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Modeling of time profiles of solar energetic particle (SEP) observations typically considers trans-
port along a large-scale magnetic field with a fixed path length from the source to the observer.
Here we point out that variability in the turbulent field line path length can affect the fits to SEP
data and the inferred mean free path and injection profile. To explore such variability, we per-
form Monte Carlo simulations in representations of homogeneous 2D MHD + slab turbulence in
spherical geometry and trace trajectories of field lines and full particle orbits, considering proton
injection from a narrow or wide angular region near the Sun, corresponding to an impulsive or
gradual solar event, respectively. We analyze our simulation results in terms of path length statis-
tics within and among 1◦ × 1◦ pixels in heliolatitude and heliolongitude at 0.35 and 1 AU from
the Sun. Field line path lengths relate to the fluctuation amplitudes experienced by the field lines,
which in turn relate to the local topology of 2D turbulence. There are also systematic patterns in
the peak path lengths of energetic particles arriving at different locations, because of variations
in the underlying magnetic field line path lengths and variations in the pitch angle scattering
experienced by the particles. We describe the effects of such path length variations on observed
SEP time profiles, both in terms of path length variability at specific locations and motion of the
observer with respect to turbulence topology during the course of the observations.
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Figure 1: Illustration of sample 1 MeV proton trajectories (solid lines) and their associated field line
trajectories (dashed lines) from the same initial location, based on full-orbit simulations in a representation
of the 2D+slab model interplanetary turbulence with normalized rms magnetic fluctuation 𝑏/𝐵0 = 1 and slab
fraction 𝑓𝑠 = 0.2. (a) The trajectories are traced to 𝑟 = 0.35 au from the Sun. We can see that the particles
mostly closely follow the field lines. (b) But when we extend them to 𝑟 = 1 au, more deviation between
particle and field line trajectories can be observed. While each particle is no longer closely following its
original field line, statistically we find that the path lengths and lateral spread of particles are closely related
to those of field lines. Effects of particle backscattering can also be seen.

1. Introduction

The interplanetary transport of SEPs, including scattering due to magnetic fluctuations in the
solar wind, typically plays a dominant role in determining their intensity and anisotropy profiles,
which are a key aspect of space weather effects of solar storms. SEP trajectories can be considered to
be determined by those of the magnetic field lines combined with the effect of parallel scattering [1],
as indicated in Figure 1 based on full-orbit simulations of sample particle and field line trajectories
in a representation of interplanetary turbulence. Because of this close relation between field line
and particle trajectories, models of SEP time profiles typically consider transport along a large-scale
magnetic field with a fixed path length from the source to the observer.

Observationally, velocity dispersion analysis is applied to an onset time 𝑡 for various particle
energy channels, each with a corresponding a particle velocity 𝑣, which are fit to an equation
𝑡 = 𝑡start + 𝑠/𝑣, where 𝑡start is interpreted as the start time of injection. A common interpretation
is that scattering effects can be neglected for first-arriving particles, so 𝑠 is interpreted as the
path length along the large-scale guiding magnetic field. However, it has been pointed out that
more generally, if scattering is not neglected, 𝑠 should be interpreted as the path length of initially
arriving particle orbits, including their gyration around the magnetic field. Various studies have
suggested that the scattering effects should not be neglected [2, 3], including a recent analysis of
SEP ions observed using the Parker Solar Probe (PSP), from which 𝑠 ≈ 0.625 au was inferred at
a radial distance of 𝑟 ≈ 0.35 au from the Sun [4]. In this case it seems particularly unlikely that
𝑠 represents the path length of the large-scale interplanetary magnetic field; rather the difference
between 𝑠 = 0.625 and 𝑟 = 0.35 was attributed to a combination of the enhanced path length of
random-walking magnetic fields and scattering of the ions at the observed onset time to a typical
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Figure 2: Path length distributions at 𝑟 = 1 au from a simulation of 5 million sets of field lines (red) and 1
MeV protons (blue) for a wide injection region (as for a gradual SEP event) with 𝑏/𝐵0 = 0.5 and 𝑓𝑠 = 0.2.
Most probable (“peak”) path lengths are indicated by solid arrows and 10% of peak by dashed arrows. For
an instantaneous particle injection, the particle path length distribution would correspond to a time-intensity
profile. Distributions of peak path lengths within “pixels” of 1◦ × 1◦ in heliolatitude and heliolongitude for
the field lines (brown) and particles (green) indicate the spatial variation of peak path lengths.

pitch angle of 25◦. Based on full-orbit simulations of proton trajectories in a representation of
interplanetary turbulence, it was found that the mean path length of guiding center trajectories of
energetic particles was slightly shorter than that of the random-walking field lines, but full-orbit
path lengths 𝑠 were significantly longer, because the pitch angle is non-zero due to interplanetary
scattering.

