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1. Introduction

The Standard Model of particle physics has been validated on numerous occasions through
the corroboration of its theoretical predictions with corresponding experimental measurements.
Nevertheless, it is expected that the Standard Model is merely an effective theory that is valid up
to a specific energy scale. One of the primary objectives in contemporary fundamental physics
is the search for physical phenomena that deviate from the Standard Model’s predictions. One
of the areas where new physics is anticipated to emerge is the quark-flavor sector of the Standard
Model. In order to reduce the theoretical uncertainties on flavour observables and to uncover
possible inconsistencies between theory and experiment, it is necessary to make precise theoretical
determinations of the strong interaction effects. In this context, Lattice Field Theory represents the
principal tool for calculating non-perturbative contributions to QCD from first principles.

We consider a mixed action lattice setup [2-7] aimed to address the leading systematic un-
certainties affecting charm-quark observables. The mixed-action regularisation consists of Wilson
twisted mass valence quarks combined with CLS ensembles with O (a)-improved Wilson sea quarks
[13, 17]. The motivation behind employing this lattice regularisation is that when valence twisted
mass fermions are tuned to maximal twist, an automatic O (a) improvement can be achieved [4, 14],
up to residual mass effects from u, d, s sea quarks. This is of particular relevance when working
with heavy quarks. In this work we present an update of the use of this lattice formulation in the
light (up/down) and strange quark sectors. This is a necessary step before studying heavy quark
physics, since a matching between the valence quark masses and the Ny = 2+ 1 flavors in the sea is
needed. Finally, we can carry out an independent computation of light-quark observables such as
the pion and kaon decay constants and perform the scale setting using the gradient flow scale #( as
an intermediate scale.

2. Sea-quark sector: O(a)-improved Wilson fermions

In the sea sector of our mixed action approach, we employ CLS gauge ensembles, which
employ the Liischer-Weisz gauge action with Ny = 2+ 1 non-perturbatively O (a)-improved Wilson
quarks. The list of ensembles is reported in Table 1. These ensembles follow a chiral trajectory
defined by a constant value of the trace of the sea quark mass matrix

Tr (Mq) = my + mg + mg = constant, (1)

which ensures that as the quark masses are varied for a fixed value of the inverse coupling S, the
improved bare coupling gy is kept constant up to O(a?) effects. Since the condition in eq. (1) is
defined in terms of the bare quark masses, we opt to follow a renormalized chiral trajectory by
imposing that

1 1
¢4 =8ty (m%( + Em%,) = 82‘0}7’1%( + E(ﬁz, 2)

is kept fixed to its physical value. At LO in y PT this condition corresponds to keeping the sum of
the renormalized quark masses fixed, since

¢4c>cm5+de+mR 3)

S -
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To impose this target chiral trajectory we perform a mass-shift of the simulated quark masses by
Taylor expanding a lattice observable O in the bare quark masses [18] as follows
d(0)

dmg

(O(m}y,mly,m})) = (O (muy ma,mg)y + > (mfy = my) )
q

Following [23], we restrict to ¢ = s in the sum in eq. (4), since shifting only the strange quark

mass leads to an improvement in the precision in the target observables. In order to determine the

physical value of ¢4 to which the mass-shift is performed, an educated guess for the physical value

of tgh is needed. The value

15" = 0.1445(6) fm. (5)
is selected as input. The specific value in eq. (5) is the outcome of the first steps of an iterative
procedure which starts from an initial guess of #y, chosen free of uncertainties, and that iterates
the scale setting analysis, including correlations, until convergence to the value of #( is reached.
Using the isospin symmetric (isoQCD) values of the pion and kaon meson masses recommended

in Ref. [27],

mis0QCD _ m:‘OP = 134.9768(5) MeV, (6)
O _ D 497 611(13) MeV, @)

leads to the value for ¢iuess =1.101(9).

3. Valence-quark sector: Wilson twisted mass fermions

The valence sector of our mixed action is composed of Wilson twisted mass (Wtm) fermions at
maximal twist. The Wtm Dirac operator adds a chirally rotated mass term to the massless Wilson
Dirac operator Dw, which also includes the Sheikholeslami-Wohlert term,

Dwin = Dw +m +iysul” (8)

v) v)
q 0

where the m;"’ = m,’ — m¢, is the standard subtracted quark mass and ,uév) is the twisted mass
parameter. Once the hopping parameter x(¥) = (2am(()v) +8)~! is tuned such that the light (u, d)
valence PCAC quark mass vanishes (mg) = 0) on each ensemble, physical observables computed
form the Wtm Dirac operator are automatically O (a)-improved, save for residual effects coming

from the sea sector which are O (aggTr (My)).

