑋 ∈ 𝑇𝑀 , the
interior product is a map

𝜄𝑋 : Ω𝑝 (𝑀,R) ↦→ Ω𝑝−1(𝑀,R) (2)

defined as

𝜄𝑋𝜔(𝑌1, . . . , 𝑌𝑝−1) := 𝜔(𝑋,𝑌1, . . . , 𝑌𝑝−1) , (3)

where 𝜔 ∈ Ω𝑝 (𝑀,R). If 𝛼 is a 1-form, then 𝜄𝑋𝛼 = 𝛼(𝑋), while 𝜄𝑋 𝑓 = 0 ∀ 𝑓 ∈ 𝐶∞(𝑀). If 𝛼 is a
𝑝-form and 𝛽 is a 𝑞-form, then the interior product satisfies the graded Leibnitz rule

𝜄𝑋 (𝛼 ∧ 𝛽) = 𝜄𝑋 (𝛼) ∧ 𝛽 + (−1) 𝑝𝛼 ∧ 𝜄𝑋𝛽 , (4)

from which it is clear that this map is an anti-derivation. Another important property of the interior
product is that 𝜄𝑋 𝜄𝑌 = −𝜄𝑌 𝜄𝑋 from which it follows that 𝜄𝑋 𝜄𝑋 = 0.

The exterior derivative is an anti-derivation of degree 1, namely it raises by one the degree of
forms. It is a map

d : Ω𝑝 (𝑀,R) ↦→ Ω𝑝+1(𝑀,R) (5)

satisfying the graded Leibnitz rule

d(𝛼 ∧ 𝛽) = d𝛼 ∧ 𝛽 + (−1) 𝑝𝛼 ∧ d𝛽 , (6)

where 𝛼 and 𝛽 are a 𝑝-form and a 𝑞-form respectively. It is assumed that the exterior derivative is
a coboundary, namely a nilpotent operator d2 = 0.

The third derivation that can be defined on the De Rham complex is the Lie derivative, which
is a derivation of degree 0, it does not change the degree of forms. Given a vector field 𝑋 , the Lie
derivative along 𝑋 is given by the anti-commutator of the interior product and the exterior derivative

L𝑋 := d𝜄𝑋 + 𝜄𝑋d . (7)

This is typically referred to as Cartan’s magic formula. From this, we can also derive the full
algebra satisfied by the three derivations we have defined, which turns out to be

[L𝑋, 𝜄𝑋] = [L𝑋, d] = 0 , [L𝑋, 𝜄𝑌 ] = [𝜄𝑋,L𝑌 ] = 𝜄[𝑋,𝑌 ] . (8)

All in all, the Lie derivative defines the directional derivative along the vector field 𝑋 . Given a
tensor 𝑔, for instance a metric defined on 𝑀 , an isometry of 𝑔 is a vector field 𝑋 such that

3
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Cornering Quantum Gravity Luca Ciambelli

L𝑋𝑔 = 0 , (9)

namely the tensor 𝑔 does not change along integral curves of 𝑋 .
Until now we have only used intrinsic geometric definitions, without referring to any coordinate

system. If 𝑥𝜇 are coordinates on 𝑀 , then d𝑥𝜇 is a basis of 𝑇∗𝑀 and 𝜕𝜇 is a basis of 𝑇𝑀 . Therefore,
a generic 1-form and a generic vector field are given by 𝜔 = 𝜔𝜇d𝑥𝜇 and 𝑋 = 𝑋𝜇𝜕𝜇 respectively
(implicit sum on repeated indexes). Therefore, the interior product yields

𝜄𝑋𝜔 = 𝑋𝜇𝜔𝜇 , (10)

i.e. the contraction. Analogously, the exterior derivative of a function yields

d 𝑓 = 𝜕𝜇 𝑓 d𝑥𝜇 , (11)

which is nothing else than the differential of the function. If 𝑔 is a metric tensor defined on 𝑀 , the
top form, also called volume form, in coordinates is given by√︁

|det{𝑔}|d𝑥1 ∧ . . . ∧ d𝑥𝑑 =
√︁
|det{𝑔}|d𝑑𝑥 = ★1 , (12)

where ★ is the Hodge star which, for a generic 𝑝-form 𝜔, is defined as

★ : Ω𝑝 (𝑀,R) ↦→ Ω𝑑−𝑝 (𝑀,R)
��� ★𝜔 :=

√︁
|det{𝑔}|
(𝑑 − 𝑝)! 𝜔𝜇1,...,𝜇𝑝

𝜖 𝜇1,...,𝜇𝑝
𝜈1,...,𝜈𝑑−𝑝

d𝑥𝜈1∧. . .∧d𝑥𝜈𝑑−𝑝 ,

(13)
with 𝜖 being the Levi-Civita symbol.

To conclude this survey of spacetime calculus, we define the integration of forms. A 𝑝-form
can be integrated over 𝑝-dimensional sub-manifolds (i.e. on sub-manifolds on which it is a top
form). For instance, a one form can be integrated over a curve 𝛾 : [0, 1] ↦→ 𝑀 on the manifold 𝑀∫

𝛾

𝜔 =

∫
𝛾

𝜔𝜇d𝑥𝜇
���
𝛾
=

∫ 𝛾 (1)=𝑏

𝛾 (0)=𝑎
𝜔𝜇

d𝛾𝜇

d𝑠
d𝑠 , (14)

where d𝑥𝜇
��
𝛾

is the embedding of the coordinate functions over the curve 𝛾 and {𝑎, 𝑏} is the
boundary of 𝛾, i.e. 𝜕𝛾 = {𝑎, 𝑏}. In general, a 𝑝-form is integrated over a 𝑝-chain, which is a map
[0, 1]× 𝑝. . . ×[0, 1] ↦→ 𝑀 . The set of all 𝑝-chains is a vector space, which we denote as C𝑝, and
the boundary map is a linear map between these vector spaces, namely 𝜕 : C𝑝 ↦→ C𝑝−1. This map
allows to define the homology of 𝑀 , i.e. the number of holes of the manifold. The 𝑘-th homology
group is defined as the vector space of 𝑘-chains with no boundary (sometimes called 𝑘-cycles)
which are not the boundary of a 𝑘 + 1-chain, namely as the quotient

𝐻𝑘 (𝑀) := {𝑐 ∈ C𝑘 | 𝜕𝑐 = 0}⧸{𝑐 ∈ C𝑘 | 𝑐 = 𝜕𝑐′ , 𝑐′ ∈ C𝑘+1} . (15)

The dimension of 𝐻𝑘 (𝑀) gives the number of 𝑘-dimensional holes of 𝑀 . The notion of boundary
is somewhat the opposite of the notion of exterior derivative. Indeed, while the boundary decreases
by one the degree of chains, the exterior derivative goes in the opposite direction, increasing by one

4
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Cornering Quantum Gravity Luca Ciambelli

the dimension of forms. The exterior derivative allows one to define the cohomology of a manifold,
indeed the 𝑘-cohomology group is defined as the vector space of closed 𝑝-forms (d𝜔 = 0) which
are not exact (𝜔 ≠ d𝛼), namely it is the quotient

𝐻𝑘 (𝑀) :=
{
𝜔 ∈ Ω𝑘 (𝑀,R) | d𝜔 = 0

}
⧸{

𝜔 ∈ Ω𝑘 (𝑀,R), | 𝜔 = d𝜔′ , 𝜔′ ∈ Ω𝑘−1(𝑀,R)
} . (16)

The De Rham theorem states that (15) and (16) are isomorphic, 𝐻𝑘 (𝑀) � 𝐻𝑘 (𝑀), therefore also
the dimension of 𝐻𝑘 (𝑀) gives the number of 𝑘-dimensional holes of 𝑀 . The isomorphism is given
by the integral which to a given 𝑘-chain, 𝑐, associates the unique 𝑘-form 𝜔 such that the integral of
𝜔 over 𝑐 is 0

𝑐 ↦→ 𝜔

��� ∫
𝑐

𝜔 = 0 . (17)

The integral therefore defines a product between 𝑘-chains and 𝑘-forms,
∫
𝑐
𝜔 := (𝑐, 𝜔). Finally,

through the Stokes theorem, a duality between the boundary and the exterior derivative is established

(d𝜔, 𝑐) =
∫
𝑐

d𝜔 =

∫
𝜕𝑐

𝜔 = (𝜔, 𝜕𝑐) , (18)

where 𝑐 ∈ C𝑘+1 and 𝜔 ∈ Ω𝑘 (𝑀,R).
Having reviewed the relevant notions of spacetime calculus, we can now move to field-space

calculus. For a thorough presentation of the topics just discussed, with several worked out examples,
the reader is referred to [6].

1.1.2 Field space (variational) calculus

We can define analogous operations on the space of fields. The field space Γ is defined as the
set of all possible fields configurations and it is assumed to be a differentiable manifold. If this is
the case, it is possible to introduce a calculus on the space of forms on Γ. A 1-form is an element
of 𝑇∗Γ which maps vector fields in 𝑇Γ to functionals in 𝐹 = 𝐶∞(Γ). A 𝑝-form is an element of∧𝑝 𝑇∗Γ and the space of all forms is given by

Ω•(Γ, 𝐹) :=
dim Γ⊕
𝑝=0

∧𝑝
𝑇∗Γ , (19)

which is called variational complex. 0-forms are now functionals of the fields. The exterior
derivative and the interior product are maps

𝛿 : Ω𝑝 (𝑀, 𝐹) ↦→ Ω𝑝+1(𝑀, 𝐹) , (20)
𝐼𝑉̂ : Ω𝑝 (𝑀, 𝐹) ↦→ Ω𝑝−1(𝑀, 𝐹) , (21)

where 𝑉̂ ∈ 𝑇Γ. The exterior derivative increases by one the degree of a form and it is commonly
referred to as field variation, while the interior product decreases by one the degree of a form and it
is usually identified with a field contraction. The properties of these two maps are similar to the ones

5
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we have in spacetime calculus: the exterior derivative is a nilpotent operator, 𝛿2 = 0, the interior
product of a functional is 0 and two contractions anti-commute. It is also assumed, unless otherwise
stated, that vector fields in 𝑇𝑀 are fields-independent, namely L𝑉̂𝑋 = 0 ∀𝑋 ∈ 𝑇𝑀, 𝑉̂ ∈ 𝑇Γ, and
L𝑉̂ the field space Lie derivative defined hereafter. The exterior derivative and interior product
define the field space Lie derivative through the analogue of Cartan’s magic formula

L𝑉̂
:= 𝛿𝐼𝑉̂ + 𝐼𝑉̂𝛿 . (22)

Of course, the Lie derivative does not change the degree of forms. The De Rham complex and the
variational complex can be put together yielding the variational bi-complex defined on (𝑀, Γ). The
forms on the variational bi-complex will be denoted as (𝑝, 𝑞)-forms. A (𝑝, 𝑞)-form is a 𝑝-form in
spacetime and a 𝑞-form in field space. The exterior derivative on the bi-complex is given by d + 𝛿.
There are mainly two conventions that can be adopted for this derivative:

• We can assume that d + 𝛿 is a coboundary, namely that (d + 𝛿)2 = 0, which yields d𝛿 = −𝛿d;

• We can assume that d and 𝛿 commute, namely d𝛿 = 𝛿d.

The two conventions above yield the same results when equations are evaluated on shell of the
equations of motion. While the first convention has been adopted in [1], we will adopt the second
convention in these notes.

In field space it is possible to define coordinate functions as done in spacetime. If 𝜙𝑖 (𝑥) are
coordinates on Γ, then 𝛿𝜙𝑖 (𝑥) is a basis on 𝑇∗Γ and 𝛿

𝛿𝜙𝑖 (𝑥 ) , namely the functional derivatives with
respect to coordinate functions on field space, is a basis of 𝑇Γ. A generic 1-form on field space can
therefore be written as

𝜔̂ =

∫
𝑀

𝜔̂𝑖 (𝑥)𝛿𝜙𝑖 (𝑥)d𝑑𝑥 := 𝜔̂𝑖𝛿𝜙
𝑖 , (23)

namely, the omitted sum in this case involves also an integration over spacetime (we can think of 𝑥
as another index on which we have to sum). For instance, a (1, 2)-form is written as

𝜔 = 𝜔𝜇,𝑖 𝑗 d𝑥𝜇 ⊗ 𝛿𝜙𝑖 ∧ 𝛿𝜙 𝑗 , (24)

and so on. In general, given a functional 𝑓 [𝜑] =
∫
𝑀
ℎ(𝜑(𝑥), 𝑥) d𝑑𝑥, with ℎ(𝜑(𝑥), 𝑥) being a

function depending on the spacetime 𝑥 and the field 𝜑 evaluated at 𝑥, the functional derivative is
given by

𝛿 𝑓 [𝜑]
𝛿𝜑

=

∫
𝑀

𝛿 𝑓 [𝜑]
𝛿𝜑(𝑥) d𝑑𝑥 =

∫
𝑀

∫
𝑀

𝛿ℎ(𝜑(𝑦), 𝑦)
𝛿𝜑(𝑥) d𝑑𝑦 d𝑑𝑥 =

∫
𝑀

𝛿ℎ(𝜑(𝑥), 𝑥)
𝛿𝜑(𝑥) d𝑑𝑥 , (25)

since 𝛿𝜙 (𝑦)
𝛿𝜙 (𝑥 ) = 𝛿 (𝑑) (𝑥 − 𝑦).
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1.1.3 Lagrangian approach

We want now to apply the above formalism to a Lagrangian theory. The action of a theory is
given by

𝑆 =

∫
𝑀

𝐿 =

∫
𝑀

𝐿̃ (𝜑, 𝑥)
√︁
|det{𝑔}| d𝑑𝑥 , (26)

where 𝐿 is a (𝑑, 0)-form and 𝐿̃ is a (0, 0)-form (namely the functional of fields and their derivatives
that multiplies the volume form). If we vary the Lagrangian with respect to the fields, it is always
possible to rewrite such a variation as a term linear in the variation and a total derivative, namely

𝛿𝐿 = (e.o.m.)𝛿𝜑 + d𝜃 =̂ d𝜃 , (27)

where e.o.m. stands for equations of motion, =̂ denotes an equality that is valid on shell of the
equations of motion and 𝜃 is a (𝑑 − 1, 1)-form called pre-symplectic potential. If 𝑀 has a boundary
𝜕𝑀 , this means that

𝛿𝑆 =

∫
𝑀

[
(e.o.m.)𝛿𝜑 + d𝜃

]
=̂

∫
𝜕𝑀

𝜃 . (28)

From the pre-symplectic potential we can define the pre-symplectic local density

𝜔 := 𝛿𝜃 , (29)

which is a (𝑑 − 1, 2)-form, and from this, by integrating over a Cauchy slice Σ (a codimension-1
submanifold on 𝑀), we define

Ω :=
∫
Σ

𝜔 =

∫
Σ

𝛿𝜃 , (30)

which is a (0, 2)-form called pre-symplectic 2-form. This is a key ingredient of this formalism
since, as we will see, it encodes the Poisson brackets.

