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Critical points are categorized based on the number of relevant variables. The standard critical
point in systems like the Ising model involves two relevant variables, namely temperature and
external magnetic field. In contrast, a tricritical point is characterized by four such variables. The
protocritical point, widely known as the Yang-Lee edge singularity (YLE), is the simplest form of
criticality and has just one relevant variable.
Unlike conventional critical points, the YLE singularity occurs at complex values of parameters.
When two YLE singularities merge and pinch the real axis of the corresponding thermodynamic
variable, a critical point with associated critical scaling emerges. In other words, the location of
the YLE singularity is continuously connected to the location of the critical point.
In this talk, I explain why conventional methods fail to accurately locate YLE singularity and
demonstrate the success of the Functional Renormalization Group approach in determining the
universal location of these singularities. I also discuss how we can learn more about QCD phase
diagram by combining our findings with lattice QCD results.
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1. Introduction

The phase diagram of Quantum Chromodynamics (QCD) is the only diagram in the Standard
Model of elementary particle physics that can be studied in laboratory conditions. As a result, both
theoretical and experimental efforts have been made to identify the most significant feature of any
phase diagram - a critical point [1]. Presently, the location and existence of such a critical point is
yet to be established (see Ref. [2] for a review).

Static theory of critical phenomena provides predictions for non-monotonic dependence of
fluctuation observables, such as fluctuations of baryon number. They constitute the main direction
in experimental quest to locate the critical point [2–5]. Due to a short-life time of the system created
in relativistic heavy ion collisions, critical statics has to be amended by the dynamical evolution of
these observables [6–8], which is not yet well studied. This and numerous non-critical contributions
to fluctuation observables experimental identification of the QCD critical point.

To study QCD theoretically, the first principle simulations rely on Markov chain Monte-Carlo
methods (functional methods have gained more prominence in recent years, see e.g. Ref. [9]). They
have allowed us to probe the QCD phase diagram at zero baryon chemical potential (and at purely
imaginary values), where the transition from hadronic matter to a quark gluon plasma is known to
be a smooth “crossover” [10]. Monte-Carlo simulations require probabilistic interpretation for (or
non-negativity of) the weights of configurations, which is lost at non-zero real values of the baryon
chemical potential. This is the so-called sign problem which does not allow us to locate the critical
point theoretically. To access the region of non-zero chemicla potential, several indirect methods
have been explored. Most of the current knowledge about QCD phase diagram originate from
methods based on carrying out Taylor expansions around zero baryon chemical potential [11, 12] or
through analytic continuation from purely imaginary values of baryon chemical potential [13–16].
These methods heavily depend on the knowledge of the analytic structure of the QCD partition
function.

For an illustration consider a function 𝑓 (𝑥) = (exp(𝑥) + 1)−1 and its Taylor series expansion
about zero argument, 𝑓 (𝑥) ≈ 1

2 − 𝑥
4 + 𝑥3

48 + 𝑂
(
𝑥4) . The function 𝑓 (𝑥) is smooth for real values

of 𝑥; despite this, the Taylor series expansion has a finite radius of convergence |𝑥 | ≤ 𝜋 (it can
be found by analyzing the coefficients) due to the presence of a singularity at a purely imaginary
value of 𝑥𝑐 = 𝑖𝜋. This demonstrates that (at least naive) application of Taylor series expansion to
learn about the behaviour of the function for arguments |𝑥 | > |𝑥𝑐 | is doomed to fail. Reversely, by
finding the radius of convergence one can potentially determine the location of the singularity (see
e.g. Ref. [17]) and thus deduce the structure of the phase diagram as we explain now.

Lee and Yang were the first to demonstrate the connection between the analytical structure
of the equation of state and the phase structure [19, 20]. In the symmetric phase, Lee and Yang
demonstrated that the equations of state of classic O(𝑁)-symmetric 𝜙4 theories have a branch cut at
purely imaginary values of the magnetic field ℎ. The cut terminates at two branch points – the Yang-
Lee edge (YLE) singularities [21, 22]. A second-order (first-order) phase transition at 𝑡 ∝ 𝑇−𝑇𝑐 = 0
occurs when the singularities pinch (cross) the real ℎ-axis. This highlights the importance of the
YLE as they are continuously connected to the corresponding critical point [23–31]. The edge
singularities can be seen as critical points themselves. As illustrated in Fig. 1, variation of only
one parameter ℎ allows to tune the system to these critical points. The conventional Wilson-Fisher
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Figure 1: Analytic structure of the universal phase diagram for 𝑁 = 1. Only branch points are displayed;
the cuts are omitted for the clarity of the figure. See Ref. [18] for details.