Here we extend the work of [4] to examine distributions and spatial variations in field line and
particle path lengths. Figure 2 shows an example of how we characterize global distributions from
Monte Carlo simulations of path lengths of field lines (red) and particles (blue), to any heliolongitude
and heliolatitude at the distance 𝑟 of interest, in terms of the most probable (“peak”) path lengths
(solid arrows) and path lengths to 10% of the peak (dashed arrows). For an instantaneous injection
near the Sun, the particle path length distribution would directly correspond to a time-intensity
profile of SEPs. To examine spatial variations, we divide heliolongitudes and heliolatitudes into
1◦ × 1◦ “pixels,” allowing us to construct maps of the peak path length of field lines or particles
arriving at each pixel; distributions of these peak values are also shown in Figure 2 (solid histograms).

2. Methods

The simulation of magnetic turbulence in the solar wind is based on a idealized two-component
fluctuation model with slab and 2D components, motivated by observations of a “Maltese cross”
pattern of solar wind magnetic fluctuations varying predominantly in directions parallel or perpen-
dicular to the mean field, respectively [5, 6]. As expressed in spherical geometry, the 2D+slab
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model would ideally have the form [7, 8]

B (r) = B0 (r) + b(r) =
𝑟2

1
𝑟2 [𝐵1r̂ + bslab (𝑟) + b2D (𝜑,Λ)] . (1)

A radial mean field was used in order to allow the construction of a statistically homogeneous 2D
fluctuation field, b2D(𝜑,Λ), that depends only on the heliolongitude 𝜑 and heliolatitude Λ.

The total magnetic field B is proportional to 𝑟−2 and the magnitude of the radial mean magnetic
field B0 is 𝐵1 = 5 nT at 𝑟1 = 1 au. The two components of the fluctuation model are the slab
fluctuation bslab, and the 2D fluctuation b2D, which are perpendicular to the mean field. For
simplicity, the fluctuation amplitude relative to the mean field is taken to be independent of 𝑟 ,
although PSP observations indicate that it actually varies as 𝑟1/4 inside Earth orbit [9]. The 2D
component b2D depends on the perpendicular coordinates: 𝜑 and Λ. In order to generate more
realistic 2D fluctuations with coherent structures, we use a 2D magnetohydrodynamic (MHD)
simulation [8]. The 2D magnetic potential is then mapped from Cartesian coordinates (𝑥, 𝑦) to
angular coordinates (𝜑,Λ), with the total 2D correlation scale set to _𝑐2 = 0.0123 au, similar to the
value measured by [10], neglecting the mild variation inferred from PSP data [11]. Similarly, the slab
fluctuation field bslab is generated along one dimension, 𝑧, from a turbulence power spectrum with
the bendover scale 0.02 au and an inertial range with a Kolmogorov spectrum [8]. When mapping
onto angular coordinates, in order to maintain ∇ · bslab = 0, we need to modify Equation (1) to use
𝑏slab
𝜑 (𝑟) = 𝑏slab

𝑥 (𝑧) and 𝑏slab
Λ

(𝑟,Λ) = 𝑏slab
𝑦 (𝑧) secΛ. To some degree, this violates homogeneity, but

we use a simulation domain of −25◦ ≤ 𝜑 ≤ 25◦ and −25◦ ≤ Λ ≤ 25◦, so the factor of secΛ has
only a minor effect.