It is of course possible to define isometries on field space similarly to what has been done in
spacetime. An isometry of 𝜔, for instance, is a vector field 𝑉̂ such that

L𝑉̂𝜔 = 0 . (31)

Since 𝜔 = 𝛿𝜃 and 𝛿2 = 0, assuming a trivial cohomology on the space of 1-forms over Γ we have
that

L𝑉̂𝜔 = 0 ⇒ 𝛿𝐼𝑉̂𝜔 = 0 ⇒ 𝐼𝑉̂𝜔 := −𝛿𝐽𝑉̂ , (32)

where 𝐽𝑉̂ is a (𝑑 − 1, 0)-form. Analogously, an isometry of Ω is defined as

L𝑉̂Ω = 0 . (33)

A vector field satisfying (33) is called symplectomorphism. If we do not consider embedding fields
in our theory, we can move the exterior derivative 𝛿 inside the integral, therefore 𝛿Ω = 𝛿

∫
Σ
𝜔 =∫

Σ
𝛿𝜔 =

∫
Σ
𝛿2𝜃 = 0. Thus, given a symplectomorphism, we have

7
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0 = L𝑉̂Ω = 𝛿𝐼𝑉̂Ω , (34)

Since we have assumed trivial cohomology on the space of 1-forms over Γ, the above equation
yields

𝐼𝑉̂Ω := −𝛿𝐻𝑉̂ , 𝐻𝑉̂ =

∫
Σ

𝐽𝑉̂ , (35)

where 𝐻𝑉̂ are called canonical charges and they are defined as the contraction of the pre-symplectic
2-form. A vector field 𝑉̂ ∈ 𝑇Γ satisfying (35) is called Hamiltonian vector field. For trivial
cohomology, Hamiltonian vector fields are symplectomorphisms and vice versa.

We are now ready to derive the Noether’s theorems in this formalism. Indeed, in Noetherian
jargon, 𝐽𝑉̂ are called Noether currents while 𝐻𝑉̂ are the Noether charges and are the physical
charges of the theory.

1.2 Noether’s theorems and charge algebra

We have already introduced in the previous subsection the local Noether current 𝐽𝑉̂ . Its
expression is determined by the nature of the symmetry. In the case of an internal symmetry, we
have that

𝛿𝐽𝑉̂ = −𝐼𝑉̂𝜔 , (36)

and by taking into account that 𝜔 = 𝛿𝜃,

𝛿𝐽𝑉̂ = −(L𝑉̂𝜃 − 𝛿𝐼𝑉̂𝜃) . (37)

In the following, we will assume that L𝑉̂𝜃 = 0. While there are situations in which an internal
symmetry acts non-covariantly on 𝜃, this assumption is fairly general, and allows us to simplify the
discussion hereafter. We then obtain

𝐽𝑉̂ = 𝐼𝑉̂𝜃 , (38)

modulo 𝛿-exact terms. This calculation is completely general for internal symmetries, where the
equations of motion have not been imposed at all. Let us analyze the case of a spacetime symmetry.
In this case, we will consider that, associated to a vector field 𝜉 in spacetime, we have a vector field
in field space denoted by 𝜉. Then,

𝛿𝐽𝜉 = −(L𝜉 𝜃 − 𝛿𝐼𝜉 𝜃) . (39)

As we are considering now spacetime transformations, L𝜉 𝜃 = L𝜉 𝜃,2 we get

𝛿𝐽𝜉 = −(𝜄𝜉d𝜃 + d𝜄𝜉 𝜃 − 𝛿𝐼𝜉 𝜃) . (40)

If we assume that d𝜄𝜉 𝜃 vanishes at the boundary under consideration,3 and we go on-shell, we
obtain

𝐽𝜉 =̂ 𝐼𝜉 𝜃 − 𝜄𝜉 𝐿 , (41)

2This is background independence, which is just 𝛿
𝜉
= L𝜉 in the standard formalism.

3This assumption has to be reconsidered when there are fluxes, and led to different appreciations of the concept of
Noether current in the literature.
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modulo 𝛿-exact terms. Unlike the case of internal symmetries, the equations of motion have been
imposed. This current here derived is called the weakly-vanishing Noether current, since it turns
out to identically vanish on-shell, modulo d-exact terms.

1.2.1 Noether’s first theorem

This theorem concerns global symmetries. It states that there is an associated codimension-1
conserved quantity for each global symmetry of the theory. This can be shown straightforwardly
by evaluating the field space Lie derivative of the action, i.e

L𝑉̂𝑆 =

∫
𝑀

(𝐼𝑉̂𝛿 + 𝛿𝐼𝑉̂ )𝐿

=

∫
𝑀

𝐼𝑉̂𝛿𝐿

=

∫
𝑀

[
𝐼𝑉̂ (e.o.m)𝛿𝜑 + d𝐼𝑉̂𝜃

]
.

(42)

If 𝑉̂ defines a global symmetry of the theory, then L𝑉̂𝑆 = 0, and we further assume here L𝑉̂𝐿 = 0.
If we recall that 𝐽𝑉̂ = 𝐼𝑉̂𝜃, we finally get

d𝐽𝑉̂ = −𝐼𝑉̂ (e.o.m)𝛿𝜑 , (43)

hence
d𝐽𝑉̂ =̂ 0 . (44)

The result is that the local Noether current is conserved on-shell. As a consequence, the global
functional defined as

𝐻𝑉̂ :=
∫
Σ

𝐽𝑉̂ (45)

is the integral of a codimension-1 conserved global charge on-shell. This is the associated Noether
charge.

1.2.2 Noether’s second theorem

This theorem concerns gauge symmetries. It states that there is an associated codimension-2
conserved quantity for each gauge symmetry of the theory. Explicitly, the local Noether current is
such that

𝐽𝑉̂ =̂ d𝑄𝑉̂ , (46)

so it is a d-exact term on-shell.4 Its conservation is directly inferred from d2 = 0. This can also be
shown by evaluating the field space Lie derivative of the action, i.e

L𝑉̂𝑆 =

∫
𝑀

(𝐼𝑉̂𝛿 + 𝛿𝐼𝑉̂ )𝐿

=

∫
𝑀

[
𝐼𝑉̂ (e.o.m)𝛿𝜑 + d𝐼𝑉̂𝜃

]
=

∫
𝑀

𝐼𝑉̂ (e.o.m)𝛿𝜑 +
∫
𝜕𝑀

𝐼𝑉̂𝜃 .

(47)

4We are here considering 𝑉̂ as a generic field space vector field. However, if 𝑉̂ is associated to a spacetime
diffeomorphism 𝜉, then the notation 𝜉 is used in these notes.
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As before, L𝑉̂𝑆 = 0 if 𝑉̂ defines a gauge symmetry of the theory. Additionally, if 𝑉̂ = 𝜉 defines a
spacetime symmetry, then we assume L𝜉 𝜃 = L𝜉 𝜃, which, as per the internal-symmetry discussion
above, confines our analysis to gauge symmetries acting covariantly on 𝜃. Note that

L𝜉 𝑆 =

∫
𝑀

L𝜉 𝐿

=

∫
𝑀

d𝜄𝜉 𝐿

=

∫
𝜕𝑀

𝜄𝜉 𝐿 .

(48)

Finally, ∫
𝜕𝑀

𝐼𝜉 𝜃 =̂

∫
𝜕𝑀

𝜄𝜉 𝐿 , (49)

and we obtain
𝐽𝜉 =̂ d𝑄 𝜉 . (50)

Analogously, the global functional defined as

𝐻𝜉 :=
∫
Σ

𝐽𝜉 (51)

is a conserved charge on-shell. This is the associated Noether charge when considering gauge
symmetries. Note that it is now a codimension-2 quantity, if the hypersurface Σ is such that its
boundary 𝜕Σ = 𝑆 is a codimension-2 surface. If so,

𝐻𝜉 =̂

∫
𝑆

𝑄 𝜉 . (52)

This is the reason why in the literature the name surface charge is typically used for the Noether
charge for gauge symmetries. This charge is also called corner charge since the surface 𝑆 is
generically called corner.

1.2.3 Charge algebra

Let us explain now why the adjective “pre”-symplectic is used for the 2-form Ω. Recall that

Ω =

∫
Σ

𝜔 =

∫
Σ

𝛿𝜃 , (53)

where 𝜔 and 𝜃 are the pre-symplectic local density and potential respectively. A 2-form Ω′ is called
symplectic if it is characterized by the following properties:

• 𝛿Ω′ = 0

• 𝐼𝑉̂Ω
′ = 0 ⇐⇒ 𝑉̂ = 0

That is, the 2-form Ω′ is closed in field space and non-degenerate. In this notes, the 2-form
Ω is called pre-symplectic because the non-degeneracy property does not hold in general. This
means that there are non-vanishing field space vector fields 𝑉̂ (non-vanishing symmetries) such that

10
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𝐼𝑉̂Ω = 0. If we quotient these symmetries out the pre-symplectic 2-form Ω becomes symplectic
and can define a Poisson bracket of the charge algebra. This Poisson bracket is defined as

{𝐻𝑉̂ , 𝐻𝑊̂ } = L𝑊̂𝐻𝑉̂ , (54)

where 𝑉̂ , 𝑊̂ ∈ 𝑇Γ are symplectomorphisms. Indeed, one is able to show that the Poisson bracket is
skew-symmetric by using the properties of symplectomorphisms. Explicitly,

{𝐻𝑉̂ , 𝐻𝑊̂ } = 𝐼𝑊̂𝛿𝐻𝑉̂

= −𝐼𝑊̂ 𝐼𝑉̂Ω

= 𝐼𝑉̂ 𝐼𝑊̂Ω

= −𝐼𝑉̂𝛿𝐻𝑊̂

= −{𝐻𝑊̂ , 𝐻𝑉̂ } .

(55)

Apart from proving its skew-symmetry, we also showed that the Poisson bracket is determined by
the symplectic 2-form Ω, i.e

{𝐻𝑉̂ , 𝐻𝑊̂ } = 𝐼𝑉̂ 𝐼𝑊̂Ω . (56)

At this point, we consider spacetime vector fields 𝜉, 𝜁 ∈ 𝑇𝑀 associated with spacetime
symmetries. The corresponding Poisson bracket reads

{𝐻𝜉 , 𝐻𝜁 } = L𝜁𝐻𝜉 . (57)

In this case, we also have the Lie bracket vector fields in spacetime, which reads

[𝜉, 𝜁] = L𝜉 𝜁 . (58)

One may now wonder how this Lie bracket of (spacetime) vector fields defining the symmetry
algebra is related to the Poisson bracket of the charges associated to the corresponding (field space)
vector fields defining the charge algebra. This is a fundamental question that we will answer next.
Let us start by writing the identity

𝐼[ 𝜉 ,𝜁 ] = [L𝜉 , 𝐼𝜁 ] . (59)

If we apply it to the symplectic 2-form Ω, we get

𝐼[ 𝜉 ,𝜁 ]Ω = L𝜉 𝐼𝜁Ω − 𝐼𝜁L𝜉Ω . (60)

Since 𝜉 is a symplectomorphism, L𝜉Ω = 0, and we have

𝐼[ 𝜉 ,𝜁 ]Ω = 𝛿𝐼𝜉 𝐼𝜁Ω + 𝐼𝜉 𝛿𝐼𝜁Ω . (61)

If we recall that 𝛿Ω = 0, the second term of the above equation gives 𝐼𝜉 𝛿𝐼𝜁Ω = 𝐼𝜉L𝜁Ω = 0, since
also 𝜁 is a symplectomorphism. Therefore,

𝐼[ 𝜉 ,𝜁 ]Ω = 𝛿𝐼𝜉 𝐼𝜁Ω , (62)

and thus, introducing the Poisson bracket,

𝐼[ 𝜉 ,𝜁 ]Ω = 𝛿{𝐻𝜉 , 𝐻𝜁 } . (63)

11
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Although we will not demonstrate it explicitly in these notes, one can see using similar arguments
that the Lie brackets Jacobi identity induces the Poisson brackets Jacobi identity.