critical point requires tuning two parameters 𝑡 and ℎ. Driving a system into a multi-critical point,
e.g. a tricritical point, would require adjustment of four or more parameters. For that reason M.
Fisher referred to YLE singularities as protocritical points. The number of relevant variables also
determines the number of independent critical exponents in the leading order scaling relations. At
the Wilson-Fisher critical point, the presence of two relevant perturbations leads to two independent
critical exponents. At the YLE, we have only one independent critical exponent 𝜎YLE = 1/𝛿YLE.
It determines the scaling of the magnetization, 𝑀 ∼ 𝑀c + (ℎ − ℎ𝑐)𝜎YLE , where 𝑀𝑐 and ℎ𝑐 are
purely imaginary. The numerical value of the edge critical exponent in three dimensions (and for
any 𝑁 of the underlying universality class) has been determined by a variety of methods, see e.g.
Refs. [32–35]. The most precise result is obtained using statistical bootstrap, 𝜎YLE = 0.085(1) [32].

The simplest way to introduce the YLE singularity and its universal location is by considering
Landau’s mean-field approximation. The Landau free energy neglecting the kinetic term gives

𝐹 =

∫
𝑑𝑑𝑥

(
1
2
𝑡𝜙2 + 𝜆

4
𝜙4 − ℎ̃𝜙

)
. (1)

The uniform field that extremizes the free energy satisfy 𝛿𝐹/𝛿𝜙 = 0 or

𝑡𝜙2 + 𝜆𝜙3 = ℎ̃ . (2)

It is convenient to rescale the external field ℎ̃ and 𝑡 to absorb 𝜆,

𝑡𝜙2 + 𝜙3 = ℎ (3)

or, rewriting in a more suggestive form,

𝑡

ℎ2/3

(
𝜙

ℎ1/3

)2
+ 𝜙3

ℎ
= 1 . (4)

We conclude that the solution of this equation can be represented as 𝜙(𝑡, ℎ) = ℎ1/𝛿MF 𝑓𝐺 (𝑧) where
𝑓𝐺 is defined by the so-called magnetic equation of state

𝑓𝐺 (𝑧 + 𝑓 2
𝐺) = 1 . (5)
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Figure 2: The magnetic equation of state in the mean-field approximation 𝑓𝐺 as a function of the scaling
variable 𝑧. In the mean-field approximation, the universal amplitude ratio 𝑅𝜒 = 1 and the critical exponent
𝛾 = 1.

𝑓𝐺 is a function of a single “scaling” variable 𝑧 = 𝑡/ℎ1/𝛽MV 𝛿MF . Here 𝛽MF = 1/2 and 𝛿MF = 3
are mean-field critical exponents. Here (trough absorbing 𝜆) and in general, one introduces the
magnetic equation of state such as to satisfy the following normalization conditions 𝑓𝐺 (0) = 1 and
𝑓𝐺 (𝑧 → −∞) ∼ (−𝑧)𝛽MF . Function 𝑓𝐺 is plotted in the Fig. 2

The solution of Eq. (5) has a singularity: 𝑑𝑓𝐺/𝑑𝑧 = ∞ or 𝑑𝑧/𝑑𝑓𝐺 = 0. Using the latter
condition and differentiating Eq. (5) w.r.t. 𝑓𝐺 leads to three solutions for 𝑧𝑐, two of which are
complex conjugate. This complex conjugate pair are on the physical Riemann sheet (for 𝑡 > 0):

𝑧𝑐 = |𝑧𝑐 | exp
(

±𝑖𝜋
2𝛽MF𝛿MF

)
, |𝑧𝑐 | =

3
22/3 . (6)

The above-found 𝑧𝑐 are YLE singularities, see Fig. 3 . Going beyond mean-field approximation,
the exact expression for the magnetic equation of state is not known for the physically interesting
case of three spatial dimensions. However, in the vicinity of the critical point, it is universal; that
is, the magnetic equation of state is only defined by global symmetries (in general, the number
of dimensions) and is independent of the microscopic details of the system. The locations of the
YLE singularities of the magnetic equation of state are also universal. For two-dimensional Ising
model and three dimensional 𝑂 (𝑁) universality classes, the location of YLE’s was determined
only recently (see Refs. [36–39] for two-dimensional Ising model and Refs. [18, 40–42] for three-
dimensional classic universality classes) even though Lee and Yang formulated the problem more
than seventy years ago. Why did this problem pose a challenge? The answer is in the failure of the
commonly applied tools to describe critical statics:

