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1. Introduction

General Relativity is one of the pillars of modern physics. The theory was proposed by Einstein
at the end of 1915 [1] and has successfully passed a large number of observational tests without
requiring any modification from its original version. General Relativity has been extensively tested
in the weak field regime with experiments in the Solar System and radio observations of binary
pulsars [2]. In the past 20 years, there have been significant efforts to test the theory on large scales
with cosmological observations [3]. More recently, we have started testing General Relativity even
in the strong field regime with black holes. Testing General Relativity with black hole data is a new
and promising line of research, which is possible today – and was not possible only 10 years ago –
thanks to a new generation of observational facilities.

Black holes are the sources of the strongest gravitational fields that can be found today in
the Universe and are thus the best laboratories for testing General Relativity in the strong field
regime [4]. In General Relativity, black holes are relatively simple objects, as they are completely
characterized by a small number of parameters. This is the celebrated result of the no-hair theorem,
which is actually a family of theorems with different versions and a number of extensions [5–7].
The spacetime metric around astrophysical black holes is though to be described well by the Kerr
solution [8] and be completely characterized by two parameters, which are associated to the mass M
and the spin angular momentum J of the object1. On the other hand, macroscopic deviations from
the Kerr spacetime are possible if General Relativity is not the correct theory of gravity [11, 12], in
models with macroscopic quantum gravity effects at the black hole event horizon [13–15], and in
the presence of exotic matter fields [16, 17].

Today there are at least three leading methods for testing General Relativity in the strong
field regime with black holes [18, 19]: the study of the gravitational wave signal emitted by the
coalescence of two stellar-mass black holes with gravitational wave laser interferometer data [20–
22], the study of the images of the supermassive black holes SgrA∗ and M87∗ with mm VLBI
data [23–25], and the analysis of the spectra of accreting black holes with X-ray data [26–28].
Gravitational wave tests and black hole imaging tests are quite popular nowadays and there is a rich
literature on the two subjects. X-ray tests are definitively less popular than the other two methods.
However, as we will show in the next sections, X-ray tests can provide stringent and competitive
constraints on possible deviations from the Kerr solution in the strong gravity region of black
holes. There are already two recent reviews on tests of General Relativity with black hole X-ray
data [29, 30], and the interest reader can find many details about this line of research there. In
particular, in Ref. [29] there is a detailed discussion about the systematic effects and the accuracy of
these tests. In the present manuscript, we will briefly review the results and we will instead describe
the details of the codes used for these tests. These codes are public on GitHub2, but a tutorial has
never been published so far.

The manuscript is organized as follows. In Section 2, we will briefly review the astrophysical
systems for our tests with X-ray data. In Section 3, we will outline the main steps to calculate

1Deviations from the Kerr solution from “standard” physics (non-vanishing electric charge of the object, presence
of an accretion disk or nearby stars, etc.) can be quantified, but they turn out to be completely negligible in normal
situations; see, for instance, Refs. [4, 9, 10] and references therein.

2https://github.com/ABHModels
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thermal and reflection spectra of accretion disks. In Section 4, we will describe the public models
available on ABHModels. In Section 5, we will briefly review the main results of our tests of
General Relativity with black hole X-ray data. Summary and conclusions are reported in Section 6.
Throughout the manuscript, we will employ natural units in which c = GN = ~ = kB = 1.

2. Disk-Corona Model

Our tests of General Relativity in the strong field regime with black hole X-ray data require very
special astrophysical systems. From stellar evolution simulations, we expect around 108 stellar-mass
black holes in a galaxy like the Milky Way [31, 32]. Despite such a huge number of black holes
around us, today we know only around 70 stellar-mass black holes from X-ray observations (they
are almost all in the Milky Way and only a few of them in nearby galaxies). Since our tests of
General Relativity require high-quality spectra with specific properties [29], in the end we have
only a few observations of a few sources suitable for our tests!

The astrophysical system of our tests is shown in Fig. 1 and is normally referred to as the
disk-corona model [33]. The black hole can either be a stellar-mass black hole in an X-ray binary
or a supermassive black hole in an active galactic nucleus. The crucial point is that the black
hole is accreting from a cold, geometrically thin, and optically thick disk. In such a condition,
every point on the surface of the disk emits a blackbody-like spectrum and the whole disk has a
multi-temperature blackbody-like spectrum, because the temperature of the material in the disk
increases as we approach the black hole. The thermal spectrum of the disk is normally peaked
in the soft X-ray band (∼ 1 keV) for stellar-mass black holes and in the UV band (1-100 eV) for
supermassive black holes [4]. The corona is some hot plasma (∼ 100 keV) near the black hole and
the inner part of the accretion disk: the corona may be the base of the jet (lamppost corona), the
hot atmosphere above the accretion disk (sandwich corona), or the material in the plunging region
between the inner edge of the accretion disk and the black hole (spherical and toroidal coronae),
see Fig. 2.

Since the accretion disk is cold and the corona is hot, thermal photons from the accretion disk
can inverse Compton scatter off free electrons in the corona. The Comptonized photons have a
spectrum in the X-ray band that can be normally approximated well by a power law with an high-
energy cutoff, where the high-energy cutoff at the corona should be close to the coronal temperature
(while the high-energy cutoff in the X-ray spectrum detected far from the source includes the
gravitational redshift from the location of the corona to the detection region).

Some Comptonized photons illuminate the disk and interact with the material on the surface
of the disk: Compton scattering and absorption followed by fluorescence emission produce the
reflection spectrum. The reflection spectrum in the rest-frame of the material of the disk is
characterized by narrow fluorescent emission lines below 10 keV and a Compton hump with a peak
around 20-30 keV [35, 36]. The most prominent emission line is usually the iron Kα line, which is
a very narrow line at 6.4 keV for neutral or weakly ionized iron atoms and shifts up to 6.97 keV for
H-like iron ions. However, the reflection spectrum of the whole disk as seen by a distant observer is
affected by gravitational redshift and Doppler boosting [4]. The result is that the narrow fluorescent
emission lines get broadened. The analysis of these broadened reflection features can be a powerful
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tool to study the accretion process in the strong gravity region around black holes, measure black
hole spins, and test Einstein’s theory of General Relativity in the strong field regime [33].

  

Black Hole
Accretion Disk

CoronaThermal Photons Reflection
Photons

Comptonized
Photons

Figure 1: Disk-corona model: the black hole is accreting from a cold, geometrically thin, and optically thick
disk and there is a hot corona enshrouding the black hole and the inner part of the disk. Thermal photons from
the disk inverse Compton scatter off free electrons in the corona. Some Comptonized photons illuminate the
disk and produce the reflection component. Figure from Ref. [34] under the terms of the Creative Commons
Attribution 4.0 International License.

Figure 2: Coronal geometries: lamppost corona (top left panel), sandwich corona (top right panel), spherical
corona (bottom left panel), and toroidal corona (bottom right panel). Figure from Ref. [4].
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3. Synthetic Spectra

If we want to study astrophysical systems like that shown in Fig. 1, we have to be able to
calculate synthetic spectra, which can then be compared with available X-ray observations in order
to measure the properties of the sources. To start, we consider an observer at the distant D from
the source and with a viewing angle i, as sketched in Fig. 3. The image plane of the observer is
provided with Cartesian coordinates (X,Y ). The calculation of the spectrum of the astrophysical
system reduces to the calculation of its image on the image plane of the distant observer. Integrating
over the image plane, we find the spectrum of the source as measured by the observer.