Finally, we can derive the correspondence between the charge algebra given by the Poisson
brackets and the symmetry algebra given by the Lie brackets. First, note that the identity

𝐼𝜉Ω = −𝛿𝐻𝜉 (64)

relates the Noether charge 𝐻𝜉 and the field space vector field 𝜉 associated to the spacetime symmetry
𝜉 via the symplectic 2-form Ω. It we consider two charges, for instance 𝐻𝜉 and 𝐻𝜉 + 𝜅, both
charges correspond to the same vector field 𝜉 as long as 𝛿𝜅 = 0. This correspondence is said to be
cohomological. We can similarly conclude from Eq. (63) that both {𝐻𝜉 , 𝐻𝜁 } and {𝐻𝜉 , 𝐻𝜁 } + 𝜅𝜉 ,𝜁
correspond to the same vector field [𝜉, 𝜁] as long as 𝛿𝜅𝜉 ,𝜁 = 0. Finally, we can write

𝐼[ 𝜉 ,𝜁 ]Ω = −𝛿𝐻[ 𝜉 ,𝜁 ] , (65)

to deduce from (63) and the above cohomological argument that

{𝐻𝜉 , 𝐻𝜁 } = −𝐻[ 𝜉 ,𝜁 ] + 𝜅𝜉 ,𝜁 , (66)

with 𝛿𝜅𝜉 ,𝜁 = 0. We can read from this result that the Poisson bracket of charges represents the Lie
bracket of symmetries projectively. This is essentially the same as stating that the charge algebra
represents the symmetry algebra modulo central extensions. A central extension is just a constant
in field space appearing in the bracket structure of a theory. It can be considered as a new algebra
generator, with the word “central” characterizing its commutativity with the rest of the algebra
generators. This is a general and highly important result, in particular for the theory of asymptotic
symmetries that we will introduce. We will do it in section 1.4, but in section 1.3 we will first apply
the formalism presented in previous subsections to the computation of conserved charges in gauge
theories.

1.3 Application to gauge theories

Let us consider a classical gauge theory on a 4-dimensional flat spacetime. We are generally
interested in non-abelian gauge theories, with compact simple gauge Lie group𝐺 and corresponding
Lie algebra g. The Lie algebra generators 𝑇𝑎 satisfy

[𝑇𝑎, 𝑇𝑏] = 𝑓 𝑐𝑎𝑏𝑇𝑐 , (67)

where 𝑓 𝑐
𝑎𝑏

are the structure constants.5 If the group 𝐺 is a compact semi-simple Lie group, it is
possible to choose the Lie algebra generators so that they satisfy the orthogonality condition6

Tr(𝑇𝑎𝑇𝑏) =
𝛿𝑎𝑏

2
. (68)

The gauge connection/field 𝐴 is a Lie algebra-valued 1-form 𝐴 = 𝐴𝑎
𝜇 d𝑥𝜇 ⊗𝑇𝑎, and the field strength

𝐹 is a Lie algebra-valued 2-form 𝐹 = 1
2𝐹

𝑎
𝜇𝜈d𝑥𝜇 ∧ d𝑥𝜈 ⊗ 𝑇𝑎 given by

𝐹 = d𝐴 + 𝐴 ∧ 𝐴 . (69)

5Note that the structure constants are antisymmetric in the indices 𝑎, 𝑏.
6The structure constants obtained as 𝑓𝑎𝑏𝑐 = 𝑓 𝑑

𝑎𝑏
𝛿𝑑𝑐 are completely antisymmetric in the indices 𝑎, 𝑏, 𝑐.
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Recall that 𝐹𝑎
𝜇𝜈 = 𝛿

𝜌𝜎
𝜇𝜈 𝜕𝜌𝐴

𝑎
𝜎+ 𝑓 𝑎

𝑏𝑐
𝐴𝑏
𝜇𝐴

𝑐
𝜈 , with 𝛿 the generalized Kronecker tensor. We also introduce

the gauge-covariant exterior derivative,

D ≡ d + 𝐴 , (70)

as the generalization of the exterior derivative d (c.f. (5)) with respect to the gauge connection 𝐴.
The Lagrangian reads in this setting

𝐿 =
1
2

Tr
(
𝐹2

)
Vol𝑀 , (71)

where Vol𝑀 is the volume form of the manifold 𝑀 . This volume form Vol𝑀 is, by definition, a
top-form, then Vol𝑀 = ★1, with★ denoting the Hodge duality operator. If we consider its definition
in (13), we have

Vol𝑀 =
1
4!
𝜖𝛼𝛽𝛾𝛿 d𝑥𝛼 ∧ d𝑥𝛽 ∧ d𝑥𝛾 ∧ d𝑥 𝛿 , (72)

where 𝜖𝛼𝛽𝛾𝛿 is the covariant Levi-Civita tensor in flat spacetime (which is equal to the Levi-Civita
symbol). Its contravariant version 𝜖 𝛼𝛽𝛾𝛿 is defined by means of the metric as usual, so we can now
use the identity

d𝑥𝛼 ∧ d𝑥𝛽 ∧ d𝑥𝛾 ∧ d𝑥 𝛿 = −𝜖 𝛼𝛽𝛾𝛿 d𝑥0 ∧ d𝑥1 ∧ d𝑥2 ∧ d𝑥3 (73)

to write
Vol𝑀 =

1
4!
𝛿
𝛼𝛽𝛾𝛿

𝛼𝛽𝛾𝛿
d𝑥0 ∧ d𝑥1 ∧ d𝑥2 ∧ d𝑥3 , (74)

but 𝛿𝛼𝛽𝛾𝛿
𝛼𝛽𝛾𝛿

= 4!, so
Vol𝑀 = d𝑥0 ∧ d𝑥1 ∧ d𝑥2 ∧ d𝑥3 . (75)

The above relation and the skew-symmetry of the strength tensor allow us to write the Lagrangian
as

𝐿 =
1
2

Tr
(
𝐹2

)
Vol𝑀

= −1
4
𝐹𝑎
𝜇𝜈𝐹

𝜇𝜈
𝑎 d𝑥0 ∧ d𝑥1 ∧ d𝑥2 ∧ d𝑥3

= −1
8
𝐹𝑎
𝜇𝜈𝛿

𝜇𝜈
𝜌𝜎𝐹

𝜌𝜎
𝑎 d𝑥0 ∧ d𝑥1 ∧ d𝑥2 ∧ d𝑥3

=
1
16

𝐹𝑎
𝜇𝜈𝜖𝛼𝛽𝜌𝜎𝜖

𝛼𝛽𝜇𝜈𝐹
𝜌𝜎
𝑎 d𝑥0 ∧ d𝑥1 ∧ d𝑥2 ∧ d𝑥3

= − 1
16

𝐹𝑎
𝜇𝜈𝜖𝛼𝛽𝜌𝜎𝐹

𝜌𝜎
𝑎 d𝑥𝛼 ∧ d𝑥𝛽 ∧ d𝑥𝜇 ∧ d𝑥𝜈

= −1
4

(
1
2
𝐹𝑎
𝜇𝜈d𝑥𝜇 ∧ d𝑥𝜈

)
∧
(
1
2
𝜖𝛼𝛽𝜌𝜎𝐹

𝜌𝜎
𝑎 d𝑥𝛼 ∧ d𝑥𝛽

)
= −1

2
Tr(𝐹 ∧★𝐹) .

(76)

The gauge connection is the dynamical field when considering gauge theories in flat spacetime.
The field space Γ is then formed by 𝐴. Its equations of motion and the pre-symplectic potential
follow from taking the corresponding field variation (c.f. (20)) of the action,

𝛿𝑆 =

∫
𝑀

𝛿𝐿 , (77)
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giving

𝛿𝑆 = −1
2

∫
𝑀

Tr 𝛿(𝐹 ∧★𝐹)

= −
∫
𝑀

Tr(𝛿𝐹 ∧★𝐹)

= −
∫
𝑀

Tr ((d𝛿𝐴 + 𝐴 ∧ 𝛿𝐴 + 𝛿𝐴 ∧ 𝐴) ∧★𝐹)

=

∫
𝑀

Tr ((d★ 𝐹 + [𝐴,★𝐹]) ∧ 𝛿𝐴 − d(𝛿𝐴 ∧★𝐹))

=

∫
𝑀

Tr (D★ 𝐹 ∧ 𝛿𝐴 − d(𝛿𝐴 ∧★𝐹)) .

(78)

where we have used 𝛿d = d𝛿. We can now read off the field equations for 𝐴,

D★ 𝐹 = 0 , (79)

which are the Yang-Mills equations (together with the Bianchi identity D𝐹 = 0) as expected, as
well as the pre-symplectic potential (see (27) and (28)),

𝜃 = −Tr(𝛿𝐴 ∧★𝐹) . (80)

The corresponding gauge symmetry of the theory is encoded in the invariance under the well-
known transformation for a gauge field 𝐼𝜆̂𝛿𝐴 := 𝛿𝜆𝐴 = D𝜆 = d𝜆+ [𝐴, 𝜆], with [𝐴, 𝜆] = 𝑓 𝑐

𝑎𝑏
𝐴𝑎𝜆𝑏𝑇𝑐

the Lie algebra commutator. Note that

L𝜆̂𝐹 : = 𝐼𝜆̂𝛿𝐹

= 𝐼𝜆̂(d𝛿𝐴 + 𝐴 ∧ 𝛿𝐴 + 𝛿𝐴 ∧ 𝐴)
= 𝐼𝜆̂D𝛿𝐴

= D2𝜆

= (d + 𝐴) (d𝜆 + [𝐴, 𝜆])
= d[𝐴, 𝜆] + [𝐴, d𝜆] + [𝐴, [𝐴, 𝜆]]
= [d𝐴 + 𝐴 ∧ 𝐴, 𝜆]
= [𝐹, 𝜆] ,

(81)

hence

L𝜆̂𝑆 = −
∫
𝑀

Tr( [𝐹, 𝜆] ∧★𝐹) = 0 , (82)

because, in components,

Tr( [𝐹, 𝜆] ∧★𝐹) ∝ 𝛿𝑎𝑏 𝑓
𝑎
𝑐𝑑𝐹

𝑐
𝜇𝜈𝜆

𝑑𝐹𝜇𝜈𝑏 = 0 , (83)

since 𝛿𝑎𝑏 𝑓
𝑎
𝑐𝑑

= 𝑓𝑏𝑐𝑑 is antisymmetric in the indices 𝑏, 𝑐, while 𝐹𝑐
𝜇𝜈𝐹

𝜇𝜈𝑏 is symmetric. Therefore,
our theory is indeed invariant under transformations 𝛿𝜆𝐴 = D𝜆.
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The associated Noether current follows from evaluating (see (35))

𝐼𝜆̂Ω =

∫
Σ

𝐼𝜆̂𝜔 =

∫
Σ

𝐼𝜆̂𝛿𝜃 , (84)

giving

𝐼𝜆̂Ω = −
∫
Σ

Tr[𝐼𝜆̂(𝛿𝐴 ∧★𝛿𝐹)]

= −
∫
Σ

Tr(D𝜆 ∧★𝛿𝐹 − 𝛿𝐴 ∧ [★𝐹, 𝜆])

= −
∫
Σ

Tr(d𝜆 ∧★𝛿𝐹 + [𝐴, 𝜆] ∧★𝛿𝐹 − 𝛿𝐴 ∧ [★𝐹, 𝜆])

= −
∫
Σ

Tr 𝛿(d𝜆 ∧★𝐹 + [𝐴, 𝜆] ∧★𝐹) ,

(85)

where we used 𝛿𝜆 = 0. The Noether current is then,

𝐽𝜆̂ = −Tr(d𝜆 ∧★𝐹 + [𝐴, 𝜆] ∧★𝐹) . (86)

It is possible to rewrite this Noether current as an on-shell total derivative, due to Noether’s second
theorem (c.f. (46)). Explicitly,

𝐽𝜆̂ = −Tr(d𝜆 ∧★𝐹 + [𝐴, 𝜆] ∧★𝐹)
= −Tr (d(𝜆 ★ 𝐹) − 𝜆(d★ 𝐹 + [𝐴,★𝐹]))
= −Tr (d(𝜆 ★ 𝐹) − 𝜆D★ 𝐹)
=̂ −Tr (d(𝜆 ★ 𝐹)) .

(87)

Finally, the Noether charge (c.f. (35)) is given by

𝐻𝜆̂ =

∫
Σ

𝐽𝜆̂ , (88)

hence

𝐻𝜆̂ =̂ −
∫
Σ

Tr (d(𝜆 ★ 𝐹))

= −
∫
𝑆

Tr(𝜆 ★ 𝐹) ,
(89)

where Σ is an arbitrary Cauchy surface with boundary 𝑆.
This is our final result, showing how Noether’s second theorem applies to gauge theories and

how to explicitly compute the conserved charge associated to the local symmetry of the theory. The
charge has support on a codimension-2 surface 𝑆, called the corner. We now turn our attention to
the aforementioned theory of asymptotic symmetries.

1.4 Asymptotic symmetries

What we have learned so far is that the basic ingredients needed to define a classical physical
theory are the spacetime manifold 𝑀 with boundary 𝐵 and a field space Γ. These are the basic
ingredients of the theory of asymptotic symmetries.

A classical dynamical theory is specified by

15
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(i) The dynamics on 𝑀 , i.e. the Lagrangian describing the system.

(ii) Boundary conditions Γ|𝐵 defining the asymptotic behaviour of the bulk fields near the
boundary, namely defining the so-called falloffs of the bulk fields.

(iii) Gauge fixing conditions if the theory is a gauge theory.

At this point, in order to compute the Noether charges we need to identify the real physical
symmetries of the system. To this aim, let us introduce the definitions of residual symmetries and
trivial symmetries.

• Residual symmetries: they are defined as symplectomorphisms preserving the dynamics
in the bulk and the boundary conditions. We stress that they are usually known as gauge
transformations.

• Trivial symmetries: they are residual symmetries with vanishing Noether charges and
therefore they are true redundancies of the system. Strictly speaking, these are the quantities
that should be called gauge symmetries.

• Asymptotic symmetries: they are residual symmetries with non-vanishing Noether charges.
They are, therefore, physical transformations acting non-trivially on the field space, mapping
the system into an inequivalent configuration.

