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While there have been multiple reports of potential links between astrophysical sources and high-
energy neutrinos, definitively identifying these sources remains challenging. No single result
has surpassed the significance threshold for discovery, and the theoretical interpretation of these
observations has revealed new questions for the bigger picture of neutrino astrophysics. In response
to these difficulties, we propose a novel approach that combines state-of-the-art methods with the
wealth of information from multi-messenger observations and theoretical models. Our physics-
first strategy utilizes advanced techniques such as Hamiltonian Monte Carlo and hierarchical
modelling to navigate the high-dimensional space of parameters and uncertainties in this complex
setting. Implementing these methods within a Bayesian framework offers a unique perspective
on source discovery while enabling us to avoid pitfalls associated with trial factors. Furthermore,
considering source populations provides additional constraints from observations and uncovers
further implications from a broader perspective, making the most of the existing high-energy
neutrino data. We demonstrate the impact of these methods through application to simulated data,
considering relevant multi-messenger scenarios for sources and their populations. Our approach
complements existing techniques while offering increased sensitivity and interpretability in the
context of investigating specific physical models, potentially accelerating decisive discoveries.
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1. Introduction

The detection of point sources in astrophysical neutrino data is challenged by low event rates
at the highest energies and large backgrounds from both atmospheric and diffuse astrophysical
contributions. These difficulties mean that despite the confident detection of an astrophysical
component to the total neutrino spectrum, point sources are still just beginning to emerge from the
current data. With planned upgrades to existing facilities, as well as the construction of more large-
scale neutrino observatories, we expect to move from source discovery to source characterisation
in the not-so-distant future (see, e.g. [1] for a recent review).

Current approaches to neutrino point source searches are largely based on null hypothesis
significance testing, as described in [2, 3]. The likelihood is formed as a mixture model over source
and background components, where the source and background probability density functions (PDFs)
are a function of both the reconstructed energies and arrival directions of events produced by incident
neutrinos in an instrumented detector volume. A test statistic is then defined as the log-likelihood
ratio of the null hypothesis (only background) to the alternate hypothesis (background + source).
The observed value of the test statistic for the best-fit alternate hypothesis is calibrated via repeated
simulations assuming the null hypothesis to give a 𝑝-value, quantifying the significance of the test.
Typically, two free parameters are considered in the fit; the expected number of events from the
proposed point source, 𝑛̄ and the spectral index, 𝛾, describing the assumed power-law spectrum of
the source. The best-fit values are generally found using quasi-Newton methods implemented in,
e.g. iminuit1 or scipy2.

These approaches are limited in the number of free parameters they can handle, in turn limiting
the inclusion of more complex models and uncertainties into the statistical analysis. Additionally, the
interpretation of 𝑝-values is always in relation to the null hypothesis, leading to an indirect approach
to asking the question of interest. We are forced to work with “how unlikely is this observation under
the assumptions of the background model?” rather than the more direct “what is the probability that
these neutrinos come from this source?” [4, 5]. When testing multiple hypotheses, the resulting
𝑝-values must be corrected for the incurred “trial factors” to avoid spurious claims of significance.
In practice, this means that analysis choices are often driven or limited by the corresponding trial
factors, and there is no clear way to keep track of trial factors across independent analyses of the
same data. All of the above aspects make it challenging to interpret significant results within the
broader context of physical source models and their cosmological populations [6].

We propose a complementary Bayesian approach for searches of astrophysical neutrino point
sources that aims to address these challenges, allowing us to exploit the available data further. The
method is outlined in Section 2 and then applied to a simple single source example in Section 3.
We then summarise the implication of our results and conclude in Section 4.

2. Statistical framework

Our method is based on a hierarchical mixture model framework similar to that discussed
in [7] (see also [8] and references therein), but adapted to allow for a joint fit of high-energy

1https://iminuit.readthedocs.io/en/stable/

2https://scipy.org
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neutrino reconstructed energies, 𝐸̂ , and directions, 𝜔̂. The likelihood has the form of an inhomo-
geneous Poisson point process where the rate is a mixture model over the possible point source and
background contributions. We have

L(𝐸̂ , 𝜔̂ |Θ) = 𝑒−𝑛̄
𝑛∏
𝑖=1

𝑁∑︁
𝑘=1

Φ𝑘𝑃(𝐸̂𝑖 , 𝜔̂𝑖 |Θ𝑘), (1)

where Θ is the vector of all source component parameters, and Θ𝑘 are those relevant for individual
source components. For point sources, these are the luminosity and power-law spectral index
Θ𝑘 = {𝐿𝑘 , 𝛾𝑘}. Point sources are also described by fixed directions and distances, 𝜔𝑘 and 𝐷𝑘 ,
respectively. For the diffuse astrophysical component, we have the number flux and power-law
spectral index Θ𝑘 = {Φd, 𝛾d}. Finally, for the atmospheric component, the only free parameter is
the number flux Θ𝑘 = {Φa}, as the spectral shape and directional distribution is fixed using MCEq3
[9–11]. The number of detected neutrinos in the sample is given by 𝑛, and the total number of
proposed source components is denoted 𝑁 . The mixture is weighted by the source component flux
integrated over energy and solid angle to give Φ𝑘 . 𝑃(𝐸̂𝑖 , 𝜔̂𝑖 |Θ𝑘) is implemented in a hierarchical
way, as the product of conditional statements which connect the observables to the high-level
parameters according to their physical relationships. Therefore, each neutrino event denoted by 𝑖

has latent parameters describing the true energies (both on arrival and at the source), and source
labels, 𝜆𝑖 .

