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The computation of the glueball spectrum is particularly challenging due to the rapid decay of the
signal-to-noise ratio of the correlation functions. To address this issue, advanced techniques such
as gauge link smearing and the variational method are commonly employed to identify the spectrum
before the signal diminishes significantly. However, a significant improvement in the signal-to-
noise ratio can be achieved by utilising multilevel sampling techniques. In this talk, we present a
study of the glueball spectrum in pure gauge theory with a two-level algorithm. Specifically, we
explore the relation between noise reduction and the various multilevel parameters, such as the
width of the dynamical regions and the number of submeasurements.
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1. Introduction

One of the major challenges of lattice QCD simulations is the signal-to-noise ratio (S/N) of
the correlation functions. Particularly demanding, even in pure gauge theory, is the computation of
the spectrum of glueballs, hypothetical composite particles made of solely gluons. The effective
masses are extracted from the glueball correlation functions, whose signal-to-noise ratio decays
exponentially over time with the glueball mass [1, 2]. Since the S/N prevents one from reaching the
large time distances, where eventually the ground state dominates, a variational method is adopted
to extract the effective masses from the solutions of a generalised eigenvalue problem (GEVP) [3].
The variational basis is constructed with Wilson loops of different shapes, see [4], and in addition,
fuzzing techniques such as link smearings are applied to mitigate UV fluctuations and construct
glueball operators that overlap better with the ground state. Adopting these standard techniques,
different lattice groups have managed to compute the glueball spectrum in pure gauge theory with
good consistency [5–7]. In particular, in [7], the statistical error was reduced by a factor of 10 with
respect to previous works by considering a large basis of operators and very high-statistics.

In this work, we directly address the S/N problem by using a more efficient algorithm for the
computation of the glueball correlation functions and we adopt a variational method to extract the
effective masses. In lattice gauge theory, a relevant error reduction was first achieved in [8] for
the computation of the string tension from the correlation functions of Polyakov loops, and it was
known as the ‘multihit’ method. In [9], the algorithm was improved by exploiting locality of the
pure gauge theory and the factorisation properties of the traces of Polyakov loops, which yelded an
exponential error reduction. This algorithm was named multilevel. In [10, 11], in the same spirit
as in [8, 9], a two-level algorithm was succesfully applied for the computation of glueball masses
in 3+1 SU(3) and 2+1 SU(2) Yang-Mills (YM) theory, respectively.

In our study, we use an algorithm similar to the one used in [10, 11], to investigate SU(3)
pure gauge theory in 3+1 dimensions and in particular, to study the performance of the multilevel
sampling algorithm with respect to its parameters.

2. Multilevel algorithm

2.1 Comparison between traditional and multilevel algorithm

The glueball correlation functions are defined as

𝐶 (𝑡, 𝑡0) = ⟨𝑊Γ (𝑡 + 𝑡0)𝑊Γ (𝑡0)⟩ (1)

where 𝑊Γ (𝑡) is the glueball operator and ⟨· · · ⟩ represents the gauge average. The glueball operator
𝑊Γ (𝑡) is constructed from a space-like Wilson loop projected on a specific channel Γ = 𝑅𝑃𝐶 ,
which contains the lattice quantum numbers1 (irreducible representation 𝑅, parity 𝑃, and charge
conjugation 𝐶). The correlation functions in eq. (1) is estimated with Monte Carlo techniques by
measuring the traces of Wilson loops on an ensemble of 𝑁cfg gauge configurations 𝑈 (®𝑥, 𝑡), so that

𝐶 (𝑡, 𝑡0) =
1

𝑁cfg

∑︁
𝑖

Tr
[
𝑊Γ (𝑈𝑖 , 𝑡 + 𝑡0)𝑊Γ (𝑈𝑖 , 𝑡0)

]
+ O

(
1/
√︁
𝑁cfg

)
. (2)

1In the rest frame, the symmetry group is the octahedral group 𝑂ℎ and the lattice irreps are 𝐴1, 𝐴2, 𝐸 , 𝑇1 and 𝑇2.
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The error thus scales as ∝ 1/
√︁
𝑁cfg with the standard method. Instead, with a multilevel

algorithm the glueball correlation functions are evaluated with

𝐶 (𝑡, 𝑡0) = ⟨
[
𝑊Γ (𝑡 + 𝑡0)

]
𝜆1

[
𝑊Γ (𝑡0)