• On the one hand, the widely used framework of the 𝜀-expansion near four dimensions leads
to non-perturbative contributions beyond the leading order, which significantly limits its
predictive power for 𝑑 = 3. This is related to the fact that the Wilson-Fisher fixed point has
an upper critical dimension (the number of dimensions at which mean-field approximation
becomes exact) of four, while the YLE fixed point at imaginary ℎ has an upper critical
dimension of six [22]. Specifically for 𝑂 (𝑁) universality class, the 𝜖-expansion of the

4



P
o
S
(
E
u
r
o
P
L
E
x
2
0
2
3
)
0
2
6

Universal properties of Yang-Lee edge singularity and QCD phase diagram Vladimir Skokov

|zc|

Im z

Re z

fg(z)

/2

Re z

Im z

|zc|

YL edge

YL edge

YL edge

Figure 3: The real part of the magnetic equation of state 𝑓𝐺 in the mean-field approximation as a function
of complex 𝑧. The black line in the left panel coincides with 𝑓𝐺 plotted in Fig. 2. The YLE singularities
appear as branch points with cuts originating from them.

absolute value of 𝑧𝑐 has the following form (see Ref. [18])

|𝑧𝑐 | ≈ |𝑧MF
𝑐 |

[
1︸︷︷︸

tree level

+
27 ln

(
3
2

)
− (𝑁 − 1) ln 2

9(𝑁 + 8) 𝜖︸                           ︷︷                           ︸
one loop

]
+ 𝜖2 log 𝜖 × (· · · )︸              ︷︷              ︸

all loops contribute

, 𝜖 = 4 − 𝑑, (7)

where the tree (mean-field approximation) and the one loop levels are computable only. The
higher order contributions require a resummation of all loop orders which is not feasible, see
Ref. [18] for more details.

• On the other hand, the lattice methods based on importance sampling prohibit direct compu-
tations at imaginary values of the magnetic field due to the sign problem; thus rendering the
problem of extracting the location of the YLE singularity practically impossible.

Finally, the bootstrap approach (although very successful in extracting the critical exponents) is not
equipped to determine the location of the YLE singularity.

Recently, the Functional Renormalization Group approach was successfully applied to locate
the YLE singularity [18, 40, 41] in three dimensions. We will summarize the findings of these
papers in the next section.

2. Functional renormalization group approach to locate of YLE singularity

The Functional Renormalization Group (FRG) (see Refs. [9, 43–47]) is a field-theoretical
implementation of Wilson’s idea of integrating over momentum shells which is achieved by the
inclusion of fluctuations ordered in momentum. Practically this is done through modifying the
path integral measure by adding a mass-like term Δ𝑆𝑘 [𝜑] suppressing contributions of momentum
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modes with 𝑝 ≲ 𝑘 . Δ𝑆𝑘 [𝜑] is introduced such as the variation of the scale parameter 𝑘 interpolates
between the UV effective action at the scale Λ, Γ𝑘=Λ [𝜙] ≈ 𝑆[𝜙] and the full IR effective action at
𝑘 = 0, Γ𝑘=0 [𝜙] = Γ[𝜙]. Here, the expectation value/order parameter 𝜙 is given by 𝜙(𝑥) = ⟨𝜑(𝑥)⟩.

The functional Γ𝑘 [𝜙] satisfies the Wetterich or flow equation [43],

𝜕𝑘Γ𝑘 [𝜙] =
1
2

Tr

{
𝜕𝑘𝑅𝑘

(
𝛿2Γ𝑘 [𝜙]
𝛿𝜙𝑖𝛿𝜙 𝑗

+ 𝑅𝑘

)−1
}
. (8)

The FRG provides a versatile realization of the Wilsonian RG and is as such well-suited to study
critical physics. Using FRG, both the scaling function and the critical exponents have been computed
for O(𝑁) theories, see, e.g., Refs. [48–54].