In this work, we use the public data release relevant for track-like events observed by the
IceCube neutrino observatory for our detector model, as detailed in [12]. This release contains
information on the effective area, angular resolution and energy resolution, which are needed to
fully describe the reconstructed events and demonstrate the application of our statistical model. The
more recent data reported in [13] has also been implemented in our framework and will be applied
in future work.

We use the above likelihood in a Bayesian framework and so also specify priors for the highest
level parameters, Θ. The choice of these priors depends on the analysis is discussed further in
Section 3. We fit the model using Hamiltonian Monte Carlo as implemented in Stan [14], which
allows for large numbers of free parameters, easing the computational limitations described in
Section 1. In this way, our source model can be expanded to study more complex spectral or
population models. We ensure convergence of the resulting parameter Markov chains to the target
distribution by observing the requirements on the effective sample size, Gelman-Rubin statistic,
divergent transitions and other default diagnostics implemented in the cmdstanpy Python interface
to Stan [15]. In taking a Bayesian approach, we also address some of the challenges associated with
hypothesis testing. The possibility of drawing false conclusions is mitigated by marginalisation
over the priors and model structure, precluding the need for trial factor corrections and avoiding a
loss of sensitivity to true differences [16, 17].

3. Application to neutrino alert follow-up

To demonstrate our approach, we consider a simple astrophysical follow-up example motivated
by the well-studied association between the blazar TXS 0506+056 and the IceCube high-energy

3https://mceq.readthedocs.io/en/latest/
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neutrino alert event IC-170922A [18]. We consider TXS 0506+056 as a single point source, de-
scribed by a luminosity 𝐿 and a spectral index 𝛾, as well as diffuse astrophysical and atmospheric
background components. We assume that the background components are well-understood in rela-
tion to the possible source contribution. As such, they are constrained by narrow prior assumptions
reflecting the uncertainties of these measurements.

Description Variables Implementation

TXS 0506+056 (RA, 𝛿), 𝑧 (77.36◦, +5.69◦), 0.3365
IC-170922A 𝐸̂ , (RA, 𝛿), 𝜎𝜔 23.7 TeV, (77.42◦, +5.72◦), 0.7◦

Energy range 𝐸min, 𝐸max 10 TeV, 100 PeV
Atmospheric flux prior Φa, 𝜎

a
Φ

9.54 × 10−10 cm−2s−1, 0.1
Diffuse flux prior Φd, 𝜎

d
Φ

6.25 × 10−11 cm−2s−1, 0.1
Diffuse spectrum prior 𝛾d, 𝜎𝛾 2.6, 0.2

Table 1: Key parameters and assumptions considered in this work. 𝜎𝜔 is the reconstructed angular
uncertainty, assuming a von Mises-Fisher distribution description of the angular resolution. 𝐸min and 𝐸max
are defined at Earth and give the energy range used to define the fluxes of all model components. The
background flux priors are given by LogNormal(Φ, 𝜎Φ) and the spectral index priors are Normal(𝛾, 𝜎𝛾).

We first consider the application of our approach to the astrophysical follow-up of a single
neutrino event. We start with a dataset containing only simulated background for an observation
period of 𝑇obs = 0.5 yr and a high cut on the reconstructed event energy of 𝐸̂th = 20 TeV. We
then add a single alert event matching the description of the IC-170922A. As we expect the
source spectral index to be unconstrained by the single event provided, we consider a narrow prior
𝛾 ∼ Normal(2.0, 0.2), but allow for a wide prior on 𝐿, with the upper limit motivated by previous
point source searches at this location on the sky such that 𝐿 ∼ LogNormal(1038 erg s−1, 6) [19].
The results of our fit are shown in Fig. 1. As expected, the posterior for 𝛾 is equivalent to the prior
due to the lack of information available in the data. However, the single event added leads to a
small contribution to higher values of 𝐿 in the posterior, consistent with the production of a single
event under the assumptions of our detector model. We can directly evaluate the probability that
the single neutrino event and the proposed source are connected by deriving the marginal posterior
of the event source label, 𝑝assoc = 𝑃(𝜆𝑖 = src|𝐸̂𝑖 , 𝜔̂𝑖), as described in Appendix B of [7]. For the
case shown in Fig. 1, we find 𝑝assoc = 0.56.

