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Solar Cycle Variation of Anomalous and Galactic
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We apply a 2D Hoop-model to simulate the solar-cycle variation of anomalous and galactic cosmic
rays (ACRs and GCRs) in a full 22-year cycle. Our axially symmetric model is 2D, but still captures
the waviness of the heliospheric currents sheet (HCS). The strength of the heliospheric magnetic
field (HMF), the corresponding diffusion coefficients and the waviness of the HCS are changed
continuously. Special attention is given to the effects of particle drifts, some theoretical and
computational aspects are discussed, including the handling and modifying the magnetic field in
the polar regions of the Heliosphere. We briefly address the apparent disparity of ACRs and GCRs
in the recent weak solar cycles when GCRs reached record high intensities while ACRs remained
well below their previous intensity maxima. We find that, in addition to the faster diffusion,
the weaker HMF and lower equator-to-pole potential, in itself, can also significantly lower the
maximum energy ACRs can gain at the termination shock (TS). We also present numerical
simulation for the 22-year variation of ACR fluxes at the TS at different heliographic latitudes.
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1. Introduction

The intensity of galactic and anomalous cosmic rays (GCRs and ACRs) track each other quite
closely. The recent weak solar minima did, however, show an interesting disparity: while GCRs
reached a record high intensity in 2009 [1], [2], the flux of ACRs remained below their level 22
years prior to this [3], i.e. during the previous solar minimum of the same polarity state of the
Sun and heliospheric magnetic field (HMF). Since the transport of GCRs and ACRs are similar,
the disparity suggested that the source of ACRs at the termination shock (TS) was lower, ie the
acceleration of ACRs was less effective during this unusually weak solar minimum at 2009. Moraal
and Stoker [4] were the first to point out that the faster diffusion should also result in lower rate of
acceleration and a lower cutoff in the energy spectrum of ACRs at the TS. This interpretation has
also been confirmed by recent numerical simulations [5]. While this mechanism is plausible and is
most likely at work, the less efficient acceleration may also be influenced by a combination of other
conditions: namely the weaker magnetic field [6] could in itself cause less efficient acceleration
even if diffusion coefficients were to remain unchanged. In this work we consider the effect of the
weaker magnetic field that corresponds to a lower pole-to-equator electrostatic potential.

We also investigate how the wavy current sheet (HCS) may interact with the TS. [7] found a
marked difference in the Voyager ACR data in sectored and unsectored unipolar regions in the IHS
beyond the TS. So this work is intended as a step toward resolving this question. In our simulation
we shall adopt the paradigm, that ACRs are accelerated by diffusive shock acceleration at the TS
[8] and apply our 2D ’hoop model’ which, we believe, captures the most important features of the
3D HCSs. Our simulations are still preliminary, results are not intended to give quantitative fits to
observations.

2. Model simulations and Discussions

Instead of the phase space density 𝑓 ((𝑥𝑖 , 𝑝, 𝑡) we use 𝐹 = 𝑓 𝑝3 whose time evolution in
momentum, 𝑝 and space. 𝑥𝑖 is described by an equivalent form of the diffusive Parker equation [9]

𝜕𝐹

𝜕𝑡
=

𝜕

𝜕𝑥𝑖

(
^𝑖 𝑗

𝜕𝐹

𝜕𝑥 𝑗

−𝑉𝑖𝐹

)
+ 𝜕𝑉𝑖

𝜕𝑥𝑖

𝜕𝐹

𝜕𝑙𝑛 𝑝3 +𝑄 (1)

The consecutive terms describe anisotropic diffusion, advection by the solar wind at velocity
𝑉𝑖 , and energy gain or loss due to the compression/expansion of the solar wind plasma. Diffusion
is characterized by the 3D tensor, ^𝑖 𝑗 which contains an anti-symmetric component, ^𝐴 accounting
for the regular spiral motion of cosmic rays is the global heliomagnetic field (HMF).