The photon flux measured by the observer (for instance, in photons s−1 cm−2 keV−1) can be
written as

Nobs(Eobs) =
1

Eobs

∫
Iobs(Eobs, X,Y ) dΩ , (1)

where Iobs is the specific intensity of the radiation on the image plane of the observer, Eobs is the
photon energy measured by the observer, and the integration is over the solid angle subtended by
the image of the astrophysical system on the image plane of the observer. If we can calculate Iobs,
we have the image of the source at any photon energy Eobs. From Liouville’s theorem [38], I/E3 is
constant along photon paths and therefore we can rewrite Eq. (1) in terms of the specific intensity
of the radiation in the rest-frame of the emitting material Ie

Nobs(Eobs) =
1

Eobs

∫
g3Ie(Ee, X,Y ) dΩ , (2)

where Ee is the photon energy at the emission point in the rest-frame of the material and g = Eobs/Ee

is the redshift factor. If we know the properties of the source, we can predict Ie and then calculate
the observed photon flux Nobs.

The calculation of the spectrum of the source can proceed as follows. We consider a grid on
the image plane of the observer and we fire a photon from every point of the grid to the source in
order to calculate its trajectory backwards in time from the detection point on the image plane of
the observer to the emission point near the black hole. If the emitting material is optically thick
(e.g., the accretion disk), the calculation of the photon trajectory stops when we hit the disk. At that
point, we calculate the photon redshift g and the specific intensity of the radiation at the emission
point Ie. If the emitting material is optically thin (e.g., an extended corona), we have to continue the
calculation of the photon trajectory and integrate the specific emissivity along the photon path [39],
calculating the redshift g and the specific emissivity at any point.

In the specific case of the system in Fig. 1, we have a corona emitting Comptonized photons
and an accretion disk emitting a thermal spectrum and a reflection spectrum.

3.1 Corona

If we employ a model with a specific coronal geometry, we can calculate self-consistently the
spectrum of the corona. In the rest-frame of the material of the corona, the Comptonized spectrum
can be approximated by a power law with a high-energy cutoff3, so we have two parameters at every

3The shape of the spectrum of photons that inverse Compton scatter off thermal electrons is mainly regulated by the
Compton parameter y = 4 (Te/me)max(τe, τ2

e ), where Te is the temperature of the electron gas, me is the electron mass,
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Figure 3: Astrophysical system and distant observer. Figure adapted from Ref. [37]

point of the corona: the photon index Γ and the high-energy cutoff Ecut. In the simplest case of the
lamppost scenario, the corona is point-like, so there is only one photon index and one high-energy
cutoff. The photon index is not affected by the redshift factor between the emission point and the
detection point, while the high-energy cutoff of the observed spectrum is Ecut,obs = gEcut,e, where
Ecut,e is the high-energy cutoff at the emission point. In the more general case of an extended
corona model, calculations should take into account that different parts of the corona may produce
Comptonized spectra with different values of Γ and Ecut.

If we do not want to assume a specific coronal geometry, we can simply assume that the total
coronal spectrum at the detection point is described by a a power law with photon index Γ and
high-energy cutoff Ecut: the available X-ray data of accreting black holes can be fit well with such a
simple assumption4. In such a case, we can infer the values of the photon index Γ and the observed
high-energy cutoff Ecut from the fit, and we cannot infer the value of the high-energy cutoff at the
emission point.

3.2 Accretion Disk

For the accretion disk, we normally assume the Novikov-Thorne model [40, 41]: the disk
is on the equatorial plane perpendicular to the black hole spin, the material of the disk follows
nearly-geodesic equatorial circular orbits, and the inner edge of the disk is at the innermost stable

and τe is the optical depth of the medium. If y � 1, the spectrum of the Comptonized photons can be approximated
by a power law. If y < 1, we have a power law with an exponential high-energy cutoff. If y & 1, the spectrum of the
Comptonized photons may not be approximated by a power law with an exponential high-energy cutoff.

4In general, the values of the electron temperature and of the electron density may vary over an extended corona. If
most of the Comptonized photons are produced in a relatively homogeneous region of the corona, where it is possible to
define an electron temperature and an optical depth, the spectrum of the Comptonized photons can still be approximated
well by a power law with an exponential high-energy cutoff.
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circular orbit (ISCO) of the spacetime (or at a larger radial coordinate if the disk is truncated). The
time-averaged radial structure of the disk is completely determined by imposing the conservation
of mass, energy, and angular momentum. The time-averaged energy flux emitted from the disk
surface at the radial coordinate r is

F (r) =
ÛM

4πM2 F(r) , (3)

where M is the black hole mass, ÛM is the black hole mass accretion rate, and F(r) is a dimensionless
function whose expression can be found in Refs. [4, 41]. The effective temperature of the disk
Teff(r) can be defined from the Stefan-Boltzmann law F = σT4

eff , where σ is the Stefan-Boltzmann
constant. The interactions of thermal photons with the hot atmosphere above the accretion disk can
be taken into account simply introducing a (dimensionless) hardening factor fcol, which is normally
thought to be in the range 1.5 to 1.9 for stellar-mass black holes [42]. The color temperature of the
disk is Tcol = fcolTeff and the local specific intensity of the radiation on the disk surface is

Ie(Ee) =
E3

e
2π2

1
f 4
col

Υ

exp (Ee/Tcol) − 1
, (4)

where Υ = Υ(ϑe) is, in general, a function of the angle between the photon 4-momentum and
the normal of the disk surface, ϑe. Υ = 1 for isotropic emission and Υ = 0.5 + 0.75 cos ϑe for
limb-darkened emission.

In the case of the reflection spectrum, one has to consider the illumination of some material
by radiation with a certain spectrum (e.g., a power law with a high-energy cutoff) and incident
angle ϑi. The calculations require to solve radiative transfer equations and determine the spectrum
of the reflection radiation at the emission angle ϑe. The details can be found in Refs. [35, 36].
Current models employ a number of simplifications. For example, the electron density of the disk is
assumed to be constant along the vertical direction5. In reflionx, the output reflection spectrum is
averaged over the emission angle ϑe [35]. In xillver, the output reflection spectrum is calculated
for a grid of emission angles ϑe, but the incident radiation is always assumed to illuminate the disk
with an inclination ϑi = 45 deg [36]6.

3.3 Transfer Function of the Disk

The calculations described above for the disk spectra turn out to be very time consuming. They
can be done to calculate a single spectrum with certain input parameters, but they are not suitable
to calculate quickly many spectra during the data analysis process, when we want to compare a
large number of synthetic spectra obtained from different values of the input parameters with the
observed data in order to find the best-fit and a measurement for all the parameters of the model.

5Non-relativistic reflection spectra in which the electron density is determined from hydrostatic balance were studied
in Ref. [43], where the authors found qualitatively and quantitatively different results from those obtained using the
constant density assumption. A new study on the impact of the vertical profile of the electron density on non-relativistic
and relativistic reflection spectra should be reported soon in Huang et al. (in preparation), and we plan to implement the
possibility of a non-constant electron density profile in the disk’s vertical direction in relxill_nk in the future.

