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It has been long believed that oblique and quasi-perpendicular configurations in supernova rem-
nants (SNRs) were inefficient at injecting ions into diffusive shock acceleration (DSA), and that
the highest energy Galactic cosmic rays (CRs) must come from parallel or quasi-parallel shocks.
However, recent 3D kinetic simulations have shown that high-obliquity shocks can successfully
energize particles and produce amplified magnetic fields in the upstream. We aim to investigate
the maximum energy particles it is possible to produce in oblique and quasi-perpendicular shocks
and whether they are capable of triggering the non-resonant hybrid instability (NRHI). We present
a novel setup for hybrid simulations of non-relativistic shocks that use a “faux shock” boundary
condition instead of a real shock to significantly reduce the computational cost and that can be run
for long enough to study the late-time behaviors of these systems. Our results show that it may be
possible for oblique and quasi-perpendicular shocks to transition from early periods of shock drift
acceleration (SDA) into DSA at later times, giving particles a brief period of rapid acceleration
followed by a long-duration, self-sustaining period of slower energy growth. Furthermore, we find
evidence that the NRHI is triggered in the upstream at late times. Oblique and quasi-perpendicular
shocks may be an important contributor to high energy CRs, potentially even responsible for the
knee in the CR energy spectrum.
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The Maximum Energy CRs from SNRs Emily Simon

1. Introduction

There is good reason to believe that cosmic rays (CRs) with energies 𝐸 ≲ 1015𝑒𝑉 have
galactic origins ([16]; [5]; [20]; [8]). Of the known candidate sources within the galaxy, supernova
remnants (SNR), which accelerate particles via diffusive shock acceleration (DSA), are expected
to produce CRs up to energies of a few PeV ([7]). However, analytical estimates of the maximum
energy produced in DSA at shocks ([4]) struggle to account for the energy needed to explain the
spectral break around 4 PeV called the “knee". Furthermore, observations of known SNRs, which
provide indirect evidence of CR energies from the gamma rays produced in hadronic collisions,
infer maximum proton energies ∼ 100 TeV, roughly a factor of ten too small to form the knee ([11]).
This implies that either galactic SNRs may not be the dominant sources of PeV CRs, or that there
is something about the acceleration process that is still not well understood.

In this paper, we examine particle acceleration at oblique and quasi-perpendicular shocks
with a novel and computationally efficient simulation method. Recent 3D kinetic simulations
[19] have found that the believed failure of quasi-perpendicular shocks to re-inject particles from
the downstream is an artifact of 2D simulations, in which compressed magnetic field lines in the
downstream are artificially stacked and their vorticities suppressed, preventing magnetic field line
wandering ([21]). Full 3D treatment shows that weakly-magnetized oblique and quasi-perpendicular
shocks do in fact re-inject particles at efficiencies which scale with Mach number and which make
these configurations relevant to the story of high energy particle production.

The dominant acceleration mechanism of oblique and quasi-perpendicular shocks early on is
shock drift acceleration (SDA) which causes rapid particle acceleration 𝐸 ∝ 𝑡2 ([10]; [1]). We study
whether SDA may eventually give way to DSA at late times, meaning an initially highly-energized
population of particles is created via SDA and injected into self-sustaining, long-duration DSA,
allowing for potentially high energy and high number density CR production.

Additionally, in the regime where DSA can occur, we investigate the possibility of triggering
the non-resonant hybrid (aka Bell) instability [3, 4] in which CR currents cause nonlinear magnetic
field amplification conducive to a larger CR maximum energy.

2. Novel Simulations with a Shock Boundary Condition

We use the hybrid (fluid electrons–kinetic ions) code dHybridR [15] with a novel type of
simulation which bypasses the need of creating a shock by instead having a shock-like boundary
condition (or “faux shock") on one edge of the simulation box. This faux-shock boundary condition
behaves like a shock in that it reflects and transmits fixed percentages of incoming particles. Ions
returned by the faux shock into the upstream are given an isotropic distribution in the plasma frame
and an energy kick consistent with a downstream scattering in the shock frame (which in the shock
frame translates into an energy loss). Returning particles scatter in the upstream self-generated
magnetic turbulence, gaining an average Δ𝐸/𝐸 ∼ 𝑢1 − 𝑢2 per scattering, making the simulation
functionally identical to a real shock. According to DSA, the combined energy gain and probability
of return from downstream lead to a 𝑝 (−3𝑟/(𝑟−1) ) power-law spectrum in momentum [2], where
𝑟 = 4 is the shock compression ratio, a fixed value in our simulations.
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Figure 1: Top panel: 𝑥 − 𝑝𝑥 ion phase space; second panel: CR number density, normalized to the injected
density; third panel: total magnetic field normalized to the initial magnetic field; bottom panel: CR energy
phase space, with energy normalized to 𝐸sh = 1

2𝑚𝑣2
sh.