We adopt the paradigm, that ACRs are accelerated at the termination shock of the solar wind.
Here we consider a spherical TS, we take typical values of 2.5 for the strength of the shock located
at 90 AU from the Sun. We solve the Parker-equation on a fixed grid of heliospheric radius, 𝑟 , polar
angle, \, and particle energy for singly ionized Oxygen from 0.010 to 100 Mev/nucl. A spherical
free-escape boundary is assumed at r=120 AU.

In our calculation we assume azimuthal symmetry and employ a 2D ’Hoop’ model, described
in the next subsection.

2



P
o
S
(
I
C
R
C
2
0
2
3
)
1
2
9
3

Anomalous Cosmic Rays at the Termination Shock József Kóta

Figure 1: Sample contour-plots of ACR intensity in a kinematic hoop model during two consecutive solar
minima. The contours show the well known polarity dependence in the meridional distribution of ACRs at
solar minima. Black lines indicate the momentary HCS that is carried out radially by the solar wind.

2.1 Hoop Model of the Heliospheric Magnetic Field

This section describes our kinematic ”hoop model” that has been applied for GCRs [10],[11].
The code includes acceleration at the TS and can readily be used for the acceleration and transport
of ACRs. The virtue of this code is that this axially symmetric 2D code can still capture the most
important 3D elements of the interaction of the wavy HCS with the TS.

The wavy HCS is an important element of cosmic rays transport. Particles can drift fast along
the HCS, and the direction of drift reverses with the polarity change of the Sun. This waviness is an
inherently 3-D feature whose precise incorporation requires 3-D codes, that are significantly more
cumbersome than 2-D ones. 3-D codes are doable, but early 3-D codes [12],[13], had to make some
compromise in resolution.

Our ’hoop model’ is similar to that suggested by [14] to simplify the complex structure of
the IHS. The Parker spiral of the HMF is tightly wound and in regions beyond 10 AU or so
parallel diffusion acts mostly in the azimuthal direction and both the radial and latitudinal diffusion
are dominated by the otherwise smaller perpendicular diffusion, ^⊥. We construct a ’hoop’ model,
where the spiral field is substituted by expanding hoops that are carried out radially by the supersonic
solar wind, that continues as an incompressible fluid beyond the TS. We note that the drift pattern
remains essentially unchanged beyond 10 AU. This is also valid for the polar regions where the
effect of fluctuating random transverse fields (see [15]) reduce the fast diffusion and drift that could
otherwise prevail in the pure Parker spiral field.

The waviness of the HCS appears as time-dependence in the magnitude and polarity of the
azimuthal 𝐵. We still use an anisotropic diffusion, ^𝑟𝑟 = ^ ∥𝑐𝑜𝑠

2(𝜓) + ^⊥𝑠𝑖𝑛2(𝜓) where ^ ∥ and ^⊥
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stand for the parallel and perpendicular diffusion coefficients, while 𝜓 is the garden-hose angle of
the Parker spiral. The field is modified along the line of [15]. This modification is of particular
importance at the polar regions. The problem of fast transport along the polar lines is somewhat
obscure for GCRs, since the polar field lines are likely deflected and may never connect to the
heliopause (HP). ACRs, on the other hand, are less sensitive to the outer boundary region (except
for the escape of high energy ACRs) The next subsection will be devoted to some concepts of [15]
and misconceptions [16].

2.2 Drift and Diffusion in the Polar Magnetic Field

Particle drifts are important, their importance increases with increasing rigidity. The original
derivation of the 3D diffusion tensor by Parker [9] considered isotropic scattering, where the eigen-
values of the scattering operator are: 1/𝜏1, 1/𝜏2 + 𝑖𝜔, 1/𝜏2 − 𝑖𝜔 with the parallel and perpendicular
scattering times 𝜏1 and 𝜏2 assumed to be equal. At low rigidities, however, we can expect that
particles forget their phase faster than their pitch angle, so 𝜏2 may be significantly smaller than
𝜏1, which could result in a larger ^⊥ and a smaller ^𝐴. Drift effects are critically depending, both
directly and indirectly, on ^⊥ that could reduce drift effects [11].