6The calculation of the correct incident angle ϑi at every point of the disk would be possible only for a specific coronal
geometry.
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Figure 4: Transfer function of an infinitesimally-thin Novikov-Thorne disk in the Kerr spacetime for spin
parameter a∗ = 0.998, emission radius re = 4 rg (rg = M is the gravitational radius), and different values of
the viewing angle of the observer i ranging from 3 deg to 85 deg. Figure from Ref. [37]

To solve this problem, the current strategy is to rewrite Eq. (2) with the transfer function [4, 44]

Nobs(Eobs) =
1

Eobs

1
D2

∫ rout

rin

dre

∫ 1

0
dg∗

πreg
2√

g∗(1 − g∗)
f (g∗, re, i) Ie(Ee, re, ϑe) , (5)

where re is the radial coordinate of the emission point on the disk, rin and rout are, respectively, the
inner and the outer edges of the disk, g∗ is the relative redshift factor

g∗ =
g − gmin

gmax − gmin
, (6)

gmax = gmax(re, i) and gmin = gmin(re, i) are, respectively, the maximum and the minimum values of
the redshift factor g for the photons emitted from the radial coordinate re and detected by a distant
observer with viewing angle i, f is the transfer function

f (g∗, re, i) =
g
√
g∗ (1 − g∗)
πre

���� ∂ (X,Y )∂ (g∗, re)

���� , (7)

and |∂ (X,Y ) /(g∗, re) | is the Jacobian between the coordinates of the image plane of the observer
(X,Y ) and the coordinates on the disk (g∗, re). The transfer function depends on the spacetime
metric (e.g., the Kerr metric), the accretion disk model (e.g., the Novikov-Thorne model), and is a
function of g∗ and re for a given viewing angle i. In the Kerr spacetime and for an infinitesimally
thin disk, the transfer function at any emission radius re is a closed curve as shown in Fig. 4. In
the Kerr spacetime but in the presence of a disk of finite thickness, the curve may not be closed for
some range of the emission radius re [45].

With the expression in Eq. (5), we can calculate quicklymany spectra. In the case of the thermal
spectrum, we can tabulate the transfer function f (g∗, re, i) and the dimensionless function F(r) into
FITS files7. For example, let us assume that the spacetime is described by the Kerr solution and

7FITS (Flexible Image Transport System) is the data format most used in astronomy for storing data files.
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the disk is described by an infinitesimally-thin Novikov-Thorne disk. The transfer function can be
tabulated for a grid of different values of black hole spins a∗ and viewing angles of the observer
i. For every pair (a∗, i), the transfer function can be evaluated for a grid of emission radii re and
relative redshift factors g∗. The function F(r) can be evaluated for a grid of black hole spins a∗ and
emission radii re. The integral in Eq. (5) is now straightforward to calculate: there are no ray-tracing
calculations to do and the model calls the FITS files in which f (g∗, re, i) and F(r) are tabulated to
calculate the integral. In the case of the reflection spectrum, we can tabulate the transfer function
f (g∗, re, i) and the reflection spectrum in the rest-frame of the material. If we assume a specific
coronal geometry, we can also tabulate the emissivity profile of the reflection component in a grid
for the parameters of the corona. As in the case of the thermal spectrum, the model does not have to
solve time consuming equations: it calls the FITS files in which the transfer function, the reflection
spectrum, and the possible emissivity profile are tabulated and performs the integral to determine
the observed spectrum.

4. ABHModels

Currently we have the following six public models on ABHModels8:
1. blackray
2. nkbb
3. relxill_nk
4. raytransfer
5. F-code
6. blacklamp
The next subsections will provide a description for every model. For support and inquiries,

you can contact us at relxill_nk@fudan.edu.cn.

4.1 blackray

blackray9 is a ray-tracing code to calculate spectra of infinitesimally-thin Novikov-Thorne
disks around compact objects in stationary, axisymmetric, and asymptotically-flat spacetimes. In
the current public version, the code calculates iron line profiles and full reflection spectra of
infinitesimally-thin Novikov-Thorne disks in the Johannsen spacetime with deformation parameters
α13, α22, α52, and ε3 (higher order deformation parameters are assumed to vanish) [46]. The Kerr
solution is recovered for α13 = α22 = α52 = ε3 = 0.

The model requires a xillver table10. To run the code, there is the Python script run.py.
Before running the Python script, it is necessary to specify the location of the xillver table (line 9
in run.py) as well as all the parameters of the model (lines 10-23 in run.py). The parameters
rstep and pstep regulate the resolution of the image of the observer and, in turn, the number of
photons fired to the disk. In general, we suggest the following values
rstep = 1.008

8ABHModels is the acronym for Accreting Black Hole Models. The URL is https://github.com/ABHModels
9https://github.com/ABHModels/blackray
10The latest xillver tables can be download from
http://www.sternwarte.uni-erlangen.de/ dauser/research/relxill/index.html
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pstep = 2π/720
In some special cases (for example, to calculate synthetic spectra to use with the next generation of
X-ray missions), we have to increase the resolution and we may need rstep = 1.0001 and pstep =
2π/3600 (see Ref. [47]). To run the Python script, the command is
python3 run.py

run.py generates two outputs: an output for a relativistically broadened iron line profile and another
output for a relativistically broadened full reflection spectrum.

Notes

In the Johannsen spacetime, equatorial circular orbits are always vertically stable and the ISCO
radius (which is assumed to set the inner edge of the accretion disk in blackray) is determined
by the stability along the radial direction. In the current version of the code, the ISCO radius is
thus calculated checking the stability along the radial direction only. However, there are non-Kerr
spacetimes in which the ISCO radius is determined by the stability of the orbit along the vertical
direction; see, e.g., Refs. [48, 49]. If you change the metric and the new metric can have equatorial
circular orbits that are vertically unstable, it is necessary to modify even the subroutine to determine
the ISCO radius.

4.2 nkbb

nkbb11 is an XSPEC model for thermal spectra of infinitesimally-thin Novikov-Thorne disks
around compact objects in stationary, axisymmetric, and asymptotically-flat spacetimes [50]. We
have also implemented the option to use nkbb to calculate thermal spectra of Novikov-Thorne disks
of finite thickness around Kerr black holes [51].

Parameters of the model

The model has 12 parameters:
eta: It is a parameter to regulate the location of the inner edge of the accretion disk. It is

defined by the relation Rin = (1 + eta) RISCO, where Rin is the radial coordinate of the inner edge
of the accretion disk and RISCO is the radial coordinate of the ISCO. While in most situations one
assumes eta = 0, for some observations one may want to consider the possibility of a truncated
disk with Rin > RISCO

a∗: Spin parameter of the compact object.
i: Inclination angle of the disk with respect to the line of sight of the observer. It is measured

in deg.
Mbh: Mass of the compact object. It is measured in Solar Mass units.
Mdd: Mass accretion rate. It is measured in units of 1018 g s−1.
Dbh: Distance of the source from the observer. It is measured in kpc.
hd: Hardening factor, also known as the color-correction factor; it is fcol in Eq. (4).
rflag: It is a flag to switch on/off the effect of returning radiation. However, in the current

public version of nkbb this function is not implemented, so the value of rflag has no impact on
the output spectra.