Due to their redundancy nature, the trivial transformations represent the zero modes of the pre-
symplectic 2-form. Additionally, the group they form is an ideal inside the residual symmetry
group. Finally, the only symmetries to focus on are the non-trivial residual symmetries that we
have defined as asymptotic symmetries. Precisely, the asymptotic symmetry group is defined as the
quotient

Asymptotic symmetries = Residual symmetries⧸Trivial symmetries . (90)

Having restricted to the asymptotic symmetries, the pre-symplectic 2-form is now invertible and
this allows us to deal with a well-defined Poisson bracket of physical charges. This defines the
charge algebra of the theory and the physical observables consequently.

Note that to be as general as possible, in presence of a gauge theory the Noether charges should
be computed without any a priori restrictions given by gauge fixing. In fact, only after the charges’
computation, the transformation needed to perform the gauge fixing should be shown to be a trivial
symmetry (leading to a vanishing charge). Typically, however, it is not possible to carry on this
procedure due to technical reasons. Nevertheless, on the contrary, the gauge fixing procedure, as
well as the enforcing of the boundary conditions, may lead to pathologies for the well-definiteness
of physical charges. For this reason, the Noether charges associated to asymptotic symmetries are
canonical if they satisfy these three conditions:

• Integrable: 𝐼𝑉̂Ω = −𝛿
∫
𝑆
𝑄𝑉̂ .

• Conserved: 𝐻𝑉̂ |𝑆2 − 𝐻𝑉̂ |𝑆1 =
∫ 𝑆2
𝑆1

d𝑄𝑉̂ =̂ 0.

• Finite: charges should not diverge approaching the codimension-2 surface 𝑆.

16
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If these conditions are satisfied, points (ii) and (iii) are pathologies-free and the theory is well
defined.

The last thing to mention before going on is that the asymptotic symmetry group can be (and
typically is) larger than the bulk symmetry group. A remarkable example is given by Minkowski
spacetime in 4 dimensions, whose bulk symmetry group is given by the Poincaré group, while
the asymptotic symmetry group at null infinity is given by the infinite dimansional Bondi-Van der
Burg–Metzner–Sachs (BMS4) group that we will discuss in the next section.

2. Gravity

2.1 What is wrong?

For the sake of simplicity, the previous discussion was done assuming a closed system. Then,
as expected, we obtained conserved charges. We elaborate here on the problems one encounters
when dealing with gravity. In this case, every one of the three previously-mentioned properties
(integrability, conservation and finiteness) fails to be a priori true.

Integrability It is not always guaranteed that 𝐼𝜉Ω = −𝛿𝐻𝜉 . If this does not hold, then the charge
algebra does not close and thus one cannot derive the Poisson bracket of the theory. Generally, we
have

𝐼𝜉Ω =

∫
Σ

𝐼𝜉 𝛿𝜃 =

∫
Σ

d(𝜄𝜉 𝜃 +𝑄 𝛿 𝜉 ) − 𝛿d𝑄 𝜉 , (91)

where we added the term 𝑄 𝛿 𝜉 in case 𝜉 is field dependant, but we will assume it is zero from now
on. The term d(𝜄𝜉 𝜃) is not generically of the form 𝛿(...), and therefore the total expression cannot
be equal to −𝛿𝐻𝜉 . We can then define the symplectic flux as

𝐹𝜉 =

∫
𝑆

𝜄𝜉 𝜃 , (92)

where 𝑆 = 𝜕Σ. This term is responsible for dissipation in the system.
There are various proposals to deal with non-integrability, and we will mention two of them:

1. Following [7] (see also [8]) we can split between integrable and non-integrable parts intro-
ducing a modified Poisson bracket. There is no canonical way to perform such splitting, and
here we will use the Noetherian split proposed in [8]. This means that we split

𝐼𝜉Ω = −𝛿𝐻𝜉 + 𝐹𝜉 , (93)

such that 𝐻𝜉 =
∫
𝑆
𝑄 𝜉 , with d𝑄 𝜉 = 𝐼𝜉 𝜃 − 𝜄𝜉 𝐿 being the unmodified Noether charge, and

𝐹𝜉 =
∫
𝑆
𝜄𝜉 𝜃 the Noetherian flux. It can then be proved that we have the modified bracket{

𝐻𝜉 , 𝐻𝜁

}
= L𝜁𝐻𝜉 − 𝐼𝜁 𝐹𝜉 +

∫
𝑆

𝑖𝜉 𝑖𝜁 𝐿 . (94)

2. We can consider an enlarged field space, and define another symplectic form Ωext such that

𝐼𝜉Ω
ext = −𝛿𝐻𝜉 , (95)
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for every diffeomorphism 𝜉. This procedure goes under the name of extended phase space
[9–12], and we will have to say more about it later. The system is still dissipative but is now
integrable, thanks to the introduction of edge modes7.

Conservation Charges are not always conserved. In general

𝐻𝜉 |𝑆2 − 𝐻𝜉 |𝑆1 =

∫ 𝑆2

𝑆1

d𝑄 𝜉 =

∫ 𝑆2

𝑆1

𝐼𝜉 𝜃 − 𝜄𝜉 𝐿 (96)

is not equal to zero. There are two main reasons why this might happen. One is that there might
be gravitational fluxes through the boundary under consideration. In other words, the subregion we
consider is not isolated from its complement (there is a “leakage”). Another reason is that, for a
gravitational theory defined on an odd-dimensional bulk with cosmological constant, a conformal
anomaly exists, and this anomaly contributes to the non-conservation of charges (see [13]). This
breaking of conformal symmetry is holographically understood as an anomalous Ward-Takahashy
identity, as discussed below.

Finiteness The charges are guaranteed to be finite only if the boundary is at finite distance in the
bulk. In gravity, however, we often deal with asymptotic boundaries. Consider the case of gravity
with a negative cosmological constant in three dimensions, with action (in suitable units) given by

𝑆 =
1

16𝜋𝐺

∫
d3𝑥

√︁
| det{𝑔}|(𝑅 − 2Λ) , (97)

where Λ is a cosmological constant. Einstein equations imply 𝑅 = 6Λ, and the on-shell action
is thus proportional to the spacetime volume, and therefore suffers from divergences.8 It is then
clear that the surface charges, derived from this action, may also be infinite. We therefore have to
perform a suitable renormalization, called phase space renormalization. We add a boundary term
to the Lagrangian

𝐿𝑅 = 𝐿 + dℓdiv (98)

and tune it so to cure the divergences. Also, we add corner symplectic potentials 𝜈div, such that

𝜃𝑅 = 𝜃 − d𝜈div − 𝛿ℓdiv . (99)

This implies that we have

𝐻𝑅

𝜉
= 𝐻𝜉 −

∫
𝑆

𝐽div
𝜉

, (100)

where 𝐽div
𝜉

= 𝐼𝜉 𝜈div − 𝜄𝜉 ℓdiv. It is not a priori obvious that ℓdiv and 𝜈div can always be selected to
cure divergences, but this turns out to be true on a case by case basis. The symplectic flux also gets
renormalised, and the final result is

𝐹𝑅

𝜉
= 𝐹𝜉 +

∫
𝑆

(𝛿𝜄𝜉 ℓdiv − L𝜉 𝜈div) . (101)

7With “edge mode” we denote a field living on a codimension-2 surface.
8We do not consider the Gibbons-Hawing-York term in this lecture notes, but it also plays an important role in the

value of the on-shell action.
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This procedure is the rigorous generalization of the addition of counterterms in AdS holographic
renormalization.

Before providing a detailed gravitational example, we continue discussing 3-dimensional grav-
ity further. We saw earlier that Poisson brackets are a projective representation of Lie brackets.
Brown and Henneaux showed in [14] that the asymptotic symmetry algebra of 𝐴𝑑𝑆3 is given by two
copies of the Virasoro algebra with equal central charges 𝑐 = 3𝑙

2𝐺 , where 𝑙 is the 𝐴𝑑𝑆3 radius, and
𝐺 the Newton constant. Nowadays, we understand this result in the light of holography (𝐴𝑑𝑆/𝐶𝐹𝑇

correspondence), [15]. This correspondence establishes a duality between a gravitational theory
defined on an (asymptotically) 𝐴𝑑𝑆 spacetime in the bulk and a conformal field theory (CFT) living
on the asymptotic boundary. This duality is best understood in a regime where the gravity theory is
classical and the dual field theory is strongly coupling. It is a well-known fact that the stress-energy
tensor in CFT is traceless: ⟨𝑇 𝜇

𝜇⟩ = 0. This property holds both at the classical level and at the
quantum level on flat spacetime, but when the CFT is coupled to a curved background, a Weyl
anomaly appears. In the case of a 2𝑑 CFT, we have ⟨𝑇 𝜇

𝜇⟩ = 𝑐
24𝜋 𝑅, where 𝑅 is the Ricci scalar,

and 𝑐 is the central charge. Using the holographic dictionary and holographic renormalization, one
can compute the expectation value of the holographic stress-energy tensor purely from the classical
gravity side and obtain the result ⟨𝑇 𝜇

𝜇⟩ = 𝑙
16𝜋𝐺 𝑅 (0) , where 𝑅0 is Ricci scalar obtained from the

boundary metric 𝑔0, that can be read from the asymptotic expansion (in Fefferman-Graham gauge)
of the bulk metric [16]. Comparing the last two formulas, we obtain a holographic prediction: 3𝑑
gravity is dual to a 2𝑑 CFT with central charge given by 𝑐 = 3𝑙

2𝐺 . We refer the interested reader to
[1], where one can find a complete set of references on the topic and this example is proposed as a
solved exercise.

2.2 The Bondi-van der Burg-Metzner-Sachs (BMS) asymptotic symmetries

Time has come to study a gravitational example in detail. We will consider an asymptotically
flat spacetime in four dimensions and throughout this section we will work with 8𝜋𝐺 = 1 = 𝑐

conventions with metric signature being (−, +, +, +). Referring to the previous section, we will
follow the steps (i)-(iii) to define our classical theory hence we will specify the dynamics, the
boundary conditions and the gauge fixing. Useful references for this section are [7, 8, 17–21].

2.2.1 Dynamics

The bulk dynamics of the theory under exam is defined via the following Einstein-Hilbert
action

𝑆𝐸𝐻 =
1
2

∫
𝑅
√︁
|det{𝑔}| d4𝑥 , (102)

with zero cosmological constant. The goal of this section is to extrapolate the asymptotic charges
at the future null infinity of the spacetime. We will show that the symmetries in the bulk are those
defined by the Poincaré group which are finite-dimensional, while those defined on the boundary
are infinite-dimensional and form the so-called BMS group. The set of coordinates we will use is
(𝑢, 𝑟, 𝜎𝐴), where

• 𝑢 is the null time that follows outgoing null geodesic congruences without vorticity,

• 𝑟 is the radial coordinate,
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• 𝜎𝐴 are spatial coordinates on the codimension-2 surface (they can be thought of as the angular
coordinates (𝜃, 𝜙) on the sphere).

In this set of coordinates, the bulk metric is written as

d𝑠2 = −2𝑒2𝛽d𝑢 (d𝑟 + 𝐹d𝑢) + 𝑟2𝑞𝐴𝐵

(
d𝜎𝐴 −𝑈𝐴d𝑢

) (
d𝜎𝐵 −𝑈𝐵d𝑢

)
, (103)

where 𝑞𝐴𝐵 is the codimension-2 metric and generally 𝛽, 𝐹,𝑈𝐴, 𝑞𝐴𝐵 are functions of the full
coordinates (𝑢, 𝑟, 𝜎𝐴) defined in the bulk.

2.2.2 Boundary conditions

We assume the following falloffs:

𝑔𝑢𝑟 = −1 + O
(

1
𝑟2

)
, (104)

𝑔𝑢𝐴 = O(1) , (105)
𝑔𝑢𝑢 = O(1) , (106)
𝑞𝐴𝐵 = O(1) . (107)

Given these falloffs, the causal structure of the spacetime is reported in the figure below, fig. 1.

Figure 1: Conformal diagram of the bulk.

Firstly, the two black lines drawn at 45◦ represent the future null infinity and past null infinity,
labelled with I+ and I− respectively. The points 𝑖0, 𝑖− and 𝑖+ are spacelike infinity, timelike past
infinity and timelike future infinity respectively. The 𝑢-direction is parallel to the I+-line while the
𝑟-direction is radial. Each point in this diagram is of codimension-2 which means that we can think
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of its structure as that of a sphere. Therefore, the point following the radial direction can be pictured
as a sphere having increasing radius as the point approaches null infinity. Since a photon is a particle
with zero mass, it moves on null geodesics by definition, so it moves following straight 45◦-lines,
represented by red lines in the figure. In terms of a photon path, I− represents the initial surface
from which photons propagate into the bulk while I+ is the final surface reached asymptotically by
photons.
The bulk dynamics can be, for instance, that of a star forming a black hole. Referring to fig. 2, at i−

there is the star, our massive object, which collapses into a black hole whose horizon is represented
by the blue line. during its collapse, the radiation emitted can be detected in the vicinity of I+. A
practical example of this dynamics is given by two infalling spiraling black holes whose radiation
emitted in form of gravitational waves is detected at (near) future null infinity (see fig. 2).

Figure 2: Conformal diagram of a collapsing star.