]
𝜆2
⟩ , (3)

where the glueball operators 𝑊Γ (𝑡) are submeasured additionally onto two different subsets 𝜆1

and 𝜆2 of the full temporal lattice extent with lattice sites 𝑡/𝑎 = 0, . . . , 𝑁𝑡 − 1. These subsets
𝜆𝑘 are the dynamical regions of the temporal lattice, which are bounded by frozen regions 𝜙 𝑗𝑘 .
In other words, we generate 𝑁cfg gauge configurations 𝑈 (®𝑥, 𝑡) which are well thermalised, and
then each gauge configuration is additionally updated only on the timeslices that belong to specific
subsets 𝜆𝑘 of the full temporal lattice, while they are kept fixed on the timeslices that belong to
the frozen regions 𝜙 𝑗𝑘 . Examples of such subsets are displayed in Fig. 1. The parameters that
define the multilevel algorithm are the number of submeasurements 𝑁2 performed on the different
dynamical regions 𝜆𝑘 and the width of each of these regions. The advantage of using the multilevel
algorithm is that the statistical error is reduced by a factor of 𝑁2 by doing 𝑁2 more submeasurements
(labelled by [· · · ]) with respect to the gauge average only (labelled by ⟨· · · ⟩), provided that the
gauge configurations are updated independently in the two regions 𝜆 𝑗 and 𝜆𝑘 and that the distance
from the boundaries 𝜙 𝑗𝑘 is large enough, as we will discuss in the next section. The Wilson loop is
projected onto zero momentum by summing over all the spatial lattice sites. The brackets in eq. (1)
refer to the gauge average of the product of traces of Wilson loops.

2.2 This work: ensemble generation

We consider a pure SU(3) YM theory in 3 + 1 dimensions. The lattice discretised action can
be written in terms of the plaquettes and it reads

𝑆𝑔 =
𝛽

3

∑︁
𝑛∈Λ

∑︁
𝜇<𝜈

Re
{
Tr

[
1 −𝑈𝜇 (𝑛)𝑈𝜈 (𝑛 + 𝜇̂)𝑈𝜇 (𝑛 + 𝜈̂)†𝑈𝜈 (𝑛)†

]}
. (4)

We investigate a single ensemble with𝑉/𝑎4 = 24×243 and with periodic boundary conditions at
𝛽 = 6.2, whose lattice spacing corresponds to 𝑎 = 0.0677 fm, according to [12] with 𝑟0 = 0.5 fm. In
[13], results for the glueball spectrum on a similar ensemble were obtained with the spatial gradient
flow, which we refer to for a comparison. At first, we generate O(104) gauge configurations with
the traditional HMC algorithm with a trajectory step of 𝜏 = 3 and we study the autocorrelation
time of the plaquette and the topological charge at different flow times. We observe that with a
spacing of 100𝜏 the autocorrelations of the gauge configurations are negligible, i.e., the integrated
autocorrelation time for the topological charge is 𝜏int ≈ 0.5 [14].

2.3 Multilevel updates

In order to make more submeasurements on local regions [. . . ]𝜆𝑘
, we perform further updates

of the gauge configurations by considering dynamical regions of increasing size as depicted in
Fig. 1, and we compute a glueball operator 𝑊Γ (𝑡) ∀ 𝑡 ∈ 𝜆𝑘 , 𝜙𝑘 . The different decompositions
of the temporal lattice are labelled as Λ𝑤 , where 𝑤 represents the width in lattice units of the
dynamical regions 𝜆𝑘 . Clearly, with the decomposition Λ1, where the dynamical regions are only
one lattice spacing wide, one would expect a reduction of the statistical error just for the even
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Figure 1: Some of the different decompositions that are investigated in this preliminary work, where the
temporal lattice extent is 𝑁𝑡 = 24. The blue cells represent the fixed boundaries on the second level, whereas
the white cells are the dynamical ones. For Λ1, the gauge configurations are additionally updated on the even
timeslices and kept fixed on the odd timeslices. This yelds 12 dynamical regions 𝜆 and 12 frozen regions 𝜙.
On the bottom, an example of a correlation between Wilson loops submeasured on two different dynamical
regions 𝜆1 and 𝜆2 of Λ7, i.e., ⟨[𝑊 (𝑡0 + 𝑡 = 11𝑎)]𝜆1 [𝑊 (𝑡0 = 3𝑎)]𝜆2⟩.

