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1. Introduction: A long-standing puzzle

Semileptonic beauty decays, mediated through the weak interaction, are the prime candidates to
determine the CKM-matrix elements |𝑉𝑐𝑏 | and |𝑉𝑢𝑏 |. These decays are either observed as exclusive
modes, where the 𝐵 decays to one fixed final states (in general 𝐷 (∗) for the 𝑏 → 𝑐 decay and 𝜋(𝜌)
from the 𝑏 → 𝑢 transition), or as inclusive modes, where all possible final states are considered.
In both cases, the challenge in describing these decays lies in the determining the non-perturbative
objects that parametrize the fundamental mismatch between the theoretical quark and observable
hadron transitions.

For exclusive modes, these are the form factors of the 𝐵 → 𝐷 (∗) and 𝐵 → 𝜋 transition. On
the other hand, the inclusive decays are described using the Heavy-Quark Expansion (HQE), where
especially the precision determination of |𝑉𝑐𝑏 | is a beautiful example of the sophistication of this
method. In these transitions, the non-perturbative objects, the HQE matrix elements are determined
from global fits to the data [1–4].

The determinations of both |𝑉𝑐𝑏 | and |𝑉𝑢𝑏 | differ when extracted from inclusive versus exclusive
decays, the origin of this difference is a long-standing puzzle in particle physics, see e.g. [5–7].

In this talk, a personal selection of the latest determinations of |𝑉𝑥𝑏 | is presented with focus on
the theoretical aspects and challenges, with most attention on the inclusive determinations.

These proceedings are outlined as follows. We start discussing the challenge of determining
|𝑉𝑐𝑏 |, focusing on new determinations in the inclusive sector. In Sec. 3, we continue with |𝑉𝑢𝑏 |,
while in Sec. 4 we discussion ratio measurements of 𝑉𝑢𝑏/𝑉𝑐𝑏 in the exclusive modes. We end with
a short outlook and conclusion.

2. The challenge of |𝑽𝒄𝒃 |

2.1 Inclusive |𝑽𝒄𝒃 |

The determination of inclusive |𝑉𝑐𝑏 | follows from �̄�(𝑝𝐵) → 𝑋𝑐 (𝑝𝑋)ℓ(𝑝ℓ) �̄�ℓ (𝑝𝜈), where 𝑋𝑐

presents the sum over all final states with a 𝑐 quark and 𝑞 ≡ 𝑝ℓ + 𝑝𝜈 . The decay can be described in
the Heavy-Quark Expansion (HQE), which is set up by splitting the momentum of the 𝑏 quark as
𝑝𝑏 = 𝑚𝑏𝑣 + 𝑘 , where 𝑣 is the velocity of the 𝐵 meson and 𝑘 is a residual momentum. Using then
the optical theorem, we can set up a local Operator Product Expansion (OPE), which schematically
gives

𝑑Γ = 𝑑Γ0 +
𝑑Γ1

𝑚𝑏

+ 𝑑Γ2

𝑚2
𝑏

+ · · · 𝑑Γ𝑖 = Σ𝑘𝐶
𝑘
𝑖 ⟨�̄�|𝑂

(𝑘 )
𝑖

|�̄�⟩ , (1)

where𝐶 (𝑘 )
𝑖

are pertubatively calculable Wilson coefficients. The ⟨· · · ⟩ are non-pertubative forward-
matrix elements that contain strings of covariant derivatives depending on the order in the 1/𝑚𝑏

expansion. For Γ2, two HQE elements enter

2𝑀𝐵𝜇
2
𝜋 = −⟨𝐵|�̄�𝑣𝑖𝐷𝜇𝑖𝐷

𝜇𝑏𝑣 |𝐵⟩ , 2𝑀𝐵𝜇
2
𝐺 = −⟨𝐵|�̄�𝑣 (−𝑖𝜎𝜇𝜈)𝑖𝐷𝜇𝑖𝐷𝜈𝑏𝑣 |𝐵⟩ , (2)

while Γ3 has 2 elements, Γ4 has 9 and Γ5 has 18 parameters (see [8–10]). The HQE elements are
current most precisely obtained from measurements of moments of kinematical distributions of the
spectrum (see also e.g. [11] for progress on the lattice). The available moments are lepton energy
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𝐸ℓ , hadronic invariant mass 𝑀𝑋 and dilepton invariant mass 𝑞2 moments, obtained by integrating
the full spectrum with a lower lepton energy or 𝑞2 cut. Schematically, we have

⟨𝑀𝑛⟩ =

∫
𝐸ℓ>𝐸cut

𝑑𝑀𝑀𝑛 𝑑Γ
𝑑𝑀∫

𝐸ℓ>𝐸cut
𝑑𝑀 𝑑Γ

𝑑𝑀

, (3)

for each moment 𝑀𝑛, and similar for the 𝑞2-cut. Experimentally, several moments up to 𝑛 = 3, 4
with several energy cuts are available. Most recently, also the 𝑞2 moments with corresponding 𝑞2

cuts were measured by both the Belle [12] and Belle II collaboration [13].
From the measurements, both the HQE parameters and |𝑉𝑐𝑏 | can be extracted. The current-

state-of-the-art extractions include 𝛼3
𝑠 corrections to the total rate [14]:

|𝑉𝑐𝑏 |𝐸ℓ ,𝑀𝑋

incl = (42.16 ± 0.51) · 10−3 , |𝑉𝑐𝑏 |𝑞
2

incl = (41.69 ± 0.63) · 10−3 , (4)

using only the 𝐸ℓ , 𝑀𝑋 measurements [2] or 𝑞2 measurements [3], respectively. More recently, also
a first analysis was presented combining all available moments, yielding similar results [4].