2.2.3 Gauge fixing

We consider the so-called Bondi gauge which consists in enforcing the following constraints
(√𝑞 =

√︁
det{𝑞})

𝑔𝑟𝑟 = 0 , 𝑔𝑟 𝐴 = 0 , 𝜕𝑟
√
𝑞 = 0 , (108)
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along with the following asymptotic expansions of the bulk fields

𝐹 (𝑢, 𝑟, 𝜎𝐴) = 𝐹̄ (𝑢, 𝜎𝐴) − 𝑀

𝑟
+ . . . , (109)

𝛽(𝑢, 𝑟, 𝜎𝐴) = 𝛽(𝑢, 𝜎𝐴)
𝑟2 + . . . , (110)

𝑞𝐴𝐵 (𝑢, 𝑟, 𝜎𝐴) = 𝑞𝐴𝐵 (𝑢, 𝜎𝐴) + 𝑐𝐴𝐵

𝑟
+ . . . , (111)

𝑈𝐴(𝑢, 𝑟, 𝜎𝐴) = 𝑈̄𝐴(𝑢, 𝜎𝐴)
𝑟2 − 2

3𝑟3 𝑝
𝐴 + . . . , (112)

where the dots stand for subleading terms. The important thing to note is that the 𝑟 dependency
on the right hand side (RHS) of the previous expressions is explicit. This means that the Bondi
gauge completely decouples the radial dependence. Additionally, 𝑀 will turn out to be (as we will
later show) the mass of the system that one would observe while 𝑝 is its total angular momentum.
Moreover, 𝑐𝐴𝐵 is called the shear tensor and carries the gravitational waves information of the
system. This object is in fact a 2 × 2 traceless, symmetric matrix in terms of which we define the
news tensor 𝑁𝐴𝐵

𝑁𝐴𝐵 = 𝜕𝑢𝑐𝐴𝐵 . (113)

Now that we have defined the theory we move on to the analysis of symmetries which will lead
us to the computation of charges.

2.2.4 EOM

Let us start by writing down the equations of motion (EOM) obtained by solving Einstein’s
equations order by order as 𝑟 goes to infinity.

They can be divided into two types of EOMs. Firstly, we have four constraints which read

𝜕𝑢𝑞𝐴𝐵 = 0 , (114)

𝛽 + 1
32

𝑐𝐴𝐵𝑐
𝐴𝐵 = 0 , (115)

𝑅̄ − 4𝐹̄ = 0 , (116)

𝑈̄𝐴 + 1
2
𝐷̄𝐵𝑐

𝐴𝐵 = 0 , (117)

where 𝑅̄ is the codimension-2 Ricci scalar of the boundary metric 𝑞𝐴𝐵 and 𝐷̄ is the covariant
derivative with respect to the metric 𝑞𝐴𝐵.

The other type are evolution equations since they describe the temporal evolution of the system.
For the sake of simplicity we focus our attention only on the Bondi mass-loss formula

𝜕𝑢𝑀 = −1
8
𝑁𝐴𝐵𝑁

𝐴𝐵 + 1
4
𝐷̄𝐴𝐷̄𝐵𝑁

𝐴𝐵 . (118)

This is called “mass-loss formula” since, as we will shortly show, 𝑀 is indeed the charge associated
to 𝜕𝑢, namely to time translations, and is therefore the energy of the system. The equation above also
helps us in understanding why 𝑁𝐴𝐵 is called “news tensor”: it is basically providing us information
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about the source by telling us how the latter affects the mass dynamics.
This EOM can be integrated on a sphere 𝑆 leading to

𝜕𝑢

∫
𝑆

√︁
𝑞𝑀 = −1

8

∫
𝑆

√︁
𝑞𝑁𝐴𝐵𝑁

𝐴𝐵 , (119)

where the covariant derivative term is dropped out since it is a total derivative contribution on the
sphere. Note that if the RHS is null then the mass of the system is conserved while, on the contrary,
its time evolution is negative. This means that, given a finite mass at initial time, as time evolves
radiation is emitted resulting in a mass-decreasing mechanism. This is exactly the reason why the
Bondi equation is known as the mass-loss formula.
These are the EOMs that we will analyze later on. Note that of course there are subleading EOMs,
however we are only interested in the leading asymptotic ones, since we will exclusively deal with
the field space asymptotically to the boundary.

2.2.5 Symmetries

By construction, a symmetry must preserve the chosen gauge. Therefore, we impose that
the Bondi gauge in (108) is unaffected under diffeomorphisms, namely when acting with the Lie
derivative. Hence, we impose the following

L𝜉𝑔𝑟𝑟 = 0 , L𝜉𝑔𝑟 𝐴 = 0 , and L𝜉 𝜕𝑟 (
√
𝑞) = 0 , (120)

which can be solved leading to

𝜉𝑢 = 𝜏(𝑢, 𝜎) , (121)
𝜉𝐴 = 𝑌 𝐴(𝑢, 𝜎) − 𝐼𝐴𝐵𝜕𝐵𝜏(𝑢, 𝜎) , (122)

𝜉𝑟 = −𝑟𝑤(𝑢, 𝜎) + 𝑟

2

[
𝐷𝐴

(
𝐼𝐴𝐵𝜕𝐵𝜏(𝑢, 𝜎) +𝑈𝐴𝜕𝐴𝜏(𝑢, 𝜎)

)]
, (123)

where
𝐼𝐴𝐵 =

∫ ∞

𝑟

d𝑟 ′

𝑟 ′ 2 𝑒2𝛽 𝑞𝐴𝐵 , (124)

and 𝑇 (𝜎), 𝑌 𝐴(𝜎) and 𝑤(𝜎) are arbitrary functions parameterizing 𝜉. The next step is to impose
the falloffs as well. Again, looking at (104)-(107) we immediately have that

L𝜉𝑔𝑢𝑟 = O
(

1
𝑟2

)
, (125)

L𝜉𝑔𝑢𝑢 = O(1) , (126)
L𝜉𝑔𝑢𝐴 = O(1) , (127)

L𝜉𝑔𝐴𝐵 = O
(
𝑟2
)
, (128)

which result in constraining the functions 𝑌 𝐴(𝑢, 𝜎), 𝑤(𝑢, 𝜎) and 𝜏(𝑢, 𝜎) to be

𝑌 𝐴(𝑢, 𝜎) = 𝑌 𝐴(𝜎) , (129)
𝑤(𝑢, 𝜎) = 𝑤(𝜎) , (130)
𝜏(𝑢, 𝜎) = 𝑇 (𝜎) + 𝑢𝑤(𝜎) , (131)
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and, as a result, the vector field 𝜉 at first leading order in 𝑟 becomes

𝜉 = 𝑇 (𝜎)𝜕𝑢 + 𝑌 𝐴(𝜎)𝜕𝐴 + 𝑤(𝜎) (𝑢𝜕𝑢 − 𝑟𝜕𝑟 ) + . . . . (132)

This vector field will give rise to conserved quantities. Moreover, since 𝑇 (𝜎), 𝑌 𝐴(𝜎)𝜕𝐴 and
𝑤(𝜎) parameterize 𝜉, they are actually the parameters of the symmetries coming from the residual
diffeomorphisms. Having obtained 𝜉 we can move on to write down the residual symmetry algebra.

2.2.6 Algebra

Using (132) the algebra of symmetries of the theory is

[𝜉1, 𝜁2] = 𝑇12𝜕𝑢 + 𝑌 𝐴
12𝜕𝐴 + 𝑤12(𝑢𝜕𝑢 − 𝑟𝜕𝑟 ) , (133)

where

𝑌 𝐴
12 := [𝑌1, 𝑌2]𝐴 , (134)
𝑤12 := 𝑌1(𝑤2) − 𝑌2(𝑤1) , (135)
𝑇12 := 𝑌1(𝑇2) − 𝑤1(𝑇2) − 𝑌2(𝑇1) + 𝑤2(𝑇1) . (136)

Since we have not computed the charges yet, these symmetries are residual symmetries. Therefore
they can be trivial ones or physical ones. We will determine it in a moment by computing the
associated charges.

Let us now make some important observations. We know that the conformal group on the
2-sphere is 𝑆𝑂 (1, 3) which generalises to 𝑆𝑂 (1, 𝑑 + 1) when considering the 𝑑-sphere. As a result,
if 𝑌 𝐴𝜕𝐴 were conformal Killing vectors on the 2-sphere, the group of symmetries that we would
have obtained from it is 𝑆𝑂 (1, 3), which is indeed the Lorenz group. Additionally, 𝜉 has the𝑇 (𝜎)𝜕𝑢
contribution which is exactly the one defining the so-called supertranslations. Therefore, focusing
for a moment only on the 𝑇 (𝜎) and 𝑌 𝐴(𝜎) terms in 𝜉, we see an enhancement of the Poincaré
group. It is an enhancement because these parameters are a priori arbitrary functions on the 2-sphere
hence they are infinitely many. If we were restricted to globally well-defined conformal Killing
vectors on the 2-sphere, and constant translations, we would get the usual finite Poincaré group
𝑆𝑂 (1, 3) ⋉ R4. Nevertheless, what we obtained is an enhancement of it, namely the semi-direct
product of diffeomorphisms of the 2-dimensional space and supertranslations.
To have a visual representation and intuition of the supertranslation𝑇 (𝜎)𝜕𝑢 (see fig. 3), just imagine
a past light cone of an observer 𝑂. A cut of this cone is the surface 𝑆 and a supertranslation is an
angle-dependent translation of this surface along the 𝑢-direction, allowing its points to move with
different velocities.

The algebra we obtained is known as the generalised BMS algebra [22]

generalised BMS algebra = diff (𝑆) + R𝑆 . (137)

In our treatment, we also had another generator, called 𝑤(𝜎), which enhances the algebra to the
Weyl BMS algebra studied in [8], denoted as BMSW algebra9. We are ready to finally compute
the charges of the theory. We will show that the BMSW algebra is indeed charged, and thus its
generators are asymptotic symmetries.

9This algebra includes supertranslations, local Weyl rescalings and arbitrary diffeomorphisms of the 2-dimensional
sphere metric.
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Figure 3: Sketch of the past light cone of an observer 𝑂 representing the action of a supertranslation.

2.2.7 Charges

Let us recall that at leading order in 𝑟 , the metric we are considering contains 𝑀, 𝛽, 𝑈̄𝐴, 𝑐𝐴𝐵

as parameters and the equation to solve to obtain the charges is

d𝑄 𝜉 = 𝐼
𝜉
𝜃𝐸𝐻 − 𝑖𝜉 𝐿𝐸𝐻 . (138)

As a consequence, this means that we need to know how our fields transform under the symmetries.
This latter task is solved by computing the Lie derivative of the metric at leading orders, so that we
can extrapolate L𝜉𝑀 , etc.
Having setting the stage, we complete these preliminary information by recalling that 𝐿 = 1

2𝑅
√︁
| det{𝑔}| d4𝑥

and using 𝛿𝐿 = 𝐺𝜇𝜈𝛿𝑔
𝜇𝜈 + d𝜃 we have

𝜃𝐸𝐻 =
1
2

(
𝑔𝜇𝜈𝛿Γ𝛼

𝜇𝜈 − 𝑔𝛼𝜇𝛿Γ𝜈
𝜇𝜈

)
𝜖𝛼 (139)

with 𝜖𝛼 being the codimension-1 volume form.
We skip all the technicalities and give the final expressions of the charge associated to 𝑇 , 𝑤 and 𝑌 ,
respectively. For each of the charges associated to a parameter, all the others are set to zero. In
order:

• 𝐻𝑇̂

Setting 𝑌 = 0 = 𝑤 we have that the charge associated to supertranslations reads

𝐻𝑇̂ =

∫
𝑆

𝑄 𝜉 =

∫
𝑆

√︁
𝑞 𝑇 (𝜎)

(
𝑀 − 1

2
𝐷̄𝐴𝑈̄

𝐴

)
, (140)

from which it immediately follows that if 𝑇 is 𝜎-independent, the last term on the RHS would
drop since it is a total derivative contribution and the charge would be the total mass of the
system. We have thus shown why we were so confident in calling 𝑀 in eq. (109) the total
mass of the system. It is important to stress here that this result is finite, there is no need
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for renormalization. On the contrary, the other two charges turn out to be divergent and
renormalization is needed. For the sake of simplicity we only report the finite part, which is
the endpoint of the renormalization procedure, and refer to [8] for more details.

• 𝐻𝑤̂

After setting 𝑇 = 0 = 𝑌 the finite part is

𝐻finite
𝑤̂ =

∫
𝑆

√︁
𝑞 𝑤(𝜎)

[
4𝛽 + 𝑢

(
𝑀 − 1

2
𝐷̄𝐴𝑈̄

𝐴

)]
. (141)

• 𝐻𝑌̂

After setting 𝑇 = 0 = 𝑤, again the finite part reads

𝐻finite
𝑌̂

=

∫
𝑆

√︁
𝑞𝑌 𝐴(𝜎)

(
𝑝𝐴 + 2𝐷̄𝐴𝛽

)
, (142)

which, as for the charge associated to supertranslations, immediately tells us that if 𝑌 𝐴 is 𝜎-
independent the last term on the RHS drops and the charge associated to the diffeomorphisms
on the 2-dimensional space becomes the total angular momentum. As before, this is the
reason why in eq. (112) we called 𝑝 the total angular momentum of the system.

Let us pause for a moment to appreciate that we have just obtained the observables of gravity and
we have demonstrated that they arise as Noether (corner) charges associated to diffeomorphisms.