4. Matching sea and valence sectors

The use of a mixed action approach can lead to unitarity violations even in the continuum
limit, provided the physical value of the quark masses in the sea and valence sectors are not tuned
to the same value. We thus require a matching procedure to impose this condition, in addition to
the tuning to maximal twist condition. To perform the former, we employ the observables ¢,, ¢4
defined in eq. (2), depending on the the kaon and pion masses,

0 =0y, o)) = ¢ ©)
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B alfm] id my [MeV] mg [MeV]

340 0.086 HI01 420 420
H102 350 440
H105 280 460
346 0.076 HA400 420 420
D450 222 480
355 0.064 N202 420 420
N203 340 440
N200 280 460
D200 200 480
E250 130 497
3,70  0.050 N300 420 420
N302 340 440
J303 260 470
E300 176 496
3.85 0.039 J500 420 420
J501 340 453

Table 1: Ny = 2+ 1 CLS ensembles [13, 17] used in the sea sector. These ensembles employ non-
perturbatively O (a)-improved Wilson fermions and open boundary conditions in the time direction, except
for ensembles E250 and D450, which employ periodic boundary conditions.

More specifically, we employ a set of measurements in the valence hyperplane (x(), a,ul(v), a ,uév))
that allows to perform small interpolations to the valence parameters so as to simultaneously satisfy
v)
12
can be based on LO yPT. The matching procedure is illustrated in Fig. 1.

Once the valence parameters (x(¥)>*, aul(v)’*, a,uﬁv)’*) at which the matching and maximal

eq. (9) as well as imposing the maximal twist condition, m;,” = 0. The interpolation fit functions

twist conditions are satisfied, we interpolate the pion and kaon decay constants to the same matching
point, as we will employ these observables to set the scale in the lattice.

Throughout the analysis, finite volume effects, which are found to be less than half a standard
deviation for all observables and ensembles, are corrected using NLO yPT [25]. The extraction of
the ground state signal of lattice observables is based on a model variation over the Euclidean time
fit intervals.

5. Scale setting and determination of tgh

To perform the scale setting, we employ a flavour averaged combination of the pion and kaon
decay constants in units of 7y [18]

V810 fax = BIg X 2 (fK " %f) . (10)

3

Up to logarithmic corrections, this quantity remains constant in SU(3) yPT at NLO along the
renormalized chiral trajectory defined by ¢4 = ¢).
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Figure 1: Top row: Light («, d) valence PCAC quark mass from the valence grid of points — in the hyperplane

of input parameters (), aul(v), au§v)) — interpolated to the maximal twist condition, m!Y) = 0. Bottom

2 =
row: ¢§V) along the valence grid, interpolated to the sea value ¢§S). The sea sector parameters correspond

to those of Table | for ensemble H105. The orange band in both figures represents the interpolation along
the grid of valence parameters, while the horizontal grey line and band represent the target value to which

we want to interpolate both observables. In the case of am'Y, it is set to zero, and for (bév) to qﬁés). The

12
interpolation of ¢f‘v) is not shown but it is carried out in a similar way to that of ¢§V).

For the scale setting, we consider three sets of data: (i) the unitary Wilson setup, which employs
the same O (a)-improved Wilson Dirac operator in the sea and valence sectors. We refer to this case
as “Wilson”. (ii) the mixed action setup, once the matching of the sea and valence sectors has been
performed, in addition to the tuning at maximal twist. This is referred to as “Wtm” case. (iii) the
Combined set of data, in which the two previous sets are analysed together by imposing a common
continuum limit result. More specifically, the “Wilson” and “Wtm” data sets can be analysed
independently, leading to two determinations of the physical value of tgh. For the Combined case, a
simultaneously fit of both data sets with independent sets of parameters characterising cutoff effects
is performed. The lattice data can be parameterised as follows

(\/% nK)latt _ (\/%fnk)c

with c(a, ¢) a function controlling cutoff effects. Several possible choices for the continuum

)

"+ ela. o), (11)

behaviour and the cutoff effects are explored. For the continuum mass-dependence we consider
SU(@3) xPT expressions at NLO

-1 (¢_) 4 (¢_¢/2) 1 (M) . ad

. (12)
6 \pi) 3 P 2 1

(G

where, L(x) = xlog(x) .
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One can also consider SU(2) yPT expressions at NLO