To investigate the variations of path lengths of solar energetic particles (SEPs), we use a Monte
Carlo approach, tracing field lines and particles from either a narrow or wide injection region at
𝑟 = 0.1 au, corresponding to an impulsive or gradual solar particle event, respectively. For a narrow
injection, we randomly inject magnetic field lines and particles within a 5◦-diameter circle centered
at 𝜑 = Λ = 0 [8]. In this case we do not use periodic boundary conditions in 𝜑 and Λ, and trajectory
tracing is terminated if a field line or particle reaches those boundaries. To model a wide injection,
we use uniformly random injection positions over the entire (𝜑,Λ) domain, with periodic boundary
conditions in 𝜑 and Λ to efficiently model homogeneous injection from a wider range of angles [7].

The streamline equation is used to trace the trajectories of magnetic field lines in spherical
geometry. For particle trajectories, we solve the Newton-Lorentz equation. Both field line and
particle trajectories are traced numerically using a version of the streamline code [12]. The path
length of a field line is evaluated as 𝑆 = 𝑆0 +

∫ 𝑟

𝑟0
(𝑑𝑆/𝑑𝑟)𝑑𝑟 [4] where 𝑆0 represents the path length

inside 𝑟0, which we simply set to 𝑟0 so that a radial field line with no turbulence has 𝑆 = 𝑟 . An
analogous formula is used to calculate the path length 𝑠 of a particle. Since we assume transverse
fluctuations, for field lines we have 𝑑𝑆/𝑑𝑟 =

√︃
1 + 𝑏2/𝐵2

0.
We record and analyze all crossings of field lines and particles at the spherical shells at distances

𝑟𝐴 = 0.35 or 𝑟𝐵 = 1 au from the Sun; for brevity, here we only discuss results for 𝑟𝐴. Unlike a
real detector at a specific location in space, one spherical shell is sometimes traversed by a single
particle many times. With a limited Monte Carlo sample, such a particle provides an excessively
strong contribution to the path length distribution, so we retain at most 10 crossings by a single
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Figure 3: Maps in heliolongitude 𝜑 and heliolatitude Λ at radius 𝑟𝐴 = 0.35 au, for turbulence parameters
𝑏/𝐵0 = 0.5 and 𝑓𝑠 = 0.2: (a) Contours of equal magnetic potential 𝑎(Λ, 𝜑) and resulting (𝑏2D)2 (color
scale). (b) Peak path length in each pixel of (Λ, 𝜑) for field lines traced from a circle of radius 2.5◦ at 𝑟0 = 0.1
au, to model the distribution of field lines connected to the narrow injection region of an impulsive solar
event. (c) Like (b), for field lines traced from all locations at 𝑟0 = 0.1 au, to model the distribution of field
lines connected to the wide injection region of a gradual solar event. (d) Number of crossings at 𝑟𝐴 in each
angular pixel for 1 MeV protons traced from the narrow injection region. (e) Peak length for crossings of 1
MeV protons traced from the narrow injection region. (f) Like (e), but for the wide injection region. There
are systematic variations in path length and arrival time that relate to the topology of 2D turbulence. The
spatial pattern of peak proton path lengths closely follows that for field lines, which in turn have longer path
lengths in pixels where (a) indicates a strong b2D.

particle. To examine the spatial variability of path lengths, we divide the domain of heliolongitude
and heliolatitude into 2500 square-degree boxes, called “pixels.”

We have developed an algorithm to fit path length distributions, possibly with as few as 70 path
length values, to estimate the most probable (“peak”) value. For spatial maps, in heliolongitude and
heliolatitude, we plot only pixels with at least 70 crossings. Note that some pixels are essentially
inaccessible to outward-moving particles, a phenomenon associated with SEP “dropouts” [13], and
may have very long peak path lengths associated with backscattering particles. A detector at such
a location would not register a strong SEP event. In our maps we exclude pixels with peak path
length > 1.05 au, in order to focus on pixels with a significant population of outward-moving SEPs.
In maps of the number of particle crossings, we also exclude crossings of path length > 0.41 au; if
long path lengths were not excluded, the number of crossings due to backscattering would increase
without bound for longer simulation durations.
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3. Results and Discussion

Figure 3(a) shows a contour map of the magnetic potential 𝑎(𝜑,Λ), used to generate b2D(𝜑,Λ) =
∇×[𝑎(𝜑,Λ)r̂], which then follows the equipotential contours. For a mean field with 2D fluctuations,
the magnetic field lines would be forever trapped along such contours, representing an idealized
flux tube (“spaghetti”) structure [14, 15]. In our simulations we also add a slab component, so field
lines experience only temporary topological trapping, giving rise to a dropout pattern [16]. For the
results in this section, we use a turbulence amplitude of 𝑏/𝐵0 = 0.5 and slab fraction 𝑓𝑠 = 0.2.