2.2.8 Charge algebra

This will be nothing else than the representation of the BMSW algebra. In the presence of
symplectic fluxes as we already discussed the final result is (94), that is,{

𝐻𝜉 , 𝐻𝜁

}
= L𝜁𝐻𝜉 − 𝐼𝜁 𝐹𝜉 +

∫
𝑆

𝑖𝜉 𝑖𝜁 𝐿 . (143)

We are going to show that the previous expression contains the EOMs, so the evolution of the system
expressed via the Bondi mass loss formula emerges from symmetries. To this aim, we consider two
supertranslation generators, since their Poisson brackets is zero by definition because the algebra of
(super)translations is abelian. We thus choose as generators the following two vectors

𝜉 = 𝑇𝜕𝑢 and 𝜁 = 𝜕𝑢 . (144)

Note that 𝜁 is the generator of the symmetries associated to the energy of the system. Along
with the Poisson brackets, also the last term on the RHS of (143) is zero when considering two
supertranslations because the two contractions are along the same direction. Consequently, the final
expression is

L𝜁𝐻𝜉 = 𝐼𝜁 𝐹𝜉 =⇒ L𝜕𝑢
𝐻 ˆ𝑇𝜕𝑢

= 𝐼𝜕𝑢𝐹 ˆ𝑇𝜕𝑢
, (145)

which, using the expression in (140) and in (139), reads∫
𝑆

√︁
𝑞𝑇 (𝜎)

(
¤𝑀 + 1

8
𝑁𝐴𝐵𝑁𝐴𝐵 − 1

4
𝐷̄𝐴𝐷̄𝐵𝑁

𝐴𝐵

)
= 0 , (146)

which is exactly the Bondi mass-loss formula.
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2.3 The power of symmetries: memory effects

In this section we will introduce the concept of memory effects in gravity. We again refer to
[1] for original references on the topic, while this section is mainly based on [23], see also [20].
Memory effects stands for permanent relative displacement due to a burst of gravitational waves.
More precisely, if the system under consideration consists of a set of massive objects, they will be
subject to a permanent displacement after a gravitational wave passes through. In this sense, the
masses have memory of the passage of gravitational waves. This effect can be computed from the
geodesic deviation equation in general relativity. Consider a freely falling particle moving on a
worldline. Let 𝑣𝑎 denote the vector tangent to the particle worldline and 𝜉𝑏 the deviation vector,
describing how a direction has changed infinitesimally. The geodesic deviation equation reads

(𝑣𝑎∇𝑎)2
𝜉𝑏 = −𝑅𝑎𝑐𝑑

𝑏 𝑣𝑎𝑣𝑑𝜉𝑐 . (147)

Our goal in this section will be to derive the vector 𝜉: we want to compute the displacement of the
particles. To achieve that, let us consider a number of particles near asymptotic infinity such that at
initial time 𝑣𝑎 = 𝛿𝑎𝑢 . Therefore, to leading order in 𝑟 , (147) gives (𝑥𝑎 = (𝑟, 𝑥𝜇))

𝜕2𝜉𝜇

𝜕𝑢2 = −𝑅𝑢𝛼𝑢
𝜇 𝜉𝛼 . (148)

Now, it can be shown that, at leading order when 𝑟 → ∞ the Riemann tensor, made up
by a traceless contribution given by the Weyl tensor plus the Ricci scalar and the Ricci tensor
counterparts, simply becomes the Weyl tensor. That is: 𝑅

𝜇
𝑢𝛼𝑢

𝑟→∞∼ 𝐶̄
𝜇

𝑢𝛼𝑢 at leading order in 𝑟

(the bar on the Weyl tensor stands for the leading order contribution). Additionally, if 𝜉𝛼(0) denotes
the initial displacement and if 𝜉𝛼 − 𝜉𝛼(0) goes to zero fast enough as 𝑟 → ∞, one can safely replace
𝜉𝛼 with 𝜉𝛼(0) on the RHS of (148) so that

𝜕2𝜉𝜇

𝜕𝑢2 = −𝐶̄𝑢𝛼𝑢
𝜇𝜉𝛼(0) , (149)

which, after integrating in time twice, becomes

𝜉𝜇 |𝑢=+∞𝑢=−∞ = −
∫ ∞

−∞
d𝑢′

∫ ∞

−∞
d𝑢 𝐶̄𝑢𝛼𝑢

𝜇𝜉𝛼(0) . (150)

This can be recasted as follows:
𝜉𝜇 |𝑢=+∞𝑢=−∞ = Δ𝜇

𝛼 𝜉𝛼(0) , (151)

where we have introduced the memory tensor Δ𝜇
𝛼 as

Δ𝜇
𝛼 = −

∫ ∞

−∞
d𝑢′

∫ ∞

−∞
d𝑢 𝐶̄𝑢𝛼𝑢

𝜇 . (152)

The memory tensor keeps track of the passage of the gravitational waves originated by an unspecified
black hole dynamics and the left hand side (LHS) of (151) gives the evolution between the stationary
state in the far past and the stationary state in the far future.

From now on we will work in the Bondi gauge previously introduced. In this gauge a straight-
forward computation leads us to the following crucial result:

𝐶̄𝑢𝐴𝑢𝐵 = −1
2
𝜕𝑢𝑁𝐴𝐵 , (153)
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where {𝐴, 𝐵} are coordinates on the 2-sphere matching the notation of the previous section and
𝑁𝐴𝐵 is the news tensor. The news tensor introduced in (113) is such that

Δ𝐴𝐵 =
1
2

∫ +∞

−∞
d𝑢 𝑁𝐴𝐵

(113)
=

1
2
𝑐𝐴𝐵 |𝑢=+∞𝑢=−∞ , (154)

from which it is now evident why the memory tensor has information about gravitational waves, it
is written in terms of the shear tensor.

Now that we have the memory tensor, we can further investigate its relation with the symmetries.
Suppose for instance that in the far past 𝑐𝐴𝐵 = 0 corresponding to a stationary era. This would for
example be the case in a configuration in which two black holes are far away. A natural question
is then what is the fate of 𝑐𝐴𝐵 in the far future. The latter can at best be the BMS-transform of its
initial value, that is:

𝑐𝐴𝐵 |𝑢=−∞ = 0 =⇒ 𝑐𝐴𝐵 |𝑢=+∞ = BMS(𝑐𝐴𝐵 |𝑢=−∞) . (155)

It can be shown that the variation of the shear tensor under a supertranslation gives (𝐷̄ ⟨𝐴𝐷̄𝐵⟩ is the
symmetric traceless part of 𝐷̄𝐴𝐷̄𝐵):

L𝑇̂𝑐𝐴𝐵 = 𝑇𝜕𝑢𝑐𝐴𝐵 − 2𝐷̄ ⟨𝐴𝐷̄𝐵⟩𝑇 . (156)

Applying this result to 𝑐𝐴𝐵 |𝑢=−∞ with our initial hypothesis of a stationary era we obtain

𝑐𝐴𝐵 |𝑢=+∞ = L𝑇̂𝑐𝐴𝐵 |𝑢=−∞ = 𝑇𝜕𝑢𝑐𝐴𝐵 |𝑢=−∞ − 2𝐷̄ ⟨𝐴𝐷̄𝐵⟩𝑇 =︸︷︷︸
𝑐𝐴𝐵 |𝑢=−∞=0

−2𝐷̄ ⟨𝐴𝐷̄𝐵⟩𝑇 . (157)

The memory tensor (154) thus becomes

Δ𝐴𝐵 = −𝐷̄ ⟨𝐴𝐷̄𝐵⟩𝑇 , (158)

from which we can express𝑇 as a function of Δ𝐴𝐵. This manipulation is essential when considering
the Bondi mass loss formula. Indeed, plugging it into 𝑇 (Δ𝐴𝐵) we are able to have an expression of
the memory tensor in terms of measurable quantities. To have more insight, we move to the wave
forms and briefly illustrate the effect of this prediction with a sketch. In fig. 4 the wave form of the
gravitational wave as a function of time is displayed.

More precisely, on the left of fig. 4 the effect is represented with the Poincaré group as a
symmetry group while on the right, the group of symmetry is the BMS4 symmetry group. There
is a clear mismatch between the two figures due to the presence of an offset in the second case.
Let us explain better what information is hidden in this fig. 4. Firstly, at some time, the profile
becomes constant. Suppose two black holes collide and emit gravitational waves, their passage
in our detector is highlighted by the oscillating behaviour of the function in the figure. After
this passage, however, there is a remnant of the presence of the gravitational waves: the memory
displacement. Consequently, this displacement that we have studied in this section culminates in
the prediction of a constant shift in fig. 4. Furthermore, we expect that the latter could be detected
and measured by upcoming experiments.

We conclude this section with a concept introduced in 2017 by Strominger [24], the infrared
triangle that well summarises what we have learned so far. In the triangle depicted in fig. 5, all
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Figure 4: Sketch of the metric perturbation as a function of time.

the vertices are equivalent. Once one vertex is known, the others can be attained by mathematical
manipulations. We however remark that we have followed here an approach based entirely on
symmetries. We have shown how symmetries are so powerful that memory effects can be derived
from them. This is the logic of the corner proposal, enunciated in the next section, in which
symmetries are exploited to infer new constraints in quantum gravity. Before doing so, we fill the
last tip of the triangle and show how symmetries can be used to deduce the infrared soft theorems.

Figure 5: The infrared triangle.
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2.4 The power of symmetries: soft theorems

In this section we show how symmetries can be used to derive Weinberg’s soft theorems
[25]. The relationship between these two topics was observed in [26], which we use here as main
reference, and we again refer to [1] for more references. Soft theorems establish a connection
between the amplitude of a scattering process involving one soft particle and the one involving only
hard particles, where the soft particle contribution factorises.

We start computing the asymptotic phase space Poisson bracket. In order to do so, one can
show that the renormalised symplectic two-form takes the form

Ω𝑅 =

∫
I

1
4
𝛿𝑁𝐴𝐵 ∧ 𝛿

(√︁
𝑞𝑐𝐴𝐵

)
+ . . . . (159)

This is the famous Ashtekar-Streubel result [27]. Using this two-form, one can compute the Poisson
bracket between 𝑁𝐴𝐵 and 𝑐𝐴𝐵, and obtain

{𝑁𝐴𝐵 (𝑢, 𝑧, 𝑧), 𝑐𝐶𝐷 (𝑢′, 𝑤, 𝑤̄)} = 2𝛾<𝐴𝐶𝛾𝐵𝐷>𝛿(𝑢 − 𝑢′)𝛿2(𝑧 − 𝑤) , (160)

where 𝑧 and 𝑧 are coordinates on the sphere 𝑆2. As a side note, we mention that Ashtekar promoted
this Poisson bracket to a commutator, using standard rules of canonical quantization ({, } → 1

𝑖ℏ [, ]),
therefore quantizing gravity without requiring the Newton constant to be small. This is possible
only asymptotically, where this quantization is still made on a classical geometric background.

Let us now define the Fourier transformed field 𝑐𝐴𝐵 (𝜔, 𝑧, 𝑧), for 𝜔 ≥ 0, as

𝑐𝐴𝐵 (𝜔, 𝑧, 𝑧) =
∫ +∞

−∞
𝑐𝐴𝐵𝑒

𝑖𝜔𝑢d𝑢 . (161)

We can then define

𝑎+(𝜔, 𝑧, 𝑧) ≡ 2𝜋𝑖𝑐𝑧𝑧 (𝜔, 𝑧, 𝑧) , (162)
𝑎− (𝜔, 𝑧, 𝑧) ≡ 2𝜋𝑖𝑐 𝑧̄ 𝑧̄ (𝜔, 𝑧, 𝑧) , (163)

such that 𝑎∗± become positive/negative-helicity graviton creation operators. The field 𝑐𝐴𝐵 is part
of the metric, and therefore we can use this field, previously shown to be related to gravitational
waves, to create/annihilate gravitons. Furthermore, we can compute{

𝑎±(𝜔, 𝑧, 𝑧), 𝑎∗±(𝜔′, 𝑤, 𝑤̄)
}
= −2𝑖𝜔(2𝜋)3𝛿(𝜔 − 𝜔′)𝛿2(𝑧 − 𝑤) , (164)

which proves that 𝑎± satisfy the canonical creation/annihilation operators algebra.
For the rest of this section, we will have to slightly modify the definition of charges and fluxes.

Calling 𝑇 the supertranslation generator and 𝑀 the mass aspect, we define10

𝐻̃𝑇̂ = 2
∫
𝑆

𝑇𝑀 , (165)

together with an appropriate expression for the flux. It can be proved that in this case we have

𝐻̃+
𝑇̂
− 𝐻̃−

𝑇̂
= −

∫
I+
𝑇F + 1

2

∫
𝑆

𝑇𝐷̄𝐴𝐷̄𝐵Δ
𝐴𝐵 , (166)

10For simplicity we assume that the space is the projective plane, with metric d𝑠2 = 2d𝑧d𝑧, such that
√
𝑞 = 1.
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where we introduced the local Bondi hard flux, defined as

F =
1
4
𝑁𝐴𝐵𝑁

𝐴𝐵 . (167)

For simplicity, we use the notation 𝐻+
𝑇
≡ 𝐻𝑇 (𝑢 = +∞). We have shown previously that Δ𝐴𝐵 =

𝑐+
𝐴𝐵

− 𝑐−
𝐴𝐵

. We would like to interpret the first term as the hard charge and the second term as the
soft charge. To see this, note that we have

𝑐+𝐴𝐵 − 𝑐−𝐴𝐵 =

∫ +∞

−∞
𝜕𝑢𝑐𝐴𝐵 = lim

𝜔→0

∫ +∞

−∞
𝑒𝑖𝜔𝑢𝜕𝑢𝑐𝐴𝐵 = lim

𝜔→0

∫ +∞

−∞
−𝑖𝜔𝑐𝐴𝐵 (𝜔, 𝑧, 𝑧) , (168)

where we integrated by parts and used lim𝜔→0(𝑒𝑖𝜔𝑢𝑐𝐴𝐵)+− = 0. We also impose one extra condition

𝐷̄𝑧 𝐷̄𝑧 (𝑐𝑧𝑧+ − 𝑐𝑧𝑧− ) = 𝐷̄ 𝑧̄ 𝐷̄ 𝑧̄ (𝑐 𝑧̄ 𝑧̄+ − 𝑐 𝑧̄ 𝑧̄− ) , (169)

satisfied by the so called Christodoulou-Klainerman spacetimes [28, 29]. Using this equation, we
rewrite the second term in (166) as

𝑄soft =
1
2

∫
𝑆

𝑇𝐷̄𝐴𝐷̄𝐵Δ
𝐴𝐵 =

1
2𝜋

lim
𝜔→0

𝜔

∫
𝑆

𝑇𝐷̄ 𝑧̄ 𝐷̄ 𝑧̄𝑎+(𝜔, 𝑧, 𝑧) . (170)

For this reason we call this term a soft charge (word soft originating from the limit 𝜔 → 0) and
denote it 𝑄soft. This term corresponds to a conformally soft graviton insertion. Analogously, the
first term in (166) is called the hard charge, denoted 𝑄hard.