(\/% nK)Com = P2+ p3¢2+ pagds — (ps + g—;r) L (%) . (13)
1

Another alternative is to employ a Taylor expansion around the symmetric point ¢, to the
second order,

cont Symy2

(ngof:rK) =p1+p2Ad2—¢; ), (14)
or to the fourth order
\/8_ cont 3 sym.2 sym. 4
10fnk =p1+pad2—¢; ) +p3(d2—0; )" (15)
To characterise the lattice spacing dependence, we consider

2 2 2

c(a, ¢2) =Cla—+02¢2a—+63@£a—, (16)
to 1o to

and we consider the effect of switching on/off the different ¢;’s. A exploratory study of the impact

of including logarithmic corrections of O (a?a’

) considering the smallest value of the anomalous
dimensions I reported in [28] is also incorporated in the analysis by including the c3 term while
setting ¢; = 0. We explored other values of I" but no sensitivity to this change was found with the
set of ensembles under analysis and the set of values of I" considered.

In addition to a variation of the functional forms, we explore the possibility of performing
cuts in the data, by removing the coarsest lattice spacing 8 = 3.40, the second coarsest 5 = 3.46,
the symmetric point ensembles with m, = 420 MeV, the second heaviest pion masses ensembles
m, = 360 MeV, spatial volumes m L < 4.1 or the double cut 8 = 3.40 & m, = 420 MeV.

The correlations present in the Monte Carlo data are retained throughout the analysis. In the
chiral-continuum fit, the y? function includes the correlations among the /o fx data points while
the residual cross-correlations between /7o frx and ¢, is neglected in the fit. We observe, however,
that this leads to a tiny deviation of the expectation value of the chi-squared [21], ( )(2>, away from
the number of degree-of-freedom, i.e. the expected value when considering a correlated fit.

To study the systematic effects associated with model variation in the chiral and continuum
extrapolations, we use the model averaging method introduced in [19] with the information criterion
proposed in [20] to take into account fits that are not fully correlated. According to this information
criterion, each fit model is assigned a weight

Wocexp(—% (Xz—z()(z))), (17)

which allows to compute a weighted average for vy f,x over the explored models. The method
also assigns a systematic uncertainty coming from the model variation. ! This model averaging
procedure tends to penalize models with cuts in data and large number of fit parameters. In our case,
we observe that our lattice data is well described by the fit forms explored without performing any

I'We have also considered this model averaging technique to extract the ground state signal of the relevant lattice
observables by scanning over Euclidean time fit intervals.
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Figure 2: Chiral and continuum extrapolations of V87 f,x. We show the measurements for Wilson (empty
points) and Wtm (filled points). The fit form in eq. (12) is used for mass dependence together with eq. (16)
with ¢, = ¢3 = 0 to parameterise the lattice spacing dependence. No cuts are applied in this specific fit.
Points with the same colour refer to a common value of the lattice spacing. The grey band represents the
continuum limit dependence for the Combined data set analysis, while the coloured bands represent the chiral
fits at each lattice spacing for the Wilson data, and, similarly, the dashed lines (without showing uncertainty
in the fits) correspond to the Wtm case. Bottom: dependence of v/8to frx on the lattice spacing. All points
are projected to physical pion mass using the fit result to eq. (12), and the continuum extrapolation is done
fitting to eq. (16). The modification of the weight of the x? function in eq. (18) acting on the 8 = 3.40 and
m, =420 MeV data was included. The p-value for this model is 0.55 and it is one of the models contributing
most to the model average.
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cut in the data, which results in a large penalization by the TIC for models which cut the coarsest
lattice spacing 8 = 3.40 and heaviest pion mass m, = 420 MeV. In order to counteract for this
effect, we introduce a systematic error contribution in the definition of the y? of the fits for these set
of esembles in a similar manner as what was done in [30]. More specifically, the matrix elements
of the weight matrix ‘W in the y? function are modified to include terms associated to systematic
uncertainties. In the case of a diagonal weight matrix,

2\ 4
e :U,.zmg(g_m) v gt (18)
In the the first term in the rhs, oy, is the statistical error of the i-th data point. The coefficients cg
and c 4, are chosen such that the elements of the weight matrix ‘W for ensembles at the symmetric
point or at the coarsest lattice spacing, are no longer significantly enhanced with respect to those
lying closer to the continuum or at the physical pion mass. This ensures that the chiral-continuum
extrapolation is not dominated by ensembles with the heaviest pion masses and farther away from
the continuum, which tend to have smaller uncertainties than physical point ensembles or ensembles
with very fine values of a. By informing the y? about the fact that the effective theories used to
characterize the lattice spacing and the light quark mass dependence work best at smaller values
of a and m,, respectively, the weights of the model average are more evenly distributed between
the different data cuts. The model variation procedure and the corresponding model average are
illustrated in Fig. 3, while the specific model based on eq. (12) for the continuum behaviour and
¢y = c¢3 =0termin eq. (16) is shown in Fig. 2.