While the flow equation is exact, it is not practically solvable as it defines an infinite tower of
coupled partial differential equations for the effective action and its functional derivatives. With
few exceptions, truncation is necessary to tackle the equations in practice. There is often no obvious
small parameter that can be used to set a systematic truncation scheme. Fortunately, this is not the
case for critical physics, where the diverging correlation length facilitates a systematic expansion
about vanishing momentum. Such a derivative expansion has been shown to have a finite radius
of convergence with a well-defined scheme for systematic error estimate [54, 55]. To locate YLE
singularity, the next-to-leading order of this expansion, i.e. first order in momentum-squared, was
used in Refs. [18, 41].

At this order, the truncation of the effective action reads

Γ𝑘 [𝜙] =
∫

𝑑𝑑𝑥

(
𝑈𝑘 (𝜙) +

1
2
𝑍𝑘 (𝜙) (𝜕𝑖𝜙)2

)
.

The flow equations can be reformulated as a set of equations for the effective potential 𝑈 and the
wave function renormalizations 𝑍 . For the average potential, one gets

𝜕𝑡𝑈𝑘 (𝜌) =
1
2

∫
𝑑𝑑𝑞 𝜕𝑡𝑅𝑘

(
𝑞2
) [

𝐺
∥
𝑘
+ (𝑁 − 1)𝐺⊥

𝑘

]
, 𝜌 =

𝜙2

2

with

𝐺⊥
𝑘 =

1
𝑍⊥
𝑘
(𝜌)𝑞2 +𝑈′

𝑘
(𝜌) + 𝑅𝑘 (𝑞2)

, 𝐺
∥
𝑘
=

1

𝑍
∥
𝑘
(𝜌)𝑞2 +𝑈′

𝑘
(𝜌) + 2𝜌𝑈′′

𝑘
(𝜌) + 𝑅𝑘 (𝑞2)

.

Here we introduced the longitudinal and the transverse (Goldstone) modes.
The flow equation for the wave function renormalization for the longitudinal mode reads

𝜕𝑡𝑍∥ (𝜙) =
∫

𝑑𝑑𝑞𝜕𝑡𝑅𝑘 (𝑞2)
{
𝐺2

∥

[
𝛾2
∥
(
𝐺′

∥ + 2𝐺′′
∥
𝑞2

𝑑

)
+ 2𝛾∥𝑍

′
∥ (𝜙)

(
𝐺 ∥ + 2𝐺′

∥
𝑞2

𝑑

)
+ (𝑍 ′

∥ (𝜙))
2𝐺 ∥

𝑞2

𝑑
− 1

2
𝑍 ′′
∥ (𝜙)

]
+ (𝑁 − 1)𝐺2

⊥

[
𝛾2
⊥
(
𝐺′

⊥ + 2𝐺′′
⊥
𝑞2

𝑑

)
+ 4𝛾⊥𝑍 ′

⊥(𝜙)𝐺′
⊥
𝑞2

𝑑
+ (𝑍 ′

⊥(𝜙))2𝐺⊥
𝑞2

𝑑

+ 2
𝑍∥ (𝜙) − 𝑍⊥(𝜙)

𝜙
𝛾⊥𝐺⊥ − 1

2

(
1
𝜙
𝑍 ′
∥ (𝜙) −

2
𝜙2 (𝑍∥ − 𝑍⊥)

) ]}
.
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Figure 4: The anomalous dimension as a function of the cut-off momentum 𝑘 in FRG evolution in 𝑑 = 3
and 𝑑 = 4. The initial conditions for the FRG flow are formulated in the vicinity of the Wilson-Fisher
critical point; the flow equation is constructed in such a way as to track the position of the YLE singularity
𝑚𝑅 = 0+ . In the IR (𝑘 → 0), the anomalous dimension reaches its physical value at the YLE singularity.
The magnitude of 𝜂 can be considered as a measure of the importance of fluctuations. In this context, it is
interesting to consider 𝑑 = 4. Near Wilson-Fisher point 𝜂 = 0, that is fluctuations can be neglected and the
men-filed approximation becomes exact. As the system is driven towards the YLE fixed point, the magnitude
of the anomalous dimension increases drastically; this illustrates the fact that the upper critical dimension of
the YLE fixed point (6) is larger than the one of the Wilson-Fisher fixed point (4).

A similar equation for the transverse mode can be found in Ref. [18]. In the above set of equations
we used the shorthand notations for

𝛾∥ = 𝑞2𝑍 ′
∥ (𝜙) +𝑈 (3) (𝜙), 𝛾⊥ = 𝑞2𝑍 ′

⊥(𝜙) +
𝜕

𝜕𝜙

(
1
𝜙
𝑈′(𝜙)

)
, 𝐺′ =

𝜕𝐺

𝜕𝑞2 .