timeslices, as the gauge configurations are not updated on the odd timeslices. The reduction
of the statistical error 𝜎𝑁2 (𝑡, 𝑡0) with 𝑁2 submeasurements depends on the distance from the
boundaries (blue cells in Fig. 1), so that, if we consider for example the lattice decomposition Λ7,
𝜎𝑁2 (𝑡 = 8𝑎, 𝑡0 = 3𝑎) < 𝜎𝑁2 (𝑡 = 8𝑎, 𝑡0 = 6𝑎) as 𝑡0 = 3𝑎 and 𝑡 + 𝑡0 = 11𝑎 are more distant from
the boundaries with respect to correlations between 𝑡0 = 6𝑎 and 𝑡0 + 𝑡 = 14𝑎. In Fig. 2, we present
the results of the error reduction Σ

𝑁2
rel (𝑡, 𝑡0) at 𝑡 = 8𝑎 for the glueball correlation functions projected

on the channel 𝑇++
2 and with the lattice decomposition Λ7. The error reduction is defined as the

ratio of the statistical error with 𝑁2 and with 𝑁2 = 1 submeasurements, so to show the expected
scaling 1/𝑁2, and it is plotted against the number of submeasurements 𝑁2. As can be seen from
the plot in Fig. 2, the expected error reduction of 1/𝑁2 is almost perfect for 𝑡0 = 3𝑎, 4𝑎 and 𝑡 = 8𝑎,
whereas the error reduction for 𝑡0 = 6𝑎 and 𝑡0 = 0𝑎 starts to saturate at around 𝑁2 = 30. For
correlations between Wilson loops evaluated at the boundaries like ⟨𝑊 (𝑡0 + 𝑡 = 15𝑎)𝑊 (𝑡0 = 7𝑎)⟩,
no error reduction is observed as expected from the fact that the gauge configurations are not
updated on these timeslices. The larger the dynamical regions, the better multilevel performance,
thus explaining why a larger dynamical region is a better choice. Similar behaviour is observed
for correlations of Wilson loops at different 𝑡0 and 𝑡 for the channels 𝑇++

2 , and similarly for 𝐸++.
A particular channel is the 𝐴++

1 , where the 𝐴++
1 Wilson loop has nonvanishing vacuum expectation

value (VEV), i.e. ⟨𝑊 𝐴++
1 (𝑡)⟩ ≠ 0 ∀ 𝑡, which must be subtracted carefully as discussed in [11]. For

this channel, we do not observe an error reduction as large as for other channels 𝐸++, and 𝑇++
2 . This

was observed also in [11]. However, the signal-to-noise ratio is not as bad as for other channels,
provided that few smearing iterations are applied.
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Figure 2: Comparison plot of Σ𝑁2
rel (𝑡, 𝑡0) = 𝜎𝑁2 (𝑡, 𝑡0)/𝜎𝑁2=1 (𝑡, 𝑡0) for the channel Γ = 𝑇++

2 at fixed 𝑡 = 8𝑎,
and at different 𝑡0, to show that the multilevel works best with Wilson loops that are quite far from the
boundaries. Only correlations between operators at central timeslices like 𝑡0 = 3𝑎 to 𝑡 = 11𝑎 (visualise in
Fig. 1) achieve the expected error reduction, close to the ideal scaling 1/𝑁2. The error reduction decreases as
the Wilson loops get closer to the boundaries (𝜙 = {7𝑎, 15𝑎, 23𝑎} for this lattice decomposition Λ7). There
is an error on the error which is not displayed here and might be relevant at large 𝑁2, see [14].

2.4 Multilevel analysis

With the multilevel algorithm, the correlation functions 𝐶 (𝑡, 𝑡0) have different variances for
different 𝑡 and 𝑡0, as one can see, for instance, from the relative statistical error plotted in Fig. 2.
For this reason, the sum over all the equivalent 𝑡0 can be replaced by a weighted average

𝐶 (𝑡) =
∑

𝑡0 𝑤(𝑡, 𝑡0)𝐶 (𝑡0 + 𝑡, 𝑡0)∑
𝑡0 𝑤(𝑡, 𝑡0)

. (5)

In [11], the weights 𝑤(𝑡, 𝑡0) were chosen to minimise the final statistical error. In this work,
we consider the inverse of the variance, i.e., 1/𝜎2(𝑡, 𝑡0), but one can consider a more sophisticated
weighting procedure to minimise the final statistical error.