Including even higher orders in the HQE expansion has the challenge that the number or
parameters grows really fast. Here the 𝑞2 moments, which are reparametrization invariant quantities,
have the advantage that they depend on a reduced set of parameters [9] opening the way for a fully
data-driven extraction of HQE elements up to 1/𝑚4

𝑏
[15]. In [3], the 𝑞2 moments were used for

the first time to also extract the 1/𝑚4
𝑏

elements, which are important to check the convergence of
the HQE. The extracted |𝑉𝑐𝑏 | value given in (4) includes these terms and contains an additional
0.23 due to missing higher-orders. The latter have been recently identified for 𝑞2 moments [10]
and are currently implemented in an open source package Kolya [16]. The possible effects of New
Physics (NP) on the moments of the spectrum were briefly discussed [17]. A simultaneous fit of
the hadronic parameters and possible NP interactions is currently in progress.

Finally, we briefly mention the possibilities to measure also inclusive lepton-flavor ratios

𝑅𝑒/𝜇 ≡ Γ(𝐵 → 𝑋𝑐𝑒�̄�𝑒)
Γ(𝐵 → 𝑋𝑐𝜇�̄�𝜇)

. (5)

A recent Belle II result, with a cut on the lepton energy gives 𝑅𝑒/𝜇 = 1.007± 0.021 [18]. Using the
framework described above and the HQE elements extracted from data, we can also calculate the
SM predition for this ratio, where the difference from 1 is caused purely by the mass effects of the
muon. Including up to 1/𝑚3

𝑏
-terms, gives 𝑅𝑒/𝜇 = 1.006± 0.001 [19], in perfect agreement with the

experimental measurement.

2.2 Exclusive 𝑉𝑐𝑏

The 𝐵 → 𝐷 and 𝐵 → 𝐷∗ transitions give direct access to |𝑉𝑐𝑏 |. The theoretical description of these
decays depends on form factors that describe the non-pertubative input. These can be obtained from
Lattice QCD (LQCD), Light-cone Sumrules (LCSR) and/or data. In this, the knowledge of the 𝑞2

dependence is crucial, as the theoretical methods do not directly determine the form factors at the
physically relevant kinematics. In general, this requires thus an extrapolation of the high-𝑞2 region
(for LQCD) or negative 𝑞2 region (LCSR) using a form factor paramatrization.

3
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We point out that historically the Caprini-Lellouch-Neubert (CLN) [20] parametrization is
often used as this gives an easy parameterization based on HQE. However, with the current level of
precision, this framework should at least be adapted and the current consensus is that this framework
should no longer be used [7]. An update of the framework, including higher-order corrections at
the level of 1/𝑚2

𝑐 was performed in [21]. With the data available at that time, they find

|𝑉𝑐𝑏 |excl = (40.3 ± 0.8) × 10−3 , (6)

which is in general much larger than the values extracted using the CLN parametrization. Al-
ternatively, there is the Boyd-Grindstein-Lebed (BGL) parametrization [22, 23], which is model
independent and makes use of dispersive bounds.

Due to the current precision, determining the 𝐵 → 𝐷∗ form factors at non-zero recoil is crucial.
The Fermilab/MILC collaboration first measured this, where a interesting tension between the slope
of the lattice and the experimental data was found [24]. In the recent Belle determination from
𝐵 → 𝐷∗ decays [25], several form factor parametrizations (BGL, CLN, with and without shape
information) were applied to the Fermilab/MILC data, leading to a variety of |𝑉𝑐𝑏 | extractions. Not
using the shape information obtained from LQCD, they find |𝑣𝑐𝑏 |excl = (40.6 ± 0.9) × 10−3. More
recently, HPQCD [26] and JLQCD [27] presented form factors at non-zero recoil. Combining these
determinations, the results from 𝐵 → 𝐷 and 𝐵𝑠 → 𝐷

(∗)
𝑠 using the BGL parameterization for the

form factors recently resulted in [6]

|𝑉𝑐𝑏 |excl = (40.69 ± 0.49) × 10−3 . (7)

Comparing with the inclusive average of (4), they find a 1.9𝜎 tension. We conclude that more
experimental and lattice data is needed to solve the 𝑉𝑐𝑏 puzzle and to reduce the tensions between
the different exclusive results.