The new simulation setup has three main advantages: 1) we can inject an initial population
of high-energy CRs instead of waiting for them to undergo many cycles of DSA, which allows us
to study the late-time regimes of DSA during the ejecta-dominated stage (shock velocity remains
constant) which are most relevant for understanding the maximum energy CRs it is possible to
produce; 2) we can effectively mimic the particle return from the downstream in oblique or quasi-
perpendicular shocks using only 2D simulations instead of the previously required 3D; and 3) CRs
are a different species sampled with 4 macroparticles per cell, which greatly increases their statistics.

3. CR acceleration at oblique shocks

We consider one benchmark simulation (run B) against which we compare a simulations with
varied angles between the magnetic field and the shock normal, referred to as the shock obliquity, \.
In run B, we use a box with height 300𝑑𝑖 and length 104𝑑𝑖 where 𝑑𝑖 = 𝑐/𝜔𝑝 is the ion skin depth,
where 𝑐 is the speed of light and 𝜔𝑝 =

√︁
4𝜋𝑛𝑒2/𝑚 is the ion plasma frequency with 𝑚, the ion mass,

𝑒 the ion charge, and 𝑛 the ion number density. The initial magnetic field is oriented normal to the
shock surface (\ = 0◦) and parallel with the fluid velocity. We fix the shock Alfvénic Mach number
as 𝑀𝐴 = 26.67, where the Alfvén speed is 𝑣𝐴 = 𝐵/

√︁
4𝜋𝑚𝑛𝑔 and 𝑐 = 1000𝑣𝐴. Time is measured in

inverse cyclotron times, 𝜔−1
𝑐 = 𝑚𝑐/𝑒𝐵0, where 𝐵0 is the initial magnetic field strength.
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Figure 2: Local value of b (cyan curve), the parameter that characterizes the relevance of the NRHI, for a
parallel shock at 𝑡 = 450𝜔−1

𝑐 and magnetic field amplification (black) normalized for comparison to b. At all
positions b ≳ 1, meaning there is sufficient CR free energy to trigger the NRHI, which should saturate at a
level (𝛿𝐵/𝐵0)2 ≈ b/4.

CRs are constantly injected at the faux shock with number density 𝑛𝑐𝑟 = 0.1𝑛𝑔 where 𝑛𝑔 is the
number density of the background gas, with an initially isotropic momentum of 𝑝𝑖𝑠𝑜 = 100𝑚𝑣𝐴 =

0.1𝑐. The background gas is injected from the right side of the box with velocity 𝑣 = 𝑣𝑠ℎ = 26.67.
The simulation runs for 450𝜔−1

𝑐 in order to approach magnetic field growth saturation via the NRHI.
The last time step from run B is shown in Figure 1 which we use as a demonstration that the

new simulation strategy produces the expected results for parallel shocks. The top panel shows
the 𝑥-directed momentum phase space, in which the presence of particles with negative momenta
clearly shows that particles are diffusing back after scattering off of self-generated magnetic fields
in the upstream. The second panel of Figure 1 shows the CR distribution spatially within the
simulation box. This density gradient closely traces the magnetic field strength, as seen in the third
panel of Figure 1. The bottom panel of Figure 1 shows the CR energy normalized to the shock
energy. Here we see a high density of particles with energy ≲ 𝐸𝑠ℎ that are confined close to the
shock, whereas particles with higher energies are streaming away, consistent with the DSA picture.

Beyond this, we note that the strongly amplified magnetic fields in the upstream are consistent
with the expectations from the NRHI. Bell’s modes are rapidly growing when the free energy in
CRs is greater than the energy in magnetic fields [3],

b ≈ 𝑈𝑐𝑟𝑣𝑑

𝑈𝐵𝑐
= 𝜌𝑐𝑟 (𝑢1 + 𝑣)2 ≳ 1 (1)

where 𝑢1 is the velocity of the upstream gas, 𝑣 is the average velocity of CRs in the upstream frame,
and 𝜌𝑐𝑟 is the mass density of CRs. Hybrid simulations [24] show that the amplified magnetic
fields should be related to the net CR energy by(

𝐵𝑡𝑜𝑡

𝐵0

)2
≈ b

4
(2)

where 𝐵𝑡𝑜𝑡 is the total magnetic field strength and 𝐵0 is the initial magnetic field strength. Figure
2 shows that the value of b throughout the simulation box is larger than 1 and the NRHI is indeed
able to grow. We also see a reasonable match between 𝛿𝐵

𝐵
and the predictions from b given the time

offset between a parcel of fluid’s exposure to high currents and the subsequent multiple e-foldings
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Figure 3: Time evolution of the magnetic field strength for a quasi-perpendicular shock, \ = 80◦.

of growth of the magnetic field in that parcel. In general one needs the growth time of the fastest
growing mode, with growth rate 𝛾𝑚𝑎𝑥 = 0.5 𝑗𝑐𝑟

(
4𝜋/𝑐2𝑚𝑛𝑔

)
, to be smaller than the advection time

for a magnetic field fluctuation to undergo multiple e-foldings before being advected by the shock
[4].

