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One of the most severe bottlenecks to reach high-precision predictions in QFT is the calculation
of multiloop multileg Feynman integrals. Several new strategies have been proposed in the last
years, allowing impressive results with deep implications in particle physics. Still, the efficiency
of such techniques starts to drastically decrease when including many loops and legs. In this talk,
we explore the implementation of quantum algorithms to optimize the integrands of scattering
amplitudes. We rely on the manifestly causal loop-tree duality, which translates the loop into
phase-space integrals and avoids the spurious singularities due to non-causal effects. Then, we
built a Hamiltonian codifying causal-compatible contributions and minimize it using a Variational
Quantum Eigensolver. Our very promising results point towards a potential speed-up for achieving
a more numerically-stable representation of Feynman integrals by using quantum computers.
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1. Motivation

In the context of high-energy physics at colliders, we are usually interested in computing cross-
sections. Since the energy of the collisions is very high compared to the mass of the particles, we can
safely rely on perturbative QFT. Then, the precision of the prediction is increased by adding higher
orders to the perturbative expansion. However, this is not an easy task, because we need to deal
with Feynman loop integrals and real emission processes. Both contributions contain singularities
which must be regulated in order to cancel them. This increases their complexity, leading to severe
bottlenecks to go beyond the current state-of-the-art, namely next-to-next-to-leading order (NNLO)
in QCD for most of the processes of interest at colliders.

In recent years, several methods were developed to extract very precise predictions from the
Standard Model (SM) and other quantum field theories (QFT) for collider phenomenology [1]. Most
of these methods rely on a cancellation of singularities after integration although local techniques
(i.e. for cancelling the singularities before integration) are starting to appear. One of them is based
on the Loop-Tree Duality (LTD) theorem [2–5]. It allows to open the loops and recast the virtual
contributions in terms of tree-level-like amplitudes integrated over a real radiation phase-space.
When adding a mapping, both real and virtual contributions can be merged within a single finite
integral: this is the Four-Dimensional Unsubtraction (FDU) framework [6–8].

Still, the LTD has shown fascinating properties that go beyond the local cancellation of singu-
larities. In particular, when adding all the dual contributions, the result is manifestly causal [9–13].
This causal behaviour can be recovered from geometrical rules [14], and is deeply connected to the
identification of directed acyclic graphs (DAG) [15, 16].

Besides the development of new methods to calculate cross-sections, overcoming the precision
frontier might require to explore novel technologies. One candidate is quantum computing, since
it has shown a potential speed-up in database searching [17, 18], factorization [19] and solving
minimization/optimization problems [20]. In the context of high-energy physics, it has been applied
to scattering amplitude calculations [21–23], jet clustering [24] and, very recently, to perform the
causal reconstruction of scattering amplitudes within LTD [15, 16]. In this article, we will briefly
describe how to solve DAG detection with a quantum computer and exploit this information to
bootstrap the causal LTD representation of multiloop multileg scattering amplitudes.

2. Causal Loop-Tree Duality from Geometry

The LTD theorem relies on the iterative application of Cauchy’s residue (CR) theorem to
remove one degree-of-freedom per loop. Even if the formalism is general, we eliminate the energy
component of each loop in order to change the integration domain from a Minkowski to an Euclidean
one, thus closely resembling a phase-space integral. In this way, computing the residue is equivalent
to put on-shell internal lines of the corresponding loop diagram.

The iterative application of the CR theorem has several subtleties [12], among them the
cancellation of non-physical contributions originated from the so-called displaced poles. In the
end, each combination of poles contributing to the dual amplitude (i.e. the LTD representation of
the amplitude) can be mapped into a tree-level-like diagram obtained by cutting 𝐿 lines for a 𝐿-loop
Feynman amplitude.
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Furthermore, when all the dual contributions are added together, a noticeable simplification
takes place [9, 10, 12]. In fact, any 𝐿-loop scattering amplitude with 𝑉 vertices can be expressed as

𝐴(𝐿) =
∑︁
𝜎∈Σ

∫
®ℓ1,..., ®ℓ1

(−1)𝑘
N𝜎 ({𝑞 (+)𝑟 ,0 }, {𝑝 𝑗 ,0})

𝑥𝐿+𝑘

𝑘∏
𝑖=1

1
_𝜎 (𝑖)

+ (𝜎 ←→ �̄�) , (1)

which is known as a causal representation. In this expression, 𝑘 = 𝑉 − 1 is the order of the
topology associated to the reduced Feynman diagram, 𝑞 (+)

𝑖,0 is the on-shell positive energy of the
𝑖-th internal line and 𝑥𝐿+𝑘 =

∏𝐿+𝑘
𝑗=1 2𝑞 (+)

𝑗 ,0 is the analogous to the integration measure of the phase-
space1. {_𝑖} are associated to physical threshold singularities of the diagram and 1/_𝑖 are known as
causal propagators. 𝜎 represents a combination of 𝑘 entangled thresholds, and the compatibility
conditions that determine Σ can be fixed by following geometrical rules [14]. One of these rules
establishes that the binary partitions associated to each _𝜎 (𝑖) for 𝜎 ∈ Σ must have a compatible
momentum flux. It turns out that such momentum flux compatibility is possible if and only if the
associated directed graph (DG) for the reduced Feynman diagram has no loops [15, 26]. Thus,
the geometrical formulation of causal LTD implies that the causal representation in Eq. (1) can be
bootstrapped from DAGs.