In summary, the flow equation leads to three coupled partial-differential equations on 𝑈, 𝑍∥
and 𝑍⊥. The equations are stiff and solving them is rather challenging. Instead, one considers
Taylor series expansion near 𝑘-dependent expansion point 𝜙𝑘 and corresponding equations for the
expansion coefficients and 𝜙𝑘 . Traditionally the expansion point is selected to coincide with the
minimum of the effective potential 𝑈′

𝑘
[𝜙𝑘] = ℎ = const. To locate the YLE, this is however is

not the best choice – it is better to expand near 𝜙𝑘 defined by 𝑈′′
𝑘
[𝜙𝑘] = 𝑚2 → 0. Then, the

FRG equation tracks the critical manifold in the parameter space and thus interpolates between the

Figure 5: Left panel: the universal location of the YLE singularity as a function of the number of dimensions
𝑑 for N=1. The result for the location of the YLE singularity in two-dimensional Ising model is taken from
Ref. [37]. See Ref. [41] for details. Right panel: four-parameter Padé approximation for the dependence of the
YLE location on the number of spatial dimension for different number of filed components, 𝑁; see Ref. [18]
for details.
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𝑁 1 2 3 4 5

|𝑧𝑐 |/𝑅1/𝛾
𝜒 1.621(4)(1) 1.612(9)(0) 1.604(7)(0) 1.597(3)(0) 1.5925(2)(1)

|𝑧𝑐 | 2.43(4) 2.04(8) 1.83(6) 1.69(3) 1.55(4)

Table 1: The location of the YLE singularity, |𝑧𝑐 |/𝑅1/𝛾
𝜒 and |𝑧𝑐 | for a representative number of components

𝑁 . For |𝑧𝑐 |/𝑅1/𝛾
𝜒 , the numbers in the parentheses show the truncation error and the error due to residual

regulator dependence. For |𝑧𝑐 |, the number in the parentheses represents a combined uncertainty, including
that originating from the universal amplitude ratio 𝑅𝜒 and the critical exponent 𝛾. See Ref. [18] for more
details.

Wilson-Fisher fixed point and the YLE singularity as illustrated in Fig. 4. Note that in this case the
value of the external field changes as a function of 𝑘 according to 𝑈′

𝑘
[𝜙𝑘] = ℎ𝑘 ≠ const.

The results of these calculations are presented in Table 1. Note that our approach gives direct
access to the universal ratio |𝑧𝑐 |/𝑅1/𝛾

𝜒 not |𝑧𝑐 |. To find |𝑧𝑐 |, we used known results for the universal
amplitude ratio 𝑅𝜒 and the critical exponent 𝛾. Remarkably, FRG calculations can be performed
for a non-integer number of dimensions, see Fig. 5. The left panel of the figure demonstrates that
|𝑧𝑐 |/𝑅1/𝛾

𝜒 is consistent with results obtained at the one loop order of 𝜖 expansion, Eq. (7) and with
two- and one-dimensional Ising models. The right panel of Fig. 5 shows 𝑧𝑐 dependence on the
number of dimensions and the number of the field components 𝑁 .

In the context of lattice QCD, the results shown in Table 1 were used to a) to determine the
metric factor near Roberge-Weiss phase transition, see Ref. [15, 56]; b) to compare the results
extracted from finite volume analysis of Lee-Yang zeroes, see Ref. [15]; c) to predict the location
of the critical point, see Ref. [57].

3. Fourier coefficients

YLE singularity affects many thermodynamic properties. One striking example, that we
consider in this section, is Fourier coefficients of the baryon chemical potential. The QCD partition
function is periodic in baryon chemical potential 𝜇̂ = 𝜇/𝑇 : 𝑍 ( 𝜇̂ + 2𝜋𝑖) = 𝑍 ( 𝜇̂). Due to this
periodicity, analysis of the data obtained for purely imaginary values of baryon chemical potential
is natural in terms of the corresponding Fourier coefficients [58–63]. Usually one computes Fourier

μ

Figure 6: Complex chemical potential plane with the chiral and RW YLE. The integration path along the
imaginary chemical potential axis can be deformed to the integration around the branch point singularities
and the cuts.