The ideal Parker spiral of the heliospheric magnetic field (HMF) in the solar polar regions
becomes extremely weak at larger radial distances, which would allow fast diffusion and drift through
the polar areas. Jokipii & Kóta [15] pointed out that transverse field fluctuations, associated with
the random walk of field lines and decreasing as 1/𝑟 , may soon dominate the weakening radial polar
magnetic field (weakening as 1/𝑟2), and impede the fast transport of GCRs and ACRs along the polar
lines. The inclusion of these fields increases the magnitude of the field, hence reduces the parallel
diffusion and polar drift, too. Both diffusion and drifts depend inversely on the field strength. [15]
adopted a substitution ’proxy’ vector (𝐷𝑖 in what follows) as a plausible approximation to obtain
more proper drift and diffusion coefficients.

This suggestion come under attacks recently in [16] and subsequent papers, arguing that the
suggested ’enhanced magnitude’ 𝐷𝑖 = (𝐵2 + 𝑑𝑏2) × 𝐵𝑖 vector is not divergence free [16]. These
authors miss the whole concept and do not realize the difference between a fixed vector and a
fluctuating one. 𝐷𝑖 is not and need not to be divergence free.

Indeed, 𝐷𝑖 = 𝑓 𝐵𝑖 would be divergence free only if the multiplying factor 𝑓 were constant
along field lines, which would result in the same reduction at all radial distances. This not what
[15] wanted and is not what fluctuating fields do. Their role do not remain constant but grow with
increasing distance: initially small fluctuations become gradually dominating.

For a magnetic field, 𝐵𝑖 , we have to take its inverse, 𝐵𝑖/𝐵2. For fluctuating field, the inverse
of that may and likely will differ from the original field. In a somewhat mundane analogue the
difference is resembling to the difference between real and complex numbers. Let us imagine that
the field 𝐵𝑖 + 𝑖𝛿𝐵𝑖 has an average field 𝐵𝑖 which is known, and a fluctuating imaginary part 𝑖𝛿𝐵𝑖

whose average magnitude is known, but whose direction is random. Then the inverse is (𝐵𝑖 + 𝑖𝑑𝐵)
is (𝐵𝑖 − 𝑖𝑑𝐵𝑖)/(𝐵2+𝛿𝐵2), that averages to 𝐵𝑖/(𝐵2+𝑑𝐵2). In the process of averaging some features
will be retained some others will be lost.

Another perhaps more relevant ’paradox’: the average of a fluctuating unit vector is not a unit
vector. This does not violate any law of physics or math.
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Following standard procedures, the transverse fields can be inferred from a potential as 𝛿𝐵𝑖 =

𝜖𝑖 𝑗𝑘𝑥 𝑗𝜕𝐴/𝜕𝑥𝑘 where 𝐴(𝑟, \, 𝜙) is a random function with a given mean square and spectrum. Then
each single representation is automatically free of divergence. In a numerical code, however, we
need the average drift and diffusion coefficients, which is obtained through nonlinear operations,
typically involving the inverse of 𝐵𝑖 .

While the statement of [15] may have been short, its meaning is quite plausible and self-
explanatory. The ’proxy’ vector, 𝐷𝑖 was chosen so that it give a good approximation for the drift
and diffusion coefficients, that is:

𝐷𝑖

𝐷
=

〈
𝐵𝑖 + 𝛿𝐵𝑖)
(𝐵𝑖 + 𝐵𝑖)2

〉
≈ 𝐵𝑖

𝐵2 + 𝛿𝐵2 (2)

The suggested 𝐵𝑖/(𝐵2 + 𝑑𝐵) is a simple and plausible choice. The second part of Eq.(2) is not
exact, a more precise result would depend on the structure of fluctuations [17]

Furthermore, [16] suggest that [15] would incorrectly continue at the transition through the
TS. This is a mere guesswork of the authors, since [15] applied their simple formula to the old
1981 drift code of [18] which assumed a constant spherical wind and did not include the TS, so the
question of transition was irrelevant and did not come up at all. The blind use of the given formula
would indeed be an unfortunate oversight, and we were aware of this. It was an illustrative example
and was not intended to be a universal rule. We may mention that most of the codes including the
TS we developed that time adopted the condition that 𝛿𝐵 scales with the plasma density, 𝑛 as 𝑛(𝑟)𝑟 ,
which gives the correct transition.