For simplicity, we consider asymptotic |𝑖𝑛⟩ and |𝑜𝑢𝑡⟩ states defined as a cloud of massless
particles. Charge conservation implies

𝐻̃+
𝑇̂
− 𝐻̃−

𝑇̂
|I+ = 𝐻̃+

𝑇̂
− 𝐻̃−

𝑇̂
|I− .

At the quantum level, charge conservation is expressed as the fact that the charge operator commutes
with the 𝑆 matrix, that is, ⟨𝑜𝑢𝑡 | [𝑄, 𝑆] |𝑖𝑛⟩ = 0. This expression is a Ward Identity for a given
symmetry. We thus have

𝑄hard +𝑄soft |I+ = 𝑄hard +𝑄soft |I− ⇒ ⟨𝑜𝑢𝑡 | [𝑄soft, 𝑆] |𝑖𝑛⟩ + ⟨𝑜𝑢𝑡 | [𝑄hard, 𝑆] |𝑖𝑛⟩ = 0 . (171)

The last equation is a Ward identity for BMS, where here we only used supertranslations. Now,
since 𝑄hard is the energy operator for incoming particles, we have

𝑄hard |𝑖𝑛⟩ =
∑︁
𝑘

𝐸𝑘𝑇 (𝑧𝑘 , 𝑧𝑘) |𝑖𝑛⟩ , (172)

together with a similar expression for 𝑜𝑢𝑡. In our case on the other hand we have

𝑄soft |𝑖𝑛⟩ ∼ 𝑎+ |𝑖𝑛⟩ = 0 . (173)

Using this, we obtain

1
2𝜋

lim
𝜔𝑔→0

∫
𝑆

d2𝑤𝑇 (𝑤, 𝑤̄)𝐷̄𝑤̄ 𝐷̄𝑤̄ ⟨𝑜𝑢𝑡 | 𝑎+(𝜔𝑔, 𝑤, 𝑤̄)𝑆 |𝑖𝑛⟩ = −
∑︁
𝑘

𝐸𝑘𝑇 (𝑧𝑘 , 𝑧𝑘) ⟨𝑜𝑢𝑡 | 𝑆 |𝑖𝑛⟩ ,

(174)
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where 𝜔𝑔 is the soft graviton frequency. This equation is true for any supertranslation 𝑇 . We can
thus apply it to the special supertranslation

𝑇 (𝑧, 𝑧) = 𝑤̄ − 𝑧

𝑤 − 𝑧
. (175)

Using the following identity:

𝐷̄𝑤̄ 𝐷̄𝑤̄

( 𝑤̄ − 𝑧

𝑤 − 𝑧

)
= 2𝜋𝛿2(𝑤 − 𝑧) , (176)

we can finally write down

lim
𝜔𝑔→0

𝜔𝑔 ⟨𝑜𝑢𝑡 | 𝑎+(𝜔𝑔, 𝑤, 𝑤̄)𝑆 |𝑖𝑛⟩ = −
∑︁
𝑘

𝐸𝑘

𝑤̄ − 𝑧𝑘

𝑤 − 𝑧𝑘
⟨𝑜𝑢𝑡 | 𝑆 |𝑖𝑛⟩ . (177)

This is the desired identity, expressing Weinberg’s soft graviton theorem in coordinates representa-
tion. It is often stated in momentum representation, where it has the form

−
∑︁
𝑘

𝐸𝑘

𝑤̄ − 𝑧𝑘

𝑤 − 𝑧𝑘
=
∑︁
𝑘

𝑝
𝜇

𝑘
𝑝𝜈
𝑘
𝜀+𝜇𝜈 (𝑞)

2𝑝𝑘 · 𝑞
. (178)

Here, 𝑞 is the soft graviton four-momentum parametrised by (in cartesian coordinates)

𝑞𝜇 = (1 + 𝑤𝑤̄, 𝑤 + 𝑤̄,−𝑖(𝑤 − 𝑤̄), 1 − 𝑤𝑤̄) , (179)

while 𝑝𝑘 is the 𝑘-th particle momentum

𝑝𝜇 = 𝐸 (1 + 𝑧𝑧, 𝑧 + 𝑧,−𝑖(𝑧 − 𝑧), 1 − 𝑧𝑧) . (180)

Moreover, we introduced the positive helicity graviton polarization tensor given by

𝜀+𝜇𝜈 = 𝜀+𝜇𝜀
+
𝜈 , 𝜀+𝜇 = 𝜕𝑤𝑞

𝜇 . (181)

Plugging all this together, one can verify (178).
Note that the procedure utilized here is fully general, soft theorems can be formulated for

particles of any spin. Also, one could work out the subleading contributions in 𝜔𝑔, thus obtaining
additional expressions that must hold in a scattering process, known as subleading soft theorems,
here derived as Ward identities for the BMS symmetry.

3. The Corner Proposal

General considerations of symmetries in the previous sections gave us a top down approach to
associate to any classical theory a set of charges and their associated algebras. Noether second’s
theorem assures that charges associated to local symmetries have support on codimension-2 surfaces,
also called corners. Therefore, it seems that the observables of the theory have to be understood
and measured on these corners, on which they are defined, rather than in the entirety of spacetime.
However, the main issue is that the algebra seems to depend on the problem at hand and, in particular,
on the boudary conditions and gauge fixing (c.f. section 2.2). The question that thus arises is: “Is
there a universal algebra for gravity?”. If the answer is positive, then any classical theory of gravity
would have symmetries that fall in a subset of the universal ones. In section 3.1 we answer this
question by considering embeddings of codimension-2 surfaces and in section 3.2 we tackle the
issue of non integrability of the charges by introducing the concept of extended phase space. For
more details on the corner proposal and corners in general we refer the reader to [1, 9–11, 30–34].
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3.1 Universal algebra

Let 𝑀 be a 𝑑-dimensional manifold and 𝑆 a codimension-2 manifold (the corner). The way 𝑆

is embedded into 𝑀 is defined by the injective map

𝜙 : 𝑆 −→ 𝑀. (182)

Let 𝜎𝛼 : 𝑆 −→ R𝑑−2, (𝛼 = 1, ..., 𝑑 − 2) be local coordinates on 𝑆. Let 𝑦𝑀 : 𝑀 −→ R𝑑 be local
coordinates on M. A choice of embedding (182), is then given by 𝑦𝑀 (𝜎). Without loss of generality
(and without choosing a specific embedding) one can choose the 𝑦𝑀 coordinates such that

𝑦𝑀 = (𝑢𝑎, 𝑥𝑖), (183)

where 𝑎 = 1, ..., 𝑑 − 2 and 𝑖 = 1, 2. Since we know from the covariant phase space formalism that
the spacetime Lie bracket represents the symmetry algebra modulo central extensions (Equation
(66)), one can ask what is the maximal closed algebra by calculating the Lie bracket of two vector
fields. However, since the interest lies in the codimension-2 surface, one must only calculate the
bracket “close” to it. In order to do so, one can consider a particularly simple form of the embedding
(182). Once the coordinates (183) have been chosen, this so-called “trivial” embedding is given by

𝑦𝑀0 (𝜎) = (𝑢𝑎0 (𝜎), 𝑥
𝑖
0(𝜎)) = (0, 𝛿𝑖𝛼𝜎𝛼). (184)

Expanding “close to” this codimension-2 embedding thus corresponds to expanding around 𝑢𝑎 = 0.
Let us consider two vector fields 𝜉, 𝜁 ∈ 𝑇𝑀 . In the coordinate system (183) they are expressed as

𝜉 = 𝜉𝑎 (𝑢, 𝑥)𝜕𝑎 + 𝜉𝑖 (𝑢, 𝑥)𝜕𝑖 ,
𝜁 = 𝜁𝑎 (𝑢, 𝑥)𝜕𝑎 + 𝜁 𝑖 (𝑢, 𝑥)𝜕𝑖 .

(185)

Expending close to the surface 𝑢𝑎 = 0, one gets

𝜉𝑎 (𝑢, 𝑥) = 𝜉𝑎(0) (𝑥) + 𝑢𝑏𝜉𝑎(1)𝑏 (𝑥) + 𝑢𝑏𝑢𝑐𝜉𝑎(2)𝑏𝑐 (𝑥) + O(𝑢3),

𝜉𝑖 (𝑢, 𝑥) = 𝜉𝑖(0) (𝑥) + 𝑢𝑏𝜉𝑖(1)𝑏 (𝑥) + 𝑢𝑏𝑢𝑐𝜉𝑖(2)𝑏𝑐 (𝑥) + O(𝑢3),

𝜁𝑎 (𝑢, 𝑥) = 𝜁𝑎(0) (𝑥) + 𝑢𝑏𝜁𝑎(1)𝑏 (𝑥) + 𝑢𝑏𝑢𝑐𝜁𝑎(2)𝑏𝑐 (𝑥) + O(𝑢3),

𝜁 𝑖 (𝑢, 𝑥) = 𝜁 𝑖(0) (𝑥) + 𝑢𝑏𝜁 𝑖(1)𝑏 (𝑥) + 𝑢𝑏𝑢𝑐𝜁 𝑖(2)𝑏𝑐 (𝑥) + O(𝑢3).

(186)

Calculating their Lie bracket at second order reveals that the maximal closed sub-algebra is generated
by vectors of the type

𝜉 = 𝜉𝑖(0)𝜕𝑖 +
(
𝜉𝑎(0) + 𝑢𝑏𝜉𝑎(1)𝑏

)
𝜕𝑎,

𝜁 = 𝜁 𝑖(0)𝜕𝑖 +
(
𝜁𝑎(0) + 𝑢𝑏𝜁𝑎(1)𝑏

)
𝜕𝑎 .

(187)

Any additional term in the expansion (186) results in a non-closing algebra and is thus discarded in
this analysis. The Lie bracket of the vector fields expressed in (187) gives

[𝜉, 𝜁] =
[
𝜉 (0) , 𝜁 (0)

] 𝑖
𝜕𝑖

+
[
𝜉𝑘(0) 𝜁

𝑎
(0) ,𝑘 − 𝜁 𝑘(0)𝜉

𝑎
(0) ,𝑘 + 𝜁𝑎(1)𝑏𝜉

𝑏
(0) − 𝜉𝑎(1)𝑏𝜁

𝑏
(0)

]
𝜕𝑎

+ 𝑢𝑏
[
−
[
𝜉 (1) , 𝜁 (1)

]𝑎
𝑏 + 𝜉𝑘(0) 𝜁

𝑎
(1)𝑏,𝑘 − 𝜁 𝑘(0)𝜉

𝑎
(1)𝑏,𝑘

]
𝜕𝑎,

(188)
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where 𝜁 ≡ 𝜁 𝑗𝜕 𝑗 and the comma denotes partial differentiation. Remembering that the indices
𝑖, 𝑗 , 𝑘, ... denote coordinates on the surface and 𝑎, 𝑏, 𝑐, ... denote coordinates on 𝑀 in the directions
normal to the surface, it is now easy to interpret this result. The first line simply corresponds to
diffeomorphisms on the surface. The first part of the second line corresponds to surface diffeomor-
phisms acting on the normal translations and the second part to the general linear group acting on
normal translations. Finally, the first part of the last line corresponds simply to the general linear
algebra, and the second part to the surface diffeomorphisms acting on this general linear algebra.
Thus the complete group corresponding to this maximally closed algebra is

UCS =

(
Diff (𝑆) ⋉ GL(2,R)𝑆

)
⋉
(
R2

)𝑆
. (189)

UCS stands for the Universal Corner Symmetries. A few remarks on this result are in order:

• The semi-direct product emphasizes that, while the corner diffeomorphisms act on the linear
transformations and the translations, the converse is not true. Similarly for the linear group
acting on the translations.

• The 𝑆 in the exponent of the linear group and the translations means that there is a copy of the
general linear group and the translation group at each point of the corner. This is the origin
of supertranslations in section 2.2.7.

• One can see that the BMS and BMSW groups discussed in section 2.2 are a subgroup of
the universal one. Note that the two copies of supertranslations in the UCS arise from the
fact that the corner is a codimension-2 surface and we therefore have two normal directions.
However, in the case of asymptotic infinity, one can only move along the I boundary and we
are thus left with only one copy of supertranslations.

• This entire analysis was done without the need of introducing a metric on the manifold.
Mathematically this results is topological and not geometrical, which translates to kinematical
and not dynamical in the physical realm. Therefore this algebra does not depend on the
particular theory of gravity at hand and is thus called universal.

It is believed in the corner community that this algebra is the most general one that can have charges
[9, 34], providing a bottom up approach to quantum gravity as a condition that any theory should
hold a representation of (189) at some level. For example, the connection of this symmetry group
to Loop Quantum Gravity is discussed in [35].

3.2 Extended phase space

3.2.1 Keeping track of the embedding

Let us briefly recap the results up to this point. We know that the UCS Lie bracket realises
the algebra of the charges modulo central extensions. The next step towards the quantization of the
theory would be to promote the charges to hermitian operators on some Hilbert space and replace
the algebra brackets by Dirac brackets. However there is another issue here. In general, as we
have seen in previous sections, there might be fluxes present. Mathematically, this translates to the
non-closure of the algebra brackets, and thus we do not know how to quantize the theory. This
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issue arises from a careless treatment of the embedding in the action. More precisely, we assumed
something of the following form in a number of computations:

L𝜉

∫
𝑆

A =

∫
𝑆

L𝜉A, (190)

for a general functional A. However, the commutation of the variation and the integral is only true
in the case where the variation does not move the surface we are integrating on. A way of being
more careful about it is to keep track of the embedding (182) when integrating a quantity on the
surface:

L𝜉

∫
𝑆

𝜙∗(A) =
∫
𝑆

𝜙∗
(
L𝜉A

)
+
∫
𝑆

(
L𝜉𝜙

∗
)
(A), (191)

where we see the appearance of a second term that was not present in equation (190). The question
now becomes: “How can we keep track of the variation of the embedding at the phase space level?”
This is done by the introduction of a new field 𝜒 which is a vector in spacetime and a one-form on
field space:

𝜒 ∈ 𝑇𝑀 ⊗ 𝑇∗Γ, (192)

defined through the relation
𝐼𝜉 𝜒 = −𝜉, (193)

This field keeps track of the variation of the embedding in the following sense: For any functional
F on field space, we have

𝛿𝜙∗(F ) = 𝜙∗(L𝜒F ). (194)

Note that this relation can be thought off as the equivalence between the passive and the active
interpretation of diffeomorphisms. The 𝜒 field, which is sometimes called an edge mode because
it lives on the corner, is then added to the phase space of the theory.