8
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gh

Figure 7: Computation of the Fourier coefficient for the function with one singularity in the right half-plane
of complex chemical potential.

transformation of the baryon number density 𝑛𝐵 = 𝑉−1𝜕𝜇̂ ln 𝑍 ( 𝜇̂):

𝑏𝑘 =
1
𝑖𝜋

∫ 𝜋

−𝜋

𝑑𝜃 𝑛̂𝐵 ( 𝜇̂ = 𝑖𝜃) sin (𝑘𝜃) , (9)

where we explicitly took into account the symmetry property of the baryon density 𝑛𝐵 ( 𝜇̂) =

−𝑛𝐵 (−𝜇̂) and introduced 𝑛̂𝐵 = 𝑛𝐵/𝑇3.
The Fourier coefficients are sensitive to the structure of the phase diagram through the following

line of arguments, see Ref. [64]. Consider the integral (9) in the complex plane, as illustrated in
Fig. 6. In this figure, we accounted for the presence of the YLE singularities associated with the
chiral and Roberge-Weiss phase transitions. Now since the continuous deformation of the contour
does not change the value of the integral as long as it does not cross the singularities, one can modify
the integration to that over both sides of the cuts, as shown in Fig. 6. To proceed with an actual
realization of this program it is useful first consider just one singularity and the corresponding cut
in isolation.

Consider an odd function 𝑛𝐵 ( 𝜇̂) periodic in an imaginary argument having brunch points in
the complex plane located at ±𝜇̂br, where 𝜇̂br = 𝜇̂br

𝑟 + 𝑖 𝜇̂br
𝑖

. Here, we expand 𝑛𝐵 near the branch
point 𝜇̂ → +𝜇̂br:

𝑛̂𝐵 ( 𝜇̂) = 𝐴( 𝜇̂ − 𝜇̂br)𝜎 (1 + 𝐵( 𝜇̂ − 𝜇̂br) 𝜃𝑐 + . . .) +
∞∑︁
𝑛=0

𝑎𝑛 ( 𝜇̂ − 𝜇̂br)𝑛 (10)

with 𝜎 > −1 and 𝜃𝑐 > 0. In the context of the YLE singularity, 𝜃𝑐 is the confluent critical exponent
(not to be confused with integration variable 𝜃). The regular part of 𝑛̂𝐵 on the cuts is encoded by
the coefficients 𝑎𝑛.

From the definition of the Fourier coefficients, we have

𝑏𝑘 =
1
𝜋

∫ 𝜋

−𝜋

𝑑𝜃 𝑛̂𝐵 ( 𝜇̂ = 𝑖𝜃)𝑒−𝑖𝑘 𝜃 . (11)

To compute the integral, we will deform the contour as shown in Fig. 7. In the figure, we assume
that the right-most points are extended to the infinity, i.e. Re 𝜇 → ∞. The contribution of the
segments (𝑎𝑏) and (𝑔ℎ) cancel each other due to the periodicity of the integrand and the opposite
direction of the segments. The contributions from (𝑏𝑐) and ( 𝑓 𝑔) is zero due to the exponential
decay of exp(−𝑖𝑘𝜃) = exp(−𝑘 𝜇̂) for any 𝑘 > 0. The integral around the branch point (𝑑𝑒) is
vanishing owing to 𝜎 > −1. Thus, only the segments on both sides of the cut (𝑐𝑑) and (𝑒 𝑓 ) give a

9
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non-trivial contribution to the integral as illustrated in Fig. 7. To evaluate the contribution of these
segments, we consider the parametrization 𝑖𝜃 = 𝑠 + 𝜇̂br

1
𝜋

∫
(𝑒 𝑓 )

𝑑𝜃 𝑛̂𝐵 ( 𝜇̂ = 𝑖𝜃)𝑒−𝑖𝑘 𝜃 =
1
𝑖𝜋

𝑒−𝜇
br𝑘

∫ ∞

0
𝑑𝑠 𝑛̂𝐵 ( 𝜇̂ = 𝑠 + 𝜇̂br)𝑒−𝑘𝑠 . (12)

Evaluating the ensuing integrals, we get

1
𝜋

∫
(𝑒 𝑓 )

𝑑𝜃 𝑛̂𝐵 ( 𝜇̂ = 𝑖𝜃)𝑒−𝑖𝑘 𝜃 =
𝑒−𝜇

br𝑘

𝑖𝜋

(
𝐴
Γ(1 + 𝜎)
𝑘1+𝜎

[
1 + 𝐵

𝑘 𝜃𝑐

Γ(1 + 𝜎 + 𝜃𝑐)
Γ(1 + 𝜎) + . . .