11https://github.com/ABHModels/nkbb
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lflag: It is a flag to switch on/off the effect of limb-darkening. If lflag ≤ 0, the emission is
isotropic; Υ = 1 in Eq. (4). If lflag > 0, the emission is limb-darkened; Υ = 0.5 + 0.75 cos ϑe in
Eq. (4). This parameter should never be free.
defpar_type: This integer parameter is used to regulate the geometry of the spacetime.

defpar_type = 0 corresponds to the Kerr spacetime. In such a case, defpar_value is used
to regulate the mass accretion rate and ranges from 0 to 1, corresponding to the Eddington-
scaled mass accretion rate 0 (infinitesimally-thin disk) to 0.3 (see Ref. [51] for more details).
defpar_type = 1 corresponds to the Johannsen spacetime with non-vanishing deformation pa-
rameter α13 (all other deformation parameters vanish). defpar_type = 2 corresponds to the
Johannsen spacetime with non-vanishing deformation parameter α22 (all other deformation pa-
rameters vanish). defpar_type = 3 corresponds to the Johannsen spacetime with non-vanishing
deformation parameter ε3 (all other deformation parameters vanish). For defpar_type = 1, 2, 3,
defpar_value ranges from −1 to 1 but it is not the value of the deformation parameter appearing
in the Johannsen metric. It is the scaled value of the deformation parameter (see below).
defpar_value: If defpar_type = 0, defpar_value corresponds to the scaled value of the

mass accretion rate, which regulates the thickness of the accretion disk. If defpar_type = 1, 2, 3,
defpar_value corresponds to the scaled value of the deformation parameter. To obtain the
Eddington-scaled mass accretion rate (defpar_type = 0) and the unscaled deformation param-
eter appearing in the Johannsen metric (defpar_type = 1, 2, 3), one can use the Python scripts
unscale.py and unscale_batch.py (see below).
norm: This is the normalization of the component and should be set to 1 because the luminosity

of the source is not arbitrary and is determined by the value of the parameters of the model.

How to use the model

nkbb requires a FITS file for the transfer functions (which can be generated by raytransfer)
and a FITS file for the function F(r) (which can be generated by F-code). The FITS files are also
available upon request by contacting us at relxill_nk@fudan.edu.cn. Please note that the FITS file of
the transfer functions of nkbb is not the FITS file of the transfer functions of relxill_nk because
the transfer functions for nkbb must be tabulated over larger accretion disks (see Subsection 4.4).

To use nkbb with XSPEC [52], first, you have to open the file nkbb.h and change the variable
TR_TABLE_PATH (line 22) to the path of the FITS files. The names of the FITS files of the
transfer functions are at lines 25-31 and the names of the FITS files of the functions F(r) are at
lines 33-36. Second, you have to create the model with the script compile_NKBB.sh. The line
commands are:
chmod u+r compile_NKBB.sh

./compile_NKBB.sh

Last, it is necessary to load the model in XSPEC. If you open XSPEC in the directory of the model,
it is enough the following line command
lmod nkbb .

Otherwise, you need to specify the the path of the model
lmod nkbb [path of the model]

11
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As mentioned before, defpar_value corresponds to the scaled deformation parameter. To
calculate the unscaled deformation parameter appearing in the metric, there are two Python scripts:
unscale.py and unscale_batch.py.
unscale.py is to unscale a single value. The command line is

python3 unscale.py [defpar_type] [a*] [defpar_value]

where [defpar_type] is the value of defpar_type (defpar_type = 0, 1, 2, 3), [a*] is the value
of the black hole spin parameter, and [defpar_value] is the value of the scaled parameter. The
output is the value of the unscaled deformation parameter. The Python script reads the FITS file
and calculates the unscaled value from the scaled one. If you change FITS file or the FITS file is
not in the working directory, you have to change lines 7-24 in unscale.py.

If you scan the spin parameter vs deformation parameter plane with the steppar command
of XSPEC and you generate a plain .txt file, you can unscale the deformation parameter with
unscale_batch.py. The command line is
python3 unscale_batch.py [defpar_type] [input file] [output file]

where [input file] is the plain file from XSPEC and [output file] is the output file of the
Python script and can be plotted to show different contour levels on the plane spin parameter vs
deformation parameter. If you change FITS file or the FITS file is not in the working directory, you
have to change lines 12-29 of unscale_batch.py.

4.3 relxill_nk

relxill_nk12 is an XSPEC model for reflection spectra of Novikov-Thorne disks around
compact objects in stationary, axisymmetric, and asymptotically-flat spacetimes [37, 45, 53–56]. It
is an extension of the relxill package developed by Thomas Dauser and Javier Garcia [57–59]
to non-Kerr spacetimes (nk at the end of the its name stands for Non-Kerr). Note that the current
version of relxill_nk does not use the latest xillver table, but the previous version in which
xillverD and xillverCp are two different models.

Flavors

In the current version, there are 22 flavors:
relline_nk: Model for relativistically broadened line profiles (i.e., the spectrum at the

emission point in the rest-frame of the material in the disk is a narrow line) from Novikov-Thorne
disks around compact objects in stationary, axisymmetric, and asymptotically-flat spacetimes [37].
By default, the non-relativistic line is at 6.4 keV. The thickness of the disk can be finite and regulated
by the mass accretion rate [45]. The emissivity profile of the accretion disk is described by a twice
broken power law (5 parameters: emissivity index of the inner region, Index1; emissivity index of
the central region, Index2; emissivity index of the outer region, Index3; breaking radius between
the inner and central regions, Rbr1; breaking radius between the central and outer regions, Rbr2).
rellinelp_nk: Model for relativistically broadened line profiles [53]. It is like relline_nk,

but the emissivity profile is that of the lamppost model and it is fully regulated by the height of the
corona, h (in units of gravitational radii).

12https://github.com/ABHModels/relxill_nk
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relconv_nk: Convolutionmodel for calculating spectra of Novikov-Thorne disks around com-
pact objects in stationary, axisymmetric, and asymptotically-flat spacetimes [37]. If the spectrum
at the emission point in the rest-frame of the material in the disk is described by the XSPEC model
spectrum, the relativistic spectrum observed far from the source is
relconv_nk × spectrum.
If spectrum is a narrow line, the output is the same as relline_nk. The emissivity profile of the
accretion disk is described by a twice broken power law.
relconvlp_nk: Convolution model for calculating the spectra of Novikov-Thorne disks [53].

It is like relconv_nk, but the emissivity profile is that of the lamppost model and it is fully regulated
by the height of the corona, h (in units of gravitational radii).
xillver: Model for non-relativistic reflection spectra [58]. The spectrum of the illuminating

radiation is described by a power law with a high-energy cutoff (2 parameters: photon index gamma
and high-energy cutoff Ecut). The disk electron density is set to 1015 cm−3. This is the xillver
model of the relxill package developed by Thomas Dauser and Javier Garcia; see Ref. [58].
xillverD: Model for non-relativistic reflection spectra [58]. It is like xillver, but the disk

electron density can be allowed to vary from 1015 cm−3 to 1019 cm−3 or more (depending on the
version of the FITS file).
xillverCp: Model for non-relativistic reflection spectra [58]. It is like xillver, but the

illuminating radiation is described by the nthcompmodel [60, 61] and it is regulated by the photon
index gamma and the coronal temperature kTe (in keV).
relxill_nk: Model for relativistically broadened reflection spectra of Novikov-Thorne disks

around compact objects in stationary, axisymmetric, and asymptotically-flat spacetimes [37]. It
employs the non-relativistic reflection spectra ofxillver. The thickness of the disk can be finite and
regulated by the mass accretion rate [45]. The emissivity profile of the accretion disk is described by
a twice broken power law (5 parameters: emissivity index of the inner region, Index1; emissivity
index of the central region, Index2; emissivity index of the outer region, Index3; breaking radius
between the inner and central regions, Rbr1; breaking radius between the central and outer regions,
Rbr2). Note that it is not exactly like
relconv_nk × xillver
because the non-relativistic reflection spectra in xillver depend on the emission angle ϑe:
relxill_nk uses the actual emission angles from the xillver table while relconv_nk uses
the emission angle equal to the viewing angle of the observer i.
relxilllp_nk: Model for relativistically broadened reflection spectra [53]. It is likerelxill_nk,

but the emissivity profile is that of the lamppost model and it is fully regulated by the height of the
corona, h (in units of gravitational radii).
relxillD_nk: Model for relativistically broadened reflection spectra [53]. It is likerelxill_nk,

but it employs the non-relativistic reflection spectra of xillverD, so the electron density ranges
from 1015 cm−3 to 1019 cm−3 or more (depending on the version of the FITS file).
relxilllpD_nk: Model for relativistically broadened reflection spectra [53]. It employs the

lamppost corona model and the non-relativistic reflection spectra of xillverD.
relxillCp_nk: Model for relativistically broadened reflection spectra [53]. It is likerelxill_nk,

but it employs the non-relativistic reflection spectra of xillverCp and the continuum from the
corona is described by nthcomp.