Finally, [16] dismiss [15] as lacking physics base, which may be their personal opinion. On
the other hand, however, we know that random fluctuations do exist, their presence was confirmed
by Ulysses observations and were found to be consistent with the predictions of [19]. The inclusion
of these fluctuating fields into modulation models has, in our view, quite strong physical base and
motivation.

As a matter of subtlety: for the ’artificial’ increase of the proxy substitute vector, 𝐷𝑖 , a better
choice is to increase its magnitude by the factor of (1 + (𝛿𝐵/𝐵)2) rather than its square-root. The
’magnitude enhancement’ can also be viewed as the inverse of the ’drift-reduction factor’ obtained
in several studies [17]. The agreement is not accidental. The message of [15], in simple words, is
that, in calculating the diffusion and drift coefficients the expression in the denominator of 𝐵𝑖/𝐵2

should include the contribution of fluctuations.
The transverse fluctuations need not be limited to the polar regions, in our code they are applied

at all latitudes and longitudes, their importance is, however, becoming gradually lower.

3. Model Simulations: ACRs at the Termination Shock

In this section we present numerical simulation results. First, we study the effect of the weaker
HMF and corresponding lowe pole-to-equator potential. Second, we investigate the interaction
of the wavy HCS with the acceleration at the TS. All our results are obtained for singly charged
Oxygen densities at the TS at different latitudes.
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Figure 2: Variation of 16. MeV/n singly ionized Oxigens in response to a cyclic variation of the strength
of the HMF with other parameters kept unchanged. The right panel shows the ACR spectrum at different
latitudes. The simulation was obtained for A<0 negative cycle with flat current sheet. Similar results were
obtained for A> cycle, are similar except that the latitudinal gradients are reverse

3.1 Role of Drifts and Pole-to-Equator Potential

The pole-to-equator electrostatic potential associated with the net magnetic flux of the rotating
Sun plays an important role for both GCRs [20] and ACRs. Jokipii [21] pointed out that the
maximum (total) energy of ACR ions should be in the range of the ion’s charge times the electrostatic
potential. In A>0 cycles ions drift from low to high latitudes in the acceleration process, so pick-up
ions injected at or near the equator have the best chance to reach high energies. The opposite is true
for A<0 negative cycles.

Our numerical calculation supports this expectation. Figure 2. depicts an A<0 scenario where
the field strength is the sole parameter to change in and 11-year period by a factor of 1.5. ACR
intensities follow the cyclic variation of 𝐵. Note that the figure show 1/𝐵. The right panel shows
the energy spectrum at different latitudes. A distinct variation is present in medium energies, since
drift effects increase with increasing energy but at the highest energies diffusion will diminish or
fully erase the latitudinal gradients.

4. Role of Drifts and Heliospheric Current Sheet

The HCS is also an important element of the acceleration of ACRs. [22] showed that ACRs
tend to be enhanced at the HCS during A<0 periods when they drift toward the HCS in both
hemispheres during the acceleration process. The opposite holds for A>0, when ACRs are expected
to be depleted at the HCS.

Figure 3. shows the simulated ACR fluxes in a 22-year cycles using fictitious parameters and
changing the tilt-angle only. Finally shown in Fig.4 is a simulation when all of the HCS tilt, the
HMF field strength and the diffusion coefficient change in 22 year cycle.
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Figure 3: Variation of singly ionized Oxygen in response to a cyclic variation of the tilt of the HCS. Other
parameters were kept unchanged. The panels show the ACR flux at different latitudes. Results obtained at
higher energies show larger variation. Note the change of latitudinal gradients at the reversals of the polarity
state of the HMF around years 6 and 17.

5. Summary

In this work we presented numerical simulations exploring the respective role of the strength
of the HMF, and the waviness of the HCS. Preliminary simulation results tend to confirm our
expectation, and we find that the weaker field, in itself, can significantly contribute to the decrease
of the acceleration rate of ACRs in the recent solar minima.
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