]
+

∞∑︁
𝑛=0

𝑎𝑛
Γ(1 + 𝑛)
𝑘1+𝑛

)
. (13)

In the second line, the contribution is attributed to the analytic part in Eq. (10).
The integral over the segment (𝑐𝑑) is identical to the expression above except for the 2𝜋 rotation

around the branch point and an extra minus sign due to the direction of the segment. Adding both
integrals together cancels the analytic part to yield

𝑏𝑘 =
𝑒−𝜇

br𝑘

𝑖𝜋
𝐴
Γ(1 + 𝜎)
𝑘1+𝜎

(
1 − 𝑒𝑖2𝜋𝜎 + 𝐵

𝑘 𝜃𝑐

[
1 − 𝑒𝑖2𝜋 (𝜎+𝜃𝑐 )

] Γ(1 + 𝜎 + 𝜃𝑐)
Γ(1 + 𝜎) + . . .

)
. (14)

This can be rewritten by Absorbing 𝑘 independent factors into constants 𝐴 and 𝐵

𝑏𝑘 = 𝐴̃
𝑒−𝜇

br𝑘

𝑘1+𝜎

(
1 + 𝐵̃

𝑘 𝜃𝑐
+ . . .

)
. (15)

Now we are ready to generalize this result to the case when both YLE and RW singularities
are present, we obtain

𝑏𝑘 = 𝐴̃YLE
𝑒− 𝜇̂

YLE𝑘

𝑘1+𝜎

(
1 + 𝐵̃YLE

𝑘 𝜃𝑐
+ . . .

)
+ 𝐴̃RW

𝑒− 𝜇̂
RW𝑘

𝑘1+𝜎

(
1 + 𝐵̃RW

𝑘 𝜃𝑐
+ . . .

)
+ c.c. . (16)

Here, the coefficients 𝐴̃YLE,RW and 𝐵̃YLE,RW are generally complex numbers. Taking into account
that Im 𝜇̂RW = 𝜋, we have

𝑏𝑘 = | 𝐴̃YLE |
𝑒− 𝜇̂

YLE
𝑟 𝑘

𝑘1+𝜎

(
cos( 𝜇̂YLE

𝑖 𝑘 + 𝜙YLE
𝑎 ) + |𝐵̃YLE |

𝑘 𝜃𝑐
cos( 𝜇̂YLE

𝑖 𝑘 + 𝜙YLE
𝑏 ) + . . .

)
+ | 𝐴̂RW | (−1)𝑘 𝑒

− 𝜇̂RW
𝑟 𝑘

𝑘1+𝜎

(
1 + |𝐵̂RW |

𝑘 𝜃𝑐
+ . . .

)
, (17)

where 𝜙𝑎 and 𝜙𝑏 are phases due to non trivial phases of 𝐴̃YLE and 𝐵̃YLE and trivial real factors
were absorbed into | 𝐴̂RW | and |𝐵̂RW |.

A few comments about the obtained results:

• The coefficients, 𝑏𝑘 , are exponentially sensitive to the imaginary values of the positions of
the YLE singularities and also is sensitive to the edge critical exponent 𝜎.

• The confluent critical exponent 𝜃𝑐 = 𝜈𝑐𝜔 = 𝜎+1
3 𝜔 is about 0.6 (𝜔 can be found in Ref. [35])

and thus leads to an appreciable suppression of the corresponding terms. For a large enough
order of 𝑘 , it is safe to drop these corrections.

10
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4. Conclusions

In these proceedings, we reviewed the importance and the universal properties of the Yang-Lee
edge singularity. We specifically concentrated on the universal location of the YLE, as it has been
determined recently. From the perspective of establishing the phase diagram of QCD, tracking the
position of the YLE singularity may reveal the existence and the position of critical point.

One way to determine the position of the YLE in QCD is by analyzing the Fourier coefficients
on the baryon chemical potential. Here we reviewed the asymptotic form of these coefficients
and showed that they are exponentially sensitive to the location of the singularity. Currently, an
application of our analysis to lattice QCD results for Fourier coefficients is not possible as a) Fourier
coefficient has to be considered in the infinite volume limit and b) the statistical error in the lattice
data would require a substantial reduction. For more details, see Ref. [64].
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