3.2.2 Extended symplectic form

We will now calculate again the symplectic form but on the extended phase space that includes
the new field. In the following derivation we will use the following relations that are proved in
appendix A:

𝛿𝜒 = −1
2
[𝜒, 𝜒], (195)

L𝜒 𝜄𝜒𝐿 =
1
2
𝜄[𝜒,𝜒]𝐿 + 1

2
d
(
𝜄𝜒𝑖𝜒𝐿

)
, (196)

𝐼𝜉 𝜄𝛿𝜒𝐿 = 𝜄[ 𝜉 ,𝜒]𝐿. (197)

Consider the action defined in a subregion 𝑅 that allows us to keep track of the embedding:

𝑆𝑅 =

∫
𝑅

𝜙∗(𝐿) , (198)
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where 𝐿 is a functional of the dynamical fields 𝜑 and their derivatives. Taking its variation yields

𝛿𝑆𝑅 =

∫
𝑅

[𝛿𝜙∗(𝐿) + 𝜙∗(𝛿𝐿)]

=

∫
𝑅

𝜙∗(L𝜒𝐿 + 𝛿𝐿)

=̂

∫
𝑅

𝜙∗(d𝜄𝜒𝐿 + d𝜃)

=

∫
𝑅

𝜙∗(d𝜃ext) ,

(199)

where one should stress that the extended symplectic potential is now a function of the dynamical
fields 𝜑, their variation 𝛿𝜑, as well as the new field 𝜒, that is, 𝜃ext [𝜑, 𝛿𝜑, 𝜒]. The extended
symplectic potential is now given by

Θext =

∫
Σ

𝜙∗𝜃ext =

∫
Σ

𝜙∗(𝜄𝜒𝐿 + 𝜃). (200)

The extended symplectic two-form can be calculated:

Ωext = 𝛿Θext

=

∫
Σ

[𝛿𝜙∗(𝜄𝜒𝐿 + 𝜃) + 𝜙∗(𝛿(𝜄𝜒𝐿 + 𝜃))]

=

∫
Σ

𝜙∗(L𝜒 𝜄𝜒𝐿 + L𝜒𝜃 + 𝜄𝛿𝜒𝐿 − 𝜄𝜒𝛿𝐿 + 𝛿𝜃)

=̂

∫
Σ

𝜙∗(L𝜒 𝜄𝜒𝐿 + d𝜄𝜒𝜃 + 𝛿𝜃 + 𝜄𝛿𝜒𝐿)

=

∫
Σ

𝜙∗(𝛿𝜃 + 1
2

d
(
𝜄𝜒 𝜄𝜒𝐿

)
+ d𝜄𝜒𝜃)

=

∫
Σ

𝜙∗
(
𝛿𝜃 + d

(
𝜄𝜒𝜃 +

1
2
𝜄𝜒 𝜄𝜒𝐿

))
,

(201)

where we have used equations (195) and (196) to go from the fourth to the fifth line. One can thus
rewrite the extended symplectic form in the following way:

Ωext = Ω +
∫
𝑆

𝜙∗(𝜄𝜒𝜃 +
1
2
𝜄𝜒 𝜄𝜒𝐿). (202)

The additional term is thus a corner contribution, which will render all charges integrable. Loosely
speaking, the additional field 𝜒 renders the flux part of the augmented phase space. Indeed, let us
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now calculate the contraction (35) within this extended phase space formalism:

𝐼𝜉Ω
ext = 𝐼𝜉

∫
Σ

𝜙∗(𝛿(𝜃 + 𝜄𝜒𝐿) + L𝜒 (𝜃 + 𝜄𝜒𝐿))

=

∫
Σ

𝜙∗(𝐼𝜉 𝛿𝜃 + 𝐼𝜉L𝜒𝜃 + 𝐼𝜉L𝜒 𝜄𝜒𝐿 + 𝐼𝜉 𝜄𝛿𝜒𝐿 − 𝐼𝜉 𝜄𝜒𝛿𝐿)

=

∫
Σ

𝜙∗(L𝜉 𝜃 − 𝛿𝐼𝜉 𝜃 + 𝐼𝜉L𝜒𝜃 + 𝐼𝜉L𝜒 𝜄𝜒𝐿 + 𝜄[ 𝜉 ,𝜒]𝐿 − 𝐼𝜉 𝜄𝜒𝛿𝐿)

=

∫
Σ

𝜙∗(−𝛿𝐼𝜉 𝜃 − L𝜒 𝐼𝜉 𝜃 + 𝐼𝜉L𝜒 𝜄𝜒𝐿 + 𝜄[ 𝜉 ,𝜒]𝐿 − 𝐼𝜉 𝜄𝜒𝛿𝐿)

=

∫
Σ

𝜙∗(−𝛿𝐼𝜉 𝜃 − L𝜒 𝐼𝜉 𝜃 − L𝜉 𝜄𝜒𝐿 + L𝜒 𝜄𝜉 𝐿 + 𝜄[ 𝜉 ,𝜒]𝐿 + 𝜄𝜉 𝛿𝐿 + 𝜄𝜒 𝐼𝜉 𝛿𝐿)

=

∫
Σ

𝜙∗(−𝛿𝐼𝜉 𝜃 − L𝜒 𝐼𝜉 𝜃 + L𝜒 𝜄𝜉 𝐿 + 𝜄𝜉 𝛿𝐿)

=

∫
Σ

𝜙∗(−𝛿𝐼𝜉 𝜃 − L𝜒 𝐼𝜉 𝜃 + L𝜒 𝜄𝜉 𝐿 + 𝜄𝜉 𝛿𝐿)

= −
∫
Σ

𝜙∗(𝛿(𝐼𝜉 𝜃 − 𝜄𝜉 𝐿) + L𝜒 (𝐼𝜉 − 𝜄𝜉 𝐿)),

(203)

where in the second line we have used (197) and in the third line we used that the spacetime Lie
derivative coincide with the field-space Lie derivative for 𝐿 and 𝜃. Recalling the expression for the
Noether current associated to a diffeomorphism:

𝐽𝜉 = 𝐼𝜉 𝜃 − 𝜄𝜉 𝐿, (204)

we can rewrite the contraction as

𝐼𝜉Ω
ext = −

∫
Σ

𝜙∗(𝛿𝐽𝜉 + L𝜒𝐽𝜉 )

= −𝛿(
∫
Σ

𝜙∗(𝐽𝜉 ))

= −𝛿𝐻𝜉 .

(205)

where we have used (194) one last time and the charge 𝐻𝜉 is the same as in the non-extended phase
space. We thus see that introducing this new field takes care of the term that spoils integrability.
This crucial result established in [10] implies that the charge algebra is represented by the standard
Poisson bracket, see [11]. This is a remarkable feature, because the system is still dissipative, albeit
integrable. Rendering all diffeomosphisms integrable is a turning point in the corner proposal
because it prepares the classical gravitational setup to finally address quantum gravity, as we will
discuss below.

3.3 The corner proposal for quantum gravity

We here enunciate the main idea of the corner proposal, and offer some conclusive remarks, to
summarize the journey taken.

We are finally ready to state the proposal. It is hard to formulate a consistent theory of quantum
gravity, and therefore it would be very useful to have a bottom-up approach to answer some questions
in this field. The main idea of the corner proposal is the following:
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Gravity is described by a set of charges and their algebra at corners.

Here, corners refer to any codimension-2 surface. This proposal instructs us to loose ties with
classical concepts and notions, that would not survive in the quantum realm. For example, a
full bulk metric is at best a semi-classical notion. What we have shown to be more robust is
the concept of corners, on which charges are defined. Even more fundamental is the concept of
symmetries and algebras. In this regard, it was instrumental to enlarge the phase space, such that all
diffeomorphisms are canonically realized without fluxes. There, the Universal Corner Symmetry
algebra can be derived, and the corner proposal posits that it survives in the quantum regime
and becomes the algebra of observables. We must therefore focus on charges and their Poisson
brackets, which are then promoted to operators in the quantum theory, with the usual prescription{
𝑄 𝜉 , 𝑄𝜁

}
→ 1

𝑖ℏ [𝑄 𝜉 , 𝑄𝜁 ]. We can then study the representation theory of the charge algebra, and
investigate whether there are unitary representations that could be suitable to describe the quantum
geometry. The classical spacetime emerges from one particular representation of this algebra, but
there are other representations, that are relevant for the quantum theory. Obviously, this is not an
easy task, but it is a promising and concrete program toward a better understanding of quantum
gravity.

From the algebraic perspective, the mission of the corner proposal is clear. Starting from the
Lie bracket of two symmetry generators, we have a way, using the covariant phase space, to descend
to the Poisson brackets of the system. This is already a delicate and mathematically challenging
step. The endpoint is a projective representation of the symmetry algebra, at the level of charges.
From there, one can pursue a canonical quantization procedure to derive the Dirac bracket. Which
algebra should we focus on? If each quantization procedure leads to a different algebra, than this
proposal stops being predictive. Thankfully, we have shown that the Universal Corner Symmetry
algebra is very robust and maximal, which therefore means that it is independent of a particular setup
and classical Lagrangian: the latter can only further reduce the charged symmetries. Therefore, we
have a narrow window to probe quantum gravity: study the Universal Corner Symmetry algebra in
particular setups. Clearly, loosing the concept of metric and manifold opens the door to the idea
of quantum geometries, and hopefully this could represent a new avenue of investigation for the
quantum gravity community.

Let us quickly summarize the results exposed. We have shown that the covariant phase space
is the suitable arena to study Noether’s theorems. The nature of a local symmetry is encoded in its
corner charge. If the latter is non-zero, then this is a physical symmetry. Gravity makes the study
of the nature of the symmetry hard, because it brings complications, such as integrability issues,
divergences, and dissipation. At the end, after curing those, we have shown how symmetries are
the crucial ingredients from which one can derive physical effects, such as memory effects and soft
theorems. In this regard, the infrared triangle should rather be depicted as a symmetries pyramid,
where the concept of symmetries lies on the top of the pyramid, and all the rest can be derived from
it (see fig. 6). Using this as a guiding principle, we arrived to the corner proposal, which is the
idea that symmetries are the ultimate clues toward a bottom-up understanding of quantum gravity.
We exposed these ideas in these lecture notes, and in particular we discussed how to prepare the
classical milieu using only tools that are expected to survive in quantum gravity, such as algebras,
charges, and symmetries. In this respect, the derivation of the Universal Corner Symmetry algebra
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and the extension of the phase space to make all diffeomorphisms integrable are important steps, to
close the classical gravity chapter and open the quantum gravity one.

Figure 6: Rather than an infrared triangle, our approach culminates in “the symmetries pyramid”. Indeed,
the Corner Proposal puts emphasis on the symmetries of the theory, from which everything can be derived.
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A. Proof of Important Relations

The first relation we will look at is the variation of the field 𝜒. Consider a general integrated
functional:

A =

∫
𝑅

𝜙∗(F ), (206)

where 𝑅 denotes a subregion of spacetime which makes it simpler to keep track of the embedding.
We have

𝛿A =

∫
𝑅

[𝛿𝜙∗(F ) + 𝜙∗(𝛿F )]

=

∫
𝑅

𝜙∗(𝛿F + L𝜒F ).
(207)
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Taking the variation a second time yields

0 = 𝛿2A =

∫
𝑅

[𝛿𝜙∗(𝛿F + L𝜒F ) + 𝜙∗(𝛿(L𝜒F ))]

=

∫
𝑅

𝜙∗ [L𝜒𝛿F + L𝜒L𝜒F + L𝛿𝜒F − L𝜒𝛿F ]

=

∫
𝑅

𝜙∗ [(L𝜒L𝜒 + L𝛿𝜒)F ]

=

∫
𝑅

𝜙∗ [(L 1
2 [𝜒,𝜒]

+ L𝛿𝜒)F ] .

(208)

Note that the minus sign in front of the last term of the second line comes from the fact that 𝜒 is a
field space one-form. We thus have

𝛿𝜒 = −1
2
[𝜒, 𝜒] . (209)

The second relation is the following

L𝜒 𝜄𝜒𝐿 =
1
2
𝜄[𝜒,𝜒]𝐿 + 1

2
d
(
𝜄𝜒 𝜄𝜒𝐿

)
, (210)

which comes from the identity [L𝜉1 , 𝑖𝜉2] = 𝑖 [ 𝜉1, 𝜉2 ] :

L𝜒 𝜄𝜒𝐿 = [L𝜒, 𝜄𝜒]𝐿 − 𝜄𝜒L𝜒𝐿

= 𝜄[𝜒,𝜒]𝐿 − 𝜄𝜒d𝜄𝜒𝐿
= 𝜄[𝜒,𝜒]𝐿 − L𝜒 (𝜄𝜒𝐿) + d

(
𝜄𝜒 𝜄𝜒𝐿

)
.

(211)

The third idendity that we will use is

𝐼𝜉 𝜄𝛿𝜒𝐿 = −1
2
𝐼𝜉 𝜄[𝜒,𝜒]𝐿 = 𝜄[ 𝜉 ,𝜒]𝐿, (212)

where (193) and (209) were used.
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