Once 81y frx is determined at the physical point (i.e. continuum limit result with physical
pion and kaon masses), using a prescription for the isoQCD values of the pion and kaon decay
constants [27]

200 = 130.56(13) MeV, [ = 157.2(5) MeV, (19)

as physical inputs, it is possible to determine the physical value of the gradient flow scale tgh. Our
results for the three types of analysis (Wilson, Wtm and Combined), together with a comparison
with other studies also based on Ny = 2 + 1 CLS ensembles, are presented in Fig. 4. We observe a
shift of the central value of 7y depending on whether the physical inputs of FLAG21 [27] or FLAG16
[26] are considered, the latter case giving results with bigger values of #g.

6. Conclusions

We have presented an update of a scale setting procedure based on physical inputs for the
pion and kaon decay constants, using a mixed action consisting of twisted mass valence quarks on
CLS O(a)-improved sea quarks [29] with ensembles at the physical pion mass and lattice spacing
down to a =~ 0.039 fm. We have explored the systematic effects associated to model variation
in the chiral and continuum limits, and demonstrated the effectiveness of combining the Wilson
and mixed action (Wtm) calculations to improve the precision of ¢#y. The current effort to extend
this work is to employ SU(2) ChPT to perform the chiral extrapolation of V81, f, thus using only
physical input for the pion decay constant. With respect to fx, the extraction of the pion decay
constant f, from the leptonic decay rate is less sensitive to QED corrections, and furthermore the
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Figure 3: Model average results for the determination of /7y at the physical point using the combined
analysis of both Wilson and Wtm results and f,x as physical input. Top: model average over cuts in the
data. The model weights W are given by eq. (17). For each label of the cut performed to the data displayed
in the panel, an average according to the model weights was taken over the various fit forms employed to
perform the chiral-continuum extrapolation. The label “[-]” refers to doing no cut in data. In all models the
systematic term of eq. (18) was included in the definition of the 2, so even in the “[-]” models points at the
coarsest lattice spacing, 8 = 3.40, and heaviest pion mass, m, = 420 MeV, are penalized in the fit. Bottom:
model average over different fit functions to perform the chiral-continuum extrapolation. When two different
labels are used for the cutoff effects, the first refers to the ones used in the Wilson data and the second to
the ones used in the Wtm. If only one label is present, it implies that the same cutoff effects were used, but
with different fit parameters. For each label of the fit form displayed in the panel, an average was taken over
the various data cuts according to the model weights. The blue vertical band shows the total model average
result with systematic and statistical uncertainties added in quadrature. All p-values computed following [21]
for each individual model are found to be greater than 0.1. Label [ ySU(2)] refers to eq. (13), [xSU(3)] to
eq. (12), [Tay] to eq. (14), [Tay4] to eq. (15), [a*] to using eq. (16) for the cutoff effects with ¢; = ¢3 = 0,
[a* + a®¢,] refers to setting c3 = 0, and [aak] refers to setting ¢; = ¢ = 0.
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Figure 4: Results for the gradient flow scale /7y in physical units based on the model average (pink points)
for our three types of analysis (Wilson, Wtm and Combined), compared with the Ny = 2 + 1 FLAG average
[27] and with other determinations also based on Ny = 2 + 1 CLS ensembles (blue points). In Bruno et al.
[18] the FLAG16 [26] prescription was used to define the physical input. Strassberger [23] use FLAG21
[27] physical input, as we have done in this study. Together with the inclusion of additional ensembles in the
analysis, we observe that the use of FLAG21 physical input tends to reduce the value of /7y with respect to
FLAGI6.

uncertainty from the CKM matrix element CKM |V, 4| is smaller than that from |V,5|. In addition,
the updated determination of o will be applied to the calculation of light quark masses and to our
charm physics project based on this mixed-action approach [9-11].
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