13
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relxilllpCp_nk: Model for relativistically broadened reflection spectra [53]. It employs the
lamppost corona model and the non-relativistic reflection spectra of xillverCp. The continuum
from the corona is described by nthcomp.
relxillion_nk: Model for relativistically broadened reflection spectra [55]. It is like

relxill_nk, but the ionization parameter profile is described by a power law. There are 2 param-
eters: the logarithm of the ionization parameter at the inner edge of the accretion disk, logxi, and
the ionization index, xi_index. The ionization parameter at the radial coordinate r is given by

ξ(r) = ξin

(
Rin
r

)αξ

, (8)

where ξin is the ionization parameter at the inner edge of the accretion disk, Rin is the inner edge of
the accretion disk, and αξ is xi_index.
relxillionCp_nk: Model for relativistically broadened reflection spectra [55]. It is like

relxillion_nk, but it employs the non-relativistic reflection spectra of xillverCp and the
continuum from the corona is described by nthcomp.
relxilllpion_nk: Model for relativistically broadened reflection spectra [55]. It is like

relxillion_nk, but the emissivity profile is that of the lamppost model and it is fully regulated
by the height of the corona, h (in units of gravitational radii).
relxilllpionCp_nk: Model for relativistically broadened reflection spectra [55]. It is like

relxillion_nk, but the emissivity profile is that of the lamppost corona, the non-relativistic
reflection spectra are those of xillverCp, and the continuum from the corona is described by
nthcomp.
relxilldgrad_nk: Model for relativistically broadened reflection spectra [56]. It is like

relxill_nk, but the electron density profile is described by a power law and the ionization profile
is calculated accordingly. There are 3 parameters: the logarithm of the electron density at the inner
edge of the accretion disk, logN, the electron density index, logN_index, and the logarithm of the
maximum value of the ionization parameter, logxi. The electron density at the radial coordinate r
is given by

n(r) = nin

(
Rin
r

)αn

, (9)

where nin is the electron density at the inner edge of the accretion disk, Rin is the inner edge of the
accretion disk, and αn is logN_index. The ionization parameter at the radial coordinate r is given
by

ξ(r) = ξmax

[
4 π ε(r)

n(r)

]
Norm

, (10)

where ξmax is logxi (which is not necessarily the ionization parameter at the inner edge of the
accretion disk), ε(r) is the emissivity profile at the radial coordinate r , and Norm is used to indicate
that the expression in square brackets is normalized with respect to its maximum value reached on
the accretion disk.
relxillring_nk: Model for relativistically broadened reflection spectra [54]. It is like

relxill_nk, but the emissivity profile is that generated by a ring-like corona, which is regulated
by the height, h, and the radius, r_ring, of the corona (both in units of gravitational radii).

14
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relxilldisk_nk: Model for relativistically broadened reflection spectra [54]. It is like
relxill_nk, but the emissivity profile is that generated by a disk-like corona, which is regulated
by the height, h, the inner radius, rdisk_in, and outer radius, rdisk_out, of the corona (all in
units of gravitational radii).
rellinering_nk: Model for relativistically broadened line profiles [54]. It is likerelline_nk,

but the emissivity profile is that generated by a ring-like corona, which is regulated by the height,
h, and the radius, r_ring, of the corona (both in units of gravitational radii).
rellinedisk_nk: Model for relativistically broadened line profiles [54]. It is likerelline_nk,

but the emissivity profile is that of generated by disk-like corona, which is regulated by the height, h,
the inner radius, rdisk_in, and outer radius, rdisk_out, of the corona (all in units of gravitational
radii).

Parameters of the model

The model has the following parameters (but every flavor has only some of these parameters,
as one can easily see opening the file lmodel_relxill.dat):
lineE: This parameter appears in the models for relativistically broadened line profiles and

corresponds to the energy of the line in the rest frame of the material in the disk. It is in keV and
its default value is 6.4 keV, which corresponds to the energy of the Fe Kα line for neutral iron.
Index1: Emissivity index of the inner part of the accretion disk. The emissivity profile is

ε(r) ∝ 1/rq1 for r < r1, where q1 = Index1 and r1 = Rbr1.
Index2: Emissivity index of the central part of the accretion disk. The emissivity profile is

ε(r) ∝ 1/rq2 for r1 < r < r2, where q2 = Index2, r1 = Rbr1, and r2 = Rbr2.
Index3: Emissivity index of the outer part of the accretion disk. The emissivity profile is

ε(r) ∝ 1/rq3 for r > r2, where q3 = Index3 and r2 = Rbr2.
Rbr1: Radial coordinate between the inner and central parts of the disk. It is in units of

gravitational radii.
Rbr2: Radial coordinate between the central and outer parts of the disk. It is in units of

gravitational radii.
a: Spin parameter of the compact object.
Incl: Inclination angle of the disk with respect to the line of sight of the observer. It is in

degree.
Rin: Radial coordinate of the inner edge of the accretion disk. If positive, it is in units of

gravitational radii. If negative, it is in units of the ISCO radius. To set the inner edge of the accretion
disk at the ISCO radius, it is enough to freeze Rin to −1.
Rout: Radial coordinate of the outer edge of the accretion disk. Normally it is set to a value

large enough that its exact value does not matter, as the emission at large radii is negligible.
z: Redshift of the source. For Galactic sources, it can be set to 0, as typical velocities are at

the level of 200 km s−1 and can be ignored. For extragalactic sources, it may be set to the redshift
of the source, which is usually known from other measurements.
limb: This parameter appears in the models for relativistically broadened line profiles and is a

flag to select the emission type. If lflag = 0, the emission is isotropic; if lflag = 1, the emission
is limb-darkened; if lflag = 2, the emission is limb-brightened.
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def_par_type: This integer parameter is used to regulate the geometry of the spacetime.
def_par_type = 1 corresponds to the Johannsen spacetime with non-vanishing deformation pa-
rameter α13 (all other deformation parameters vanish). def_par_type = 2 corresponds to the
Johannsen spacetime with non-vanishing deformation parameter α22 (all other deformation param-
eters vanish). def_par_type = 3 corresponds to the Johannsen spacetime with non-vanishing de-
formation parameter ε3 (all other deformation parameters vanish). Higher values of def_par_type
corresponds to other black hole spacetimes (the names of the FITS files and the spacetimes can be
found in relbase.h).
def_par_value: It is the scaled value of the deformation parameter and usually ranges

from −1 to 1 (but for some spacetimes it may ranges from 0 to 1). To obtain the unscaled
deformation parameter appearing in the metric, one can use the Python scripts unscale.py and
unscale_batch.py, as discussed in Subsection 4.2.
mdot_type: This integer parameter is used to regulate the thickness of the accretion disk [45].