These simulations require a fixed compression ratio, and hence an injection spectrum, and we
therefore rely on the findings of 3D simulations [19] to give a frame of reference to the values
we have chosen for our oblique and quasi-perpendicular simulations. Simulation O1 is an oblique
simulation with \ = 60◦, and O2 is a quasi-perpendicular simulation with \ = 80◦. All other
simulation parameters remain the same as the benchmark case B. We emphasize that this includes
the compression ratio 𝑟 of all three simulations, which is always the same and set to produce the
typical DSA injection spectrum of 𝑝−4. While this may be an overestimate for oblique and quasi-
perpendicular shocks (unless Mach number ≳ 100, [19]), it is still useful for setting upper limits
on the maximum particle acceleration we can achieve. We also note that as the upstream magnetic
field becomes increasingly turbulent and DSA kicks in, the 𝑝−4 spectrum becomes an appropriate
choice.

4. Maximum energy CRs

The highest obliquity simulation tested in this work is O2, a quasi-perpendicular shock with
\ = 80◦. We find in 4 that the maximum energy as a function of time 𝐸𝑚𝑎𝑥 (𝑡) scales as 𝑡2 which is
characteristic of SDA, and expected for quasi-perpendicular shocks. The scale of the energy growth
reaches 5000𝐸𝑠ℎ which we note is unphysical due to our unrealistic re-injection prescription. In
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realistic SDA, particles spend only a short period of time undergoing acceleration before they are
advected into the downstream (Δ𝑡 ∝ 𝜔−1

𝑐 𝑝), preventing such extreme energy gains ([19]).
O2 shows evidence that particles do escape into the upstream and the NRHI does in fact grow,

however it takes significantly longer for the field to grow compared to the parallel case. This is
because it takes particles longer to propagate into the +𝑥 direction when they are confined to their
nearly-vertical field lines. This has the effect of limiting the space, and therefore timescale, over
which a magnetic perturbation started in the upstream is able to grow before being advected into
the downstream. If we wait long enough, however, current from escaping CRs reaches some 𝑥𝑐𝑟𝑖𝑡

wherein the current is large enough to make significant contributions to the amplified field, and
the amplification started at this position has a long enough time to grow. Calculating the precise
location of this position is nontrivial because it is nonlinear in time and space, but it can be estimated
by checking whether a given position in a simulation box is over the threshold for the NRHI to
occur, ie: if b ≳ 1.

In Figure 3, the top panel shows the first developments of small magnetic field amplifications
in the upstream which are being advected towards the shock. The middle panel shows a later time
step at 𝑡 = 370𝜔−1

𝑐 in which the strength of field amplification is increasing. In the final panel,
𝑡 = 420𝜔−1

𝑐 , very strong, non-linear magnetic field growth is visible. The position of this strongly
amplified region near the center of the simulation box and the nonlinear growth in time are strong
indications that the NRHI is responsible for their production.

The oblique simulation in this work has \ = 60◦ and all other parameters the same asB. Similar
to the quasi-perpendicular case, it takes a longer time for particles to propagate large distances within
the box because their trajectories are aligned with nearly-vertical field lines. After this time, we see
continual evidence of the NRHI, which remains above the saturation limit for the duration of the
simulation.

The amplitude of the magnetic field strength in this oblique case is smaller than that found in
the quasi-perpendicular case, despite the fact that the oblique case begins amplifying fields much
earlier in time. Similarly for the parallel benchmark simulation, even at late times, most of the
upstream has 𝛿𝐵/𝐵0 ≲ 1. It is possible that this effect is due to over-injection from the downstream
and subsequent unphysically high energy CR production, but it may also indicate that parallel and
oblique shocks are better at converting free energy in CRs into magnetic fields at a slow but steady
pace, whereas quasi-perpendicular shocks make this conversion rapidly.

By examining the way CR energy scales with time, it is possible to say whether a simulation is
undergoing primarily DSA (𝐸 ∝ 𝑡) or SDA (𝐸 ∝ 𝑡2). Figure 4 shows that the parallel case follows
DSA predictions and scales as 𝑡; the quasi-perpendicular case, instead, matches SDA, growing
sharply with a 𝑡2 dependence. However, the oblique case appears to go through periods of SDA
with rapid energy growth, then fall into something that looks more like DSA. While particles in
pure SDA are typically advected after relatively few cycles of energy gain, particles undergoing
a combination of fast bursts of SDA and long periods of DSA may optimize both acceleration
mechanisms and grow to higher energies than would be possible from either mechanism by itself.

We also note that the duration of confinement of CRs in oblique and perpendicular shocks is
not yet well understood, and it is possible that particles may drift along the shock in SDA until they
have reached quasi-parallel configurations, after which they may undergo DSA (see the discussion
about SN 1006 in [19]). This subtlety and a more nuanced treatment of compression ratios for
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Figure 4: The maximum energy CRs within the simulation as a function of time for the parallel (black),
oblique (red), and quasi-perpendicular (blue) configurations. All energies are normalized to the shock energy.

oblique and quasi-perpendicular shocks will be considered in future works.
If CRs are allowed to go through periods of very rapid acceleration at oblique shocks, it may

be possible to boost the expected energies well into the PeV range and fully explain the knee.
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