3. Variational method

We construct a basis of 5 different length-8 Wilson loops, which can be projected onto the
channels of interest 𝐴++

1 , 𝐸++, 𝑇++
2 , and 𝐴−+

1 . Each of these Wilson loops is smeared with 4 different
APE smearing levels to construct an efficient variational basis. For each 𝑊Γ

𝑗
(𝑡) in this basis, we

compute
𝐶Γ
𝑖 𝑗 (𝑡, 𝑡0) = ⟨𝑊Γ

𝑖 (𝑡 + 𝑡0)𝑊Γ
𝑗 (𝑡0)⟩ , 𝑖, 𝑗 = 1, . . . , 𝑁 (6)
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Figure 3: GEVP effective masses at 𝑡ref = 0𝑎 for the channels 𝐴++
1 , 𝐸++, 𝑇++

2 , and 𝐴−+
1 at 𝛽 = 6.2, with

𝑉/𝑎4 = 24 × 243. These results are obtained with the sublattice decomposition Λ11, where the full temporal
lattice with 𝑁𝑡 = 24𝑎 is split into two dynamical regions of width 𝑤 = 11𝑎.

and we estimate the weighted average 𝐶
Γ

𝑖 𝑗 (𝑡) as discussed in the previous section, see eq. (5). We
then solve the GEVP

𝐶
Γ (𝑡)𝑉Γ (𝑡, 𝑡ref) = 𝐶

Γ (𝑡ref)ΛΓ (𝑡, 𝑡ref)𝑉Γ (𝑡, 𝑡ref) ∀ 𝑡 > 𝑡ref , (7)

where ΛΓ (𝑡, 𝑡ref) = diag
(
𝜆Γ1 (𝑡, 𝑡ref), . . . , 𝜆Γ𝑁 (𝑡, 𝑡ref

)
and 𝑉Γ (𝑡, 𝑡ref) =

(
𝑣Γ1 (𝑡, 𝑡ref), . . . , 𝑣Γ𝑁 (𝑡, 𝑡ref)

)
are the matrices of generalised eigenvalues and eigenvectors, respectively. The GEVP effective
masses 𝑚Γ

eff can be extracted from the eigenvalues as 𝜆Γ
𝑘
(𝑡, 𝑡ref) ∝ 𝑒−𝑚

Γ
eff (𝑡−𝑡ref ) for the channels

Γ = 𝐴++
1 , 𝐸++, 𝑇++

2 , 𝐴−+
1 . Some operators with different shapes might be degenerate at large enough

smearing radii, as observed in Fig. 8 of [13], and thus some careful choice must be made for the
optimal variational basis. A possibility to construct the optimal variational basis is to use the
singular value decomposition of the GEVP matrix 𝐶 (𝑡) and prune the matrix, or solve the GEVP
with different combinations of the operators in the variational basis and observe empirically which
basis works best. The choice of the variational basis is very important even with very high statistics,
and in this preliminary study we focus only on large Wilson loops as they contain all the irreps
of interest. Since large loops comprise of more gauge links, statistical fluctuations are expected
to be larger with respect to, for example, a 1 × 1 Wilson loop (plaquette), which is of length-4,
but it might also be that larger Wilson loops have greater overlap onto the ground state. We adopt
the two-level algorithm on 𝑁cfg = 101 configurations with up to 𝑁2 = 1000 submeasurements to
compute each of these correlation functions and solve the GEVP. The two-level decomposition that
works best is the one with larger dynamical region, and we decompose the full temporal lattice
with 𝑡 = 0𝑎, . . . , 23𝑎 into two dynamical regions of width 11𝑎, separated by a frozen region or
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fixed boundary that consists of a single timeslice. The effective masses of the ground state for the
channels Γ = 𝐴++

1 , 𝐸++, 𝑇++
2 , and 𝐴−+

1 , are extracted from the exponential decay of the eigenvalues
and are plotted in Fig. 3. The results are consistent within the error with [13] and will improve with
a better choice of operators and smearing radii.

4. Conclusions

In this preliminary work, we analyse the 𝑆𝑈 (3) glueball spectrum in 3 + 1 dimensions with
a two-level algorithm at 𝛽 = 6.2 and 𝑉/𝑎4 = 24 × 243. We consider 101 gauge configurations
and perform up to 𝑁2 = 1000 submeasurements on the inner level. We achieve an error reduction
proportional to 𝑁2 for some correlations that are at least 3 lattice spacings away from the boundaries
for the channels 𝐸++, 𝑇++

2 , and 𝐴−+
1 . For the irrep 𝐴++

1 , which contains the lighest glueball and a
nonvanishing vacuum expectation value, the error reduction is smaller than 𝑁2, but the signal-to-
noise ratio is less challenging. The results are consistent within the errors with literature and are
very promising in terms of the error reduction. In the future, we will address the question of the
scaling of the multilevel towards the continuum limit and the different channels. In addition, we
plan to show a direct comparison with the traditional method to highlight the benefit in computer
time of using the multilevel sampling algorithm compared to the traditional method.
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