3. The challenge of |𝑽𝒖𝒃 |

In the remainder, we briefly describe the 𝑉𝑢𝑏 puzzle, focusing on recent determinations both in
inclusive and exclusive decays. A more detailed review can be found in e.g. [5, 6].

3.1 Exclusive 𝑽𝒖𝒃

The𝑉𝑢𝑏 exclusive determination is mainly driven by the determination from 𝐵 → 𝜋ℓ𝜈ℓ , where
only one form factor plays are role. There are several LQCD determinations available, the most
recent from the JLQCD collaboration reads |𝑉𝑢𝑏 |excl,JLQCD = (3.93 ± 0.41) · 10−3 [28]. This value
is in agreement with determinations from Fermilab/MILC [29], RBC/UKQCD [30], although with
larger uncertainties. A recent review, combining these lattice results finds [6]:

|𝑉𝑢𝑏 |excl = (3.75 ± 0.20) · 10−3 . (8)

This is in excellent agreement the value obtained by including also LCSR results [31].

4
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3.2 Inclusive 𝑉𝑢𝑏

The story of inclusive 𝑉𝑢𝑏 is much more challenging as for 𝑉𝑐𝑏. Due to the large experimental
𝑏 → 𝑐 background, that has to be removed, the local OPE used for the 𝑏 → 𝑐 decays no longer
works. Instead, a switch to a light-cone OPE is required which introduces a dependence on the
non-perturbative shape function of the 𝐵 meson. There are several methods/models available to
deal with these non-pertubative effects. Most commonly used are GGOU [32], DGE [33], ADFF
[34] and BLNP [35, 36]. Specifically highlighted was the recent determination from Belle [37]

|𝑉𝑢𝑏 |incl = (4.10 ± 0.28) · 10−3 , (9)

which takes the arithmetic average of all four determinations. This results is in good agreement with
the arithmetic average of all the measurements available in the HFLAV review [38]. Comparing
with the exclusive determination in (??), we find a tension at the level of the 1.5𝜎.

From the theoretical point, not all four frameworks stand at the same level. Therefore, the
inclusive determinations need to be scrutinized. Specifically, an update of the BLNP method is
long overdue and currently in progress.

The 𝐵 → 𝑋𝑢ℓ𝜈 differential decay rate can be separate (in the appropriate region of phase
space)

𝑑Γ = 𝐻 ⊗ 𝐽 ⊗ 𝑆 , (10)

where 𝐻 is the hard scattering kernel of O(𝑚𝑏), 𝐽 is the universal Jet function at O(
√︁
𝑚𝑏ΛQCD)

and 𝑆 is the Shape function at O(ΛQCD). Moments of the Shape function can be linked to the HQE
parameters of the 𝑏 → 𝑐 transition as described in Sec. 2, where currently only HQE parameters
up to 1/𝑚2

𝑏
are used. In the update, higher moments will be included, as well as a more flexible

parameterization of the Shape function to allow for a conservative systematic uncertainty on the
theoretical prediction. Finally, also the known 𝛼2

𝑠 corrections that are currently not yet implemented,
will be included, reducing largely the scale dependence of the predictions and thus reducing the
theoretical uncertainty. Stay tuned for an update on the model and new |𝑉𝑢𝑏 |incl determinations.

4. Ratios of exclusive 𝑽𝒖𝒃/𝑽𝒄𝒃

Finally, it is interesting to discuss also the ratios of CKM elements from exclusive decays.
A recent LHCb measurement of branching ratios for the decays 𝐵0

𝑠 → {𝐾−, 𝐷−
𝑠 }𝜇+𝜈𝜇, allowed

to determine the ratio 𝑉𝑢𝑏/𝑉𝑐𝑏 in two bins of 𝑞2 for the first time in a 𝐵𝑠 decay [39]. As in any
exclusive decay, this determination requires inputs for the form factors, which are know both from
LQCD as LCSRs. Recently, a consistent description of the form factors in the full 𝑞2 range was
obtained [40] by combining data from the RBC/UKQCD-lattice collaboration [41] and Light-cone
Sumrules [42]. Applying these results to a recent LHCb measurement, leads to [40]����𝑉𝑢𝑏𝑉𝑐𝑏

����
𝑞2<7 GeV2

= 0.0681 ± 0.0040 ,
����𝑉𝑢𝑏𝑉𝑐𝑏

����
𝑞2>7 GeV2

= 0.0801 ± 0.0047 (11)

which are mutually compatible only at the 1.9𝜎 level.
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5. Outlook

The study of 𝑉𝑥𝑏 is and remains a fascinating topic, with rapid progress in the last years. An
impressive precision has been obtained, clearly marking the high-precision era of flavour physics.
Yet at the same time, tensions between the different determinations (or different LQCD form factor
results) persist and we have to stay tuned for new data and updated theory predictions that will
hopefully shine new light on the 𝑉𝑥𝑏 puzzle. In this endeavour, the close collaboration between
experiment and theory has proven to be necessary.
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