If mdot_type = 0, the disk is infinitesimally-thin. If mdot_type = 1 (respectively 2, 3 and 4), the
Eddington-scaled mass accretion rate is 5% (respectively 10%, 20%, and 30%).
h: Height of the lamppost corona in units of gravitational radii. This parameter appears in the

models that assume a lamppost corona.
gamma: Photon index of the radiation illuminating the disk.
Ecut: High-energy cutoff of the radiation illuminating the disk in the rest-frame of the observer.

It is given in keV.
logxi: Logarithm of the ionization parameter, where the ionization parameter is expressed

in erg cm s−1. In the models in which the ionization parameter profile is described by a power
law, it corresponds to the logarithm of the ionization parameter at the inner edge of the disk [55].
In relxilldgrad_nk, it corresponds to the maximum value of the logarithm of the ionization
parameter [56].
Afe: Iron abundance of the material of the accretion disk in units of the Solar iron abundance.
refl_frac: Reflection fraction, namely the relative strength between the reflection component

and the continuum form the corona [62]. If it is positive, the output of the model is the reflection
component and the continuum from the corona. If it is frozen to a negative number, the output of
the model is only the reflection component.
logN: Logarithm of the electron density of the disk, where the electron density is expressed

in units of cm−3. This parameter appears in the flavors that employ the table of xillverD. In
relxilldgrad_nk, it is the logarithm of the electron density at the inner edge of the disk [56].
kTe: Coronal temperature in keV. This parameter appears in the flavors that employ the table

of xillverCp.
xi_index: This parameter appears in the models in which the ionization parameter profile is

described by a power law and corresponds to the ionization index [55].
logN_index: This parameter appears in the models in which the electron density profile is

described by a power law and corresponds to the electron density index [56].
r_ring: Radius of the ring-like corona in units of gravitational radii. This parameter appears

in relxillring_nk and rellinering_nk [54].
rdisk_in: Inner radius of the disk-like corona in units of gravitational radii. This parameter

appears in relxilldisk_nk and rellinedisk_nk [54].
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rdisk_out: Outer radius of the disk-like corona in units of gravitational radii. This parameter
appears in relxilldisk_nk and rellinedisk_nk [54].
norm: Normalization of the component.

How to use the model

relxill_nk requires a FITS file for the transfer functions (which can be generated by
raytransfer), a FITS file for the non-relativistic reflection spectrum (if we want to calculate
a full reflection spectrum, while it is not necessary such a FITS file for the relline_nk models;
the FITS file for the non-relativistic reflection spectrum can be downloaded from Thomas Dauser’s
webpage13), and a FITS file for the emissivity profile (if we do not want to use the twice broken
power law emissivity profile and we assume a lamppost, ring-like, or disk-like corona; the FITS file
can be generated by blacklamp). The FITS files are also available upon request by contacting us
at relxill_nk@fudan.edu.cn. Please note that the FITS file for the transfer function is not the FITS
file of the transfer functions of nkbb (see Subsection 4.4).

To use relxill_nk with XSPEC, first, you have to open the file relbase.h and change the
variable RELXILL_TABLE_PATH (line 48) to the path where the FITS files are stored14. To create
the model, you can use the script compile_relxill.sh. The line commands are:
chmod u+r compile_relxill.sh

./compile_relxill.sh

Last, it is necessary to load the model in XSPEC. If you open XSPEC in the directory of the model,
it is enough the following line command
lmod relxill_nk .

Otherwise, you need to specify the the path of the model
lmod relxill_nk [path of the model]

def_par_value corresponds to the scaled value of the deformation parameter. To calculate the
unscaled value of the deformation parameter appearing in the metric, there are two Python scripts:
unscale.py and unscale_batch.py. The use of these two scripts is described in Subsection 4.2

4.4 raytransfer

raytransfer15 is a code to generate the FITS files of transfer functions for nkbb and
relxill_nk [37, 45, 50, 53]. The public version of raytransfer employs the Johannsen met-
ric [46], but it is straightforward to modify the code to construct the FITS file for other black hole
metrics. If you want to change the metric, there are the Mathematica script CodeOptimization.nb
and theMaple script CodeOptimization.mw that provide the expressions of the metric coefficients,
their derivative with respect to the radial coordinate, etc. ready to copy and paste in the files of
raytransfer. As discussed at the end of Subsection 4.1, the current version determines the ISCO
radius by checking the orbital stability only along the radial direction; while this is enough for the

13http://www.sternwarte.uni-erlangen.de/ dauser/research/relxill/index.html
14Alternatively, for a csh shell, you can run the command
setenv RELXILL_TABLE_PATH /home/user/data/relline_tables/

while, for a bash shell, the command
export RELXILL_TABLE_PATH=’/home/user/data/relline_tables/’

15https://github.com/ABHModels/raytransfer
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vast majority of spacetimes, there are also cases in which the ISCO radius is determined by the
stability of the orbit along the vertical direction.

In the directory with the code, there must exist the folder “photons”. To launch the ray-tracing
code, first you have to compile the code16
g++ main.cpp -O3 -o photon4trf

and then you can launch it with the command line
./photon4trf [spin] [mdot] [deformation]

where you have to specify the values of the spin parameter ([spin]), Eddington-scaled mass ac-
cretion rate ([mdot]), and deformation parameter ([deformation]). The code generates 22 plain
data files, one for every inclination angle (see line 27 in main.cpp). These data files are in the
folder “photons”.

Before generating the FITS file, you need to run isco.cpp
g++ isco.cpp -O3 -o isco

./isco

The output is the file isco.dat. At this point, you can generate the FITS file with the script
Transfer.py

python3 Transfer.py

The output is a FITS file of the transfer functions of the spacetime.

Notes

It is normally enough to calculate the transfer function for 30 values of the black hole spin
parameter, 30 values of the deformation parameter, and 22 values of the viewing angle. However,
this depends on the exact spacetime metric that we want to implement in nkbb or relxill_nk as
well as on the parameter space that we want to scan in the data analysis. If we want to construct a
new model only to analyze a specific source, it may be enough to construct a smaller FITS file (if
we already know the properties of the source). For every point of the parameter space, the public
version of raytransfer calculates the transfer function at 100 radii and 40 values of g∗. In the
case of nkbb, the disk emissivity profile does not drop very quickly, so it is necessary to calculate
the transfer function from the ISCO to about 106 gravitational radii; moreover, the values of g∗

are not evenly distributed, but it is necessary to have more points around g∗ = 0 and 1, where the
value of the derivative of the transfer function is high. For relxill_nk, normally we calculate
the transfer function from the ISCO to about 103 gravitational radii and the values of g∗ are evenly
distributed.

4.5 F-code

F-code17 is a code to generate the FITS file of the dimensionless function F(r) in Eq. (3)
for nkbb [50]. The public version assumes the Johannsen metric [46], but it is straightforward to
modify the code to work with another black hole spacetime. To launch the code
g++ main.cpp -O3 -o main

./main

16The option -O3 is just to optimize the executive file and get a faster code.
17https://github.com/ABHModels/F-code
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and you generate text files containing F(r) vs r , see Eq. (3). To generate the FITS file to be used
with nkbb, there is the jupyter notebook gen_fits.ipynb.