3. Quantum algorithms for LTD

At this point, the problem of finding a causal representation has been partially reduced to the
identification of DAGs. Classical algorithms for this purpose rely on construction strategies, as well
as the direct evaluation of acyclicity conditions. In both cases, for dense graphs (i.e. corresponding
to multiloop multileg Feynman diagrams with multi-particle interactions), the scaling is almost
exponential in the number of edges. Being able to efficiently parallelize the evaluation of the
acyclicity condition could lead to an important speed-up: for this reason, we decided to explore
quantum algorithms.

Let us start considering a directed graph 𝐺 composed by the vertices 𝑉 linked by the set of
edges 𝐸 . Each element in 𝐸 is denoted as 𝑒𝑖 = (𝑣𝑖,0, 𝑣𝑖,1). To define a quantum algorithm, we
promote the vertices and edges to a Hilbert space H = 𝐸 × 𝑉 . From graph theory, we know that
all the geometric information of 𝐺 is codified within the adjacency matrix 𝐴, so we define the
associated operator

A =
∑︁

𝑒𝑖=(𝑣𝑖,0,𝑣𝑖,1 ) ∈𝐸

[
𝜎−𝑣0𝜋

0
𝑒𝜎
+
𝑣1 + 𝜎

−
𝑣1𝜋

1
𝑒𝜎
+
𝑣0

]
, (2)

with 𝜎±𝑣 the Pauli matrices in the vertex space and 𝜋
0,1
𝑒 a projector w.r.t. a reference orientation of

the edges [16]. The powers of the classical adjacency matrix contain information about cycles: if
tr(𝐴𝑛) = 0 then there are not 𝑛-cycles. So, we define the Hamiltonian

H =

#(𝑉 )∑︁
𝑛=1

tr𝑉 (A𝑛) , (3)

1More information about this formula is available in Refs. [9, 14, 25].
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Figure 1: Execution of the multi-run VQE algorithm on a representative topology with 5 edges. In four
steps, we manage to collect exactly the 9 acyclic configurations, with 0 error rate.

that will have, by construction, a degenerated ground state with zero energy composed by all the
possible acyclic configurations of 𝐺. This Hamiltonian is an operator acting on the space of edges,
since we trace over the space of vertices.

In Ref. [16], we built Hamiltonians for different topologies and minimized it using a Varia-
tional Quantum Eigensolver (VQE) [20], which can offer advantages w.r.t. classical minimization
algorithms. However, standard VQE is not intended to minimize a multi-degenerated problem and,
in our case, there are roughly 2#𝐸−1 solutions for some topologies. For this reason, we proposed a
multi-run VQE algorithm: we run a first VQE, impose a threshold to retain potential solutions, add
a penalization term toH and then re-run the VQE. We use the energy of the approximated ground
state to control the converge and penalization terms to avoid finding repeated solutions. In Fig. 1
we present a representative example in which our algorithm took 4 steps to collect all the acyclic
graphs associated to a sunrise-like diagram.

4. Conclusions and outlook

In this article, we review potential advantages of the LTD theorem and the corresponding causal
representations for computing multiloop multileg scattering amplitudes. The causal representation
contains only physical singularities at integrand level, and it is defined in an Euclidean space. As
we shown in Ref. [14], it can be obtained through geometrical selection rules that provide the full
set of causal-compatible entangled thresholds. Furthermore, in Refs. [15, 16], we show that causal
representations can be bootstrapped from the set of DAGs associated to the Feynman diagrams.

It turns out that relating causality and DAGs allows to recast the problem of obtaining causal
representations in such a way that it can be handled by quantum computers. Thus, we codified
the possible directions of the edges into qubits and we define a Hamiltonian whose ground state
contains all the possible acyclic graphs. By using a multi-run VQE algorithm, we manage to identify
the acyclic graphs with a high success rate. These developments can be considered as a first step
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towards computing Feynman integrals through quantum minimization algorithms. Besides allowing
to calculate complicated multiloop multileg scattering amplitudes, these quantum algorithms might
revolutionize the way in which we obtain high-precision predictions from QFT.
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