The information contained in the IC-170922A-like event alone is insufficient to derive a
conclusive association probability, and the results for 𝑝assoc are dependent on the prior assumptions
for the source properties. We examine the prior dependence by taking the same dataset and assuming
𝐿 ∼ LogNormal(𝜇𝐿 , 0.5) and 𝛾 ∼ Normal(𝜇𝛾 , 0.2), scanning over 𝜇𝐿 and 𝜇𝛾 as shown in Fig. 2.
We see that 𝑝assoc transitions from 0 to 1 for 𝜇𝐿 in the range 1044 to 1046 erg s−1, consistent with
what we see in Fig. 1, and is also weakly dependent on 𝜇𝛾 . In this way, if there are constraints on
the source properties from complementary observations, these can be used to design informative
priors or explore the implications of different proposed source models.

While following up on individual neutrino alerts can be key to identifying transient sources,
it is difficult to draw strong conclusions from a single event without further constraints on, e.g.
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Figure 1: The joint posterior distribution for 𝐿 and 𝛾 is shown with contours corresponding to the 30, 70
and 95% regions of highest posterior density. The upper and right panels show the marginal distributions as
shaded histograms for 𝐿 and 𝛾, respectively, with the solid line showing the relevant prior distribution for
comparison.
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Figure 2: The event–source association probability found for fits of a dataset containing a single IC-170922A-
like event with priors centred on 𝐿𝜇 and 𝛾𝜇, as described in the text. The colour scale shows the 𝑝assoc in
steps of 0.1.

the neutrino production time. With this in mind, we also explore the impact of including more
information from the neutrino data into the analysis by decreasing 𝐸̂th and increasing 𝑇obs, with the
aim of increasing the total number of source events in our sample. To do this, we set up simulations
based on the above assumptions for 1 TeV < 𝐸̂th < 20 TeV and 0.5 yr < 𝑇obs < 2 yr in a rectangular
20◦×20◦ region of interest centred on the location of TXS 0506+056. We set 𝐿true = 5×1046 erg s−1

and 𝛾true = 2, which corresponds to roughly 𝑛̄src ∼ 1 expected source events for our original
assumptions on 𝐸̂th and 𝑇obs. Assuming wide priors such that 𝐿 ∼ LogNormal(𝐿true, 5) and
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𝛾 ∼ Normal(𝛾true, 1), we fit these simulations and show the marginal posterior distributions for 𝐿
and 𝛾 in Fig. 3. We see that even including a small number of additional source events in the sample
can have a large impact on the accurate reconstruction of the source properties and robustness to
prior assumptions.

In [6], we demonstrate via a simulation-based approach that considering the blazar population
as a whole helps to place the TXS 0506+056–IC170922A association in context and inform more
physical choices for the likelihoods used to study such associations. Our framework can also
be extended to include further information from other sources and their related population in a
consistent way, allowing for a more direct interpretation of the results under the model assumptions
and possible further constraints on source parameters from the total diffuse flux. We plan to
investigate these possibilities further in upcoming work.

In Fig. 3, we also introduce the derived parameter 𝑓 = 𝑛̄src/𝑛̄tot, which represents the expected
fraction of detected events which are associated with the proposed point source. 𝑓 summarises the
𝑝assoc values of individual events for the entire sample considered and provides a complementary
way to define source association or detection. As we decrease 𝐸̂th and increase 𝑇obs, 𝑓 decreases
as we also collect more background events in the sample relative to source events. However, the
constraints on 𝑓 become much stronger, allowing us to state 𝑓 > 0 more confidently. The derived
parameters 𝑝assoc and 𝑓 can be used to define sensitivity and discovery within this parameter
estimation framework. For example, as proposed in [20], by finding the 𝛼 𝑓 % highest posterior
density region of 𝑓 and defining a threshold value of 𝑝assoc with some level, 𝛼𝑝, we can make
decisions based on their compatibility with 0 or 1. The values of 𝛼 𝑓 and 𝛼𝑝 can also be calibrated
via simulations to provide a certain level of coverage, as desired.

4. Conclusions

We propose a hierarchical Bayesian approach to searching for point sources of astrophysical
neutrinos. Motivated by the emergence of possible sources but the difficulty in their interpretation,
we aim to include more information into source searches and ease their interpretation in terms of
physical models, thus making the most of the data we have. Our approach can cope with many free
parameters and high model complexity as it uses a Hamiltonian Monte Carlo algorithm for efficient
computation. We also present a complementary way to quantify discovery and sensitivity from a
Bayesian perspective that avoids some of the pitfalls associated with null hypothesis testing. We
plan to apply our approach to the publicly available data from the IceCube experiment and release
our framework publicly in the near future.
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Figure 3: The marginal posterior distributions for 𝐿, 𝛾 and 𝑓 are shown in the panels from left to right,
respectively. Each panel shows three different distributions corresponding to different values of simulated
source events, as shown in the legend. The green, blue and purple distributions correspond to values of
𝐸̂th = {20, 5, 1} TeV and 𝑇obs = {0.5, 1.25, 2.0} yr. The true simulated values are shown as vertical dashed
lines. For 𝑓 , the value changes for each simulation, so the colour denotes the relevant distribution.
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