Figures 3(b-c) show the most probable (“peak”) path length of field lines in each pixel, for
a narrow or wide injection region, respectively. In either case, we see systematic variations that
relate to (𝑏2D)2 at the distance 𝑟𝐴, as indicated by the red color scale (in units of 𝐵2

0) in Figure

3(a). As noted earlier, the path length 𝑆 of a field line is the integral of 𝑑𝑆/𝑑𝑟 =

√︃
1 + 𝑏2/𝐵2

0 over
its entire trajectory, so apparently (𝑏2D)2 at 𝑟𝐴 serves as a proxy of 𝑏2 = (𝑏2D)2 + (𝑏slab)2 over
the trajectory. The minority slab contribution is nearly independent of (𝜑,Λ), so the path length
variation pattern indicates that (𝑏2D)2 at 𝑟𝐴 serves as a proxy of its value throughout the trajectories.
In some regions, this reflects a topological trapping effect of confinement of field lines to “islands”
of the 2D turbulence with closed field lines, and in other regions to (𝜑,Λ) trajectories that traverse
long regions of strong (𝑏2D)2.

Figure 3(d) is a map of the number of 1 MeV proton crossings at 0.35 au in each pixel for
the narrow injection region. This is the irregular dropout pattern as previously reported [8, 16–
18], which actually has fine structure that has been coarse-grained at the 1◦ level in this pixel
map. Interestingly, in this coarse-grained representation we observe a more centrally concentrated
distribution at a distance of 1 au, presumably as a result of the central limit theorem for superposition
of numerous random trajectory segments. For a wide injection, as appropriate for modeling a gradual
solar event, the distribution of crossings is much more uniform as has been noted previously [7, 17].

Figures 3(e-f) show peak full-orbit path lengths of the protons arriving at each pixel, in analogy
with Figures 3(b-c) for field lines. There is a striking similarity between the patterns for protons
and for field lines, as the proton path lengths to 0.35 au are only slightly longer than those of field
lines. These results are for a proton energy of 1 MeV, and we obtained qualitatively similar results
for an energy of 25 MeV. Thus the spatial variation of SEP path lengths also bears the imprint of
the 2D magnetic field pattern, which in turn relates to the flux-tube structure of the solar wind.

Path length variations include the spatial variations shown in Figure 3 as well as variation
in terms of a distribution of path lengths of field lines and particles arriving at a location of
interest, e.g., the location of a detector. Indeed, an observed time-intensity profile of SEPs from a
near-solar source represents the distribution in path length 𝑠, converted to travel time 𝑡 = 𝑠/𝑣 and
convoluted with the injection profile. In addition, SEP modeling should allow for field line path
lengths 𝑆 that are longer than that along the mean field (which in this work would be 𝑆 = 𝑟) as
previously described by theory and simulations [4], with some uncertainty due to the variation with
heliolongitude and heliolatitude as described here, as well as unknown parameters of interplanetary
turbulence. Therefore, the path length of the guiding field lines in a transport model could be
treated as an adjustable parameter. As noted earlier, it is not appropriate to identify a field line path
length 𝑆 with the typical path length 𝑠 of particles near onset as determined by velocity dispersion
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analysis, as the latter is greater due to interplanetary scattering.
Another effect of the spatial variation of the path lengths on SEP transport is that during the

course of an SEP event observation, the dropout pattern can be convected with the solar wind
flow past the spacecraft; indeed this is generally considered to explain why the spatial pattern
of magnetic connectivity can result in sharp time variations of dropouts in impulsive SEP events
[13, 17]. Furthermore, this effect of changing magnetic connectivity causing sharp time variations
has also been observed in some gradual SEP events [19, 20]. While this could reflect the different
density of SEPs along different flux tubes, it is also affected by spatial variation in the path length
distribution, which can suddenly shift the time-intensity profile of one location (one “pixel” in our
work) relative to that in a neighboring location.
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