4.6 blacklamp

blacklamp18 is a code to generate the FITS file of the emissivity profile for relxill_nk [53,
54]. The model has three branches: lamppost, ring, and disk. The codes in these three branches
can calculate the emissivity profile for, respectively, a lamppost corona, a ring-like corona, and a
disk-like corona. The current model assumes the Johannsen spacetime with deformation parameters
α13, α22, α52, and ε3.

In the lamppost setup, the corona is a point-like source along the black hole spin axis. The
emission is isotropic in the rest frame of the corona. There is only 1 parameter: the height of the
corona, which is measured in gravitational radii. To calculate the emissivity profile, the command
lines are
g++ main.cpp -O3 -o main

./main [spin] [height] [mdot]

where you have to write the values of the black hole spin parameter ([spin]), height of the corona
([height]), and Eddington-scaled mass accretion rate ([mdot]). The public version employs the
Johannsen metric and the value of the deformation parameters are in main.cpp, line 28. The output
is a plain file.

In the ring-like setup, the corona is described by a ring above the accretion disk and there are
2 parameters: the height and the radius of the corona, both measured in gravitational radii. To
calculate the emissivity profile, the command lines are
g++ mainloop_ring.cpp -O3 -o main

./main [spin] [deformation]

where you have to write the values of the black hole spin parameter ([spin]) and of the deformation
parameter α13 ([deformation]). To change the values of the deformation parameters α22, α52,
and ε3, open the file mainloop_ring.cpp and go to line 187. The code generates 34 output files
for different coronal heights and fixed coronal radius. To change the number or values of coronal
heights or the value of the coronal radius, you have to modify mainloop_ring.cpp.

In the disk-like setup, the corona is described by a disk with a central hole above the accretion
disk and there are 3 parameters: the height, the radius of the inner edge, and the radius of the
outer edge of the corona, all measured in gravitational radii. To calculate the emissivity profile, the
command lines are
g++ mainloop_disk.cpp -O3 -o main

./main [spin] [deformation]

where [spin] is the value of the black hole spin parameter and [deformation] is the value of
the deformation parameter α13. To change the values of the deformation parameters α22, α52, and
ε3, open the file mainloop_disk.cpp and go to line 186. The code generates 25 output files for
different coronal heights. To change the number or values of coronal heights or the values of the
radii of the inner and outer edges of the corona, you have to modify mainloop_disk.cpp. If you
want to change the emissivity profile of the corona, you have to modify geomet.h.

18https://github.com/ABHModels/blacklamp
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To generate the FITS file for relxill_nk, there is the Python script generatefits.py. The
command line is
python3 generatefits.py

5. Results

nkbb and relxill_nk can be used in XSPEC to analyzeX-ray spectra of black holes. The public
versions on GitHub are designed to test the Kerr black hole hypothesis, namely if the spacetime
around astrophysical black holes is described by the Kerr solution as expected in the framework of
conventional physics. nkbb and relxill_nk can employ a deformedKerr spacetime, inwhich there
is a deformation parameter quantifying possible deviations from theKerr solution: if the deformation
parameter vanishes, the metric reduces exactly to the Kerr solution of General Relativity, while a
non-vanishing deformation parameter produces a deformed Kerr spacetime. One can analyze X-ray
spectra of black holes with nkbb and/or relxill_nk, keeping the deformation parameter free in
the fit, and try to constrain the value of the deformation parameter from observations. relxill_nk
has been extensively used to test the Kerr black hole hypothesis with both stellar-mass black holes
in X-ray binaries [28, 63–67] and supermassive black holes in active galactic nuclei [26, 27, 68–70].
nkbb has only been used to test the Kerr black hole hypothesis with stellar-mass black holes in
X-ray binaries [67, 71, 72] because the temperature of the disk depends on the black hole mass
and the spectrum turns out to peak in the soft X-ray band for stellar-mass black holes and in
the UV band for supermassive black holes; in the second case, an accurate measurement of the
spectrum is impossible because of dust absorption. Most of these tests of the Kerr hypothesis have
followed an agnostic strategy, employing metrics with generic deviations from the Kerr spacetime
and that are not solutions of specific field equations. However, relxill_nk has also been used to
constrain specific gravity models, including Einstein-Maxwell-dilaton-axion gravity [73], Kaluza-
Klein gravity [74], asymptotically safe quantum gravity [75], conformal gravity [76, 77], and regular
black hole metrics [78, 79]. With minor modifications, relxill_nk can also be used to test the
Weak Equivalence Principle near black holes [80] (i.e., whether the trajectory of any freely-falling
test-particle is independent of its internal structure and composition).

The interested reader can find a detailed summary of the current results with nkbb and
relxill_nk in the recent reviews in Refs. [29, 30]. Here we simply discuss the current con-
straints on the deformation parameter α13 of the Johannsen metric from X-ray (by using nkbb
and/or relxill_nk), gravitational waves, and black hole imaging. The deformation parameter
α13 has no special properties, but it has been extensively used to test the Kerr hypothesis and
publications in the literature have reported its constraints from different techniques. Fig. 5 shows
the current 3-σ constraints on α13 (α13 = 0 corresponds to the Kerr solution and is the horizontal
dotted line in Fig. 5):
• The measurements of α13 in green correspond to the three best measurements from the analysis of
the reflection features in the spectra of stellar-mass black holes with relxill_nk [28, 65]. There
are other constraints reported in the literature, but they are weaker and therefore are not reported in
this plot.
• The measurement in magenta corresponds to the constraint from the analysis of the thermal
component of the stellar-mass black hole in LMC X-1 with nkbb [71]. The constraint is weak
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because there is a strong parameter degeneracy between the spin parameter and the deformation
parameter α13.
• The measurements in blue correspond to three special cases in which it was possible to constrain
α13 by using nkbb and relxill_nk together [66, 67, 72]. The resulting measurements represent
the most stringent constraints on α13 as of now, which shows that even if the analysis of the thermal
component alone cannot provide a good test of the Kerr hypothesis, if combined with the analysis
of the reflection features it can help to get stronger constraints.
• Themeasurement in red corresponds to the best constraint from gravitational wave data and comes
from the event GW170608 [82, 83]. The other gravitational wave events provide weaker constraints
on α13 and therefore are not shown in the plot.
• The measurement in cyan corresponds to the best constraint from the analysis of the reflection
features in the spectra of supermassive black holes with relxill_nk and comes from the analysis
of simultaneous NuSTAR and XMM-Newton observations of MCG–6–30–15 [27]. In general,
stellar-mass black holes can provide better constraints than supermassive black holes, because they
are brighter. However, MCG–6–30–15 is quite a bright active galactic nucleus, the iron line in its
reflection spectrum is very prominent and broadened, and the quality of the NuSTAR and XMM-
Newton data used to measure α13 are exceptionally good: in the end, the constraint on α13 from
MCG–6–30–15 is comparable to the best constraints from stellar-mass black holes.
• The constraints in gray are inferred from mm VLBI data of M87∗ and SgrA∗ from the Event
Horizon Telescope Collaboration [24, 84]. These constraints are definitively weaker than those
currently possible with X-ray and gravitational wave data (their 3-σ measurement extends beyond
the range of α13 of the plot). They may become comparable to the constraints from X-ray and
gravitational wave data after improving the angular resolution by an order of magnitude, which
could be possible by having one of the telescopes of the network in space on a satellite.

As of now, the most stringent constraints on α13 come from the combined use of nkbb and
relxill_nk. While it would be incorrect to conclude that X-ray tests can provide themost stringent
constraints for every deformation parameter, because different deformations from the Kerr metric
are associated to different relativistic effects that have a different impact on the electromagnetic
and gravitational wave spectra, it is certainly true that, in general, X-ray tests can provide very
competitive constraints. In the future, gravitational wave tests are thought to improve faster.
However, the two methods are complementary. In general, gravitational wave tests should probe
better the dynamical regime, because they can directly test the Einstein Equations. X-ray tests
can probe better the interactions between the matter and the gravity sectors. For example, the
presence of an interaction between the gravity and the electromagnetic sectors making photons
follow non-geodesic trajectories can easily leave a signature in the X-ray spectrum without affecting
any gravitational wave signal.

Last, it is important to stress that X-ray tests require an accurate choice of the sources and the
observations in order to be simultaneously precise and accurate; see the discussion in Ref. [29] for
the details. The reason is that the theoretical models behind nkbb and relxill_nk are quite simple
and suitable only for very specific systems. For example, it is extremely important to select sources
with thin accretion disks. If we do not do so, we can easily get very precise but not very accurate
measurements, which cannot be used to test General Relativity [85–87]. The construction of
reflection models suitable to analyze X-ray data of black holes with thick disks is more challenging,
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Figure 5: Summary of the 3-σ constraints on the deformation parameter α13 of the Johannsen spacetime.
Stellar-mass black holes: constraints from the analysis of reflection spectra with relxill_nk (in green), ther-
mal spectra with nkbb (in magenta), combined analysis of reflection and thermal spectra with relxill_nk
and nkbb (in blue), and gravitational waves (in red). Supermassive black holes: constraints from the analysis
of reflection spectra with relxill_nk (in cyan) and black hole imaging (in gray). See the text for more
details. Figure adapted from [81]

mainly because there are no simple and realistic models for thick disks like the Novikov-Thorne
model for thin disks, and we do not plan to implement thick disk solutions in relxill_nk in the
near future.

In the case of X-ray data, we have many observations from a number of different sources and
we have to select the sources and the observations suitable for testing General Relativity: in the end,
we can use only a few spectra from the most recent X-ray missions. Note the remarkable difference
with the other techniques. In the case of gravitational wave tests, one can certainly get the best
constraints from certain observations, but the selection of the sources and the observations is not
crucial: in the end, we have always two black holes in vacuum and every observation has more or
less the same systematic uncertainties. On the other hand, in the case of black hole imaging, we
have only two sources, M87∗ and SgrA∗, and therefore it is compulsory to understand these systems
even if they are not the ideal candidates for testing General Relativity: we do not have other choices.
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6. Concluding Remarks

nkbb and relxill_nk are the state-of-the-art tools for testing General Relativity in the strong
field regime with black hole X-ray data. If we select the correct sources and observations, we can
obtain precise and accurate tests of the Kerr hypothesis and, as shown in Section 5, current X-ray
constraints are certainly very competitive when compared to the constraints from other techniques.
Despite that, the next generation of X-ray missions (e.g., eXTP, Athena, and HEP-X) promise
to provide unprecedented high-quality data, which will certainly require more accurate synthetic
spectra than those available today. Our current efforts are thus to develop relxill_nk in view of
future, higher-quality black hole X-ray data. Fore example, we will need a more sophisticated disk
model than the Novikov-Thorne one, emissivity profiles from specific coronal geometries, effects
currently ignored like the returning radiation will be implemented, etc.

The development of relxill_nk with its current architecture presents the following problem.
The model relies on pre-calculated quantities that are tabulated in heavy FITS files. In some cases,
the size of these FITS files is already over 1 GB, which is near the maximum size for the RAM of
normal laptops. We cannot construct larger FITS files. For example, with the current version of
relxill_nk, we can measure only one deformation parameter at a time. If we wanted to measure
simultaneously two deformation parameters, we would need to construct a FITS file for the transfer
functions of about 30 GB, which could run only on special servers. Even the inclusion of the
effect of the returning radiation would require a FITS file of reflection spectra much larger than the
current one, as the incident radiation would have a reflection spectrum rather than a simple power
law spectrum.

To solve the problem of the size of the FITS files, we are now rewriting relxill_nk with a
neural network. After the training process, the neural network should be able to predict reflection
spectra for arbitrary sets of input parameters. The training process can be time consuming, but it
can be done on some large computer cluster. The neural network will be made of small files and,
after the training process, it will be possible to run the model on normal laptops. With a neural
network, we should be able to construct more sophisticated models than those possible today based
on FITS files, as we can easily increase the number of parameters of the model.
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DISCUSSION

DHEERAJ PASHAM: How will your results change if we change the geometry of the corona?

COSIMO BAMBI: The geometry of the corona mainly determines the emissivity profile of the
reflection spectrum. If we employ a phenomenological emissivity profile, like a twice broken
power law, this should be enough to approximate well most coronal geometries [88], at least for
current observations. For example, in Ref. [28] we showed that in those cases in which a lamppost
emissivity profile is preferred by the fit, one can still use a broken power law emissivity profile and
get consistent estimates of the model parameters. For future observations with missions like eXTP,
Athena, and HEP-X, which promise to provide very high-quality spectra, a twice broken power law
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may not be enough to approximate well most coronal geometries, but this is an issue that it is still
to be studied.

MATTEO BACHETTI: Would it be possible to add self-consistent polarimetric predictions to the
models?

COSIMO BAMBI: Yes, it would be possible. To construct the current versions of nkbb and
relxill_nk, we have to solve the photon geodesic equations backwards in time from the image
plane of the observer to the emission point on the disk. If we want to add the predictions of the
polarization, we have to solve simultaneously the geodesic equations and the equations of parallel
transport of the polarization vector.

ROBERTO TAVERNA: Is self-irradiation included in your models?

COSIMO BAMBI: The self-irradiation is not included in the current versions of nkbb and
relxill_nk. Concerning thermal spectra, it is shown in Ref. [89] that the effect of self-irradiation
can be reabsorbed in the mass accretion rate: synthetic spectra with self-irradiation look like syn-
thetic spectra without self-irradiation and a higher mass accretion rate. So the fact that our model
nkbb does not include self-irradiation should not lead to systematic uncertainties in our tests of
General Relativity. Concerning reflection spectra, there are some studies showing that the self-
irradiation does not have a strong impact on the estimate of most parameters [90, 91], but those
studies are not conclusive because they rely on a number of assumptions. At the moment, it would
not be straightforward to include self-irradiation into the model because of the problem of the size
of the FITS files (see Section 6). We plan to include the effect of self-irradiation once we will have
a reflection model based on a neural network.

ROBERTO TAVERNA: And how is the ionization profile calculated?

COSIMO BAMBI: In general, we assume an ionization constant over the whole disk. However,
one can also fit the data with relxillion_nk and relxilldgrad_nk, which assume a non-trivial
ionization profile. In relxillion_nk, the ionization profile is modeled with a power law and the
index of the ionization profile is a parameter to be determined by the fit. In relxilldgrad_nk, the
electron density is modeled with a power law and the ionization profile is calculated self-consistently
from the emissivity profile and the electron density. However, as shown in Ref. [92], it seems like
that most observations can be fit assuming a constant ionization parameter and that the impact of a
non-trivial ionization profile on the estimate of the model parameters is weak.

31


	Introduction
	Disk-Corona Model
	Synthetic Spectra
	Corona
	Accretion Disk
	Transfer Function of the Disk

	ABHModels
	blackray
	nkbb
	relxill_nk
	raytransfer
	F-code
	blacklamp

	Results
	Concluding Remarks

