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The standard approach to compute the glueball spectrum on the lattice relies on the evaluation
of effective masses from two-point correlation functions of operators with the quantum numbers
of the desired state. In this work, we propose an alternative procedure, based on the numerical
computation of smeared spectral densities. Even though the extraction of the latter from lattice
correlators is a notoriously ill-posed inverse problem, we show that a recently developed numerical
method, based on the Backus-Gilbert regularization, provides a robust way to evaluate a smeared
version of the spectral densities. Fitting the latter to a combination of Gaussians, we extract the
masses of the lightest glueball and of its first excitation in the spectrum of the theory. While
the preliminary results presented in this contribution are restricted to simulations at finite lattice
spacing and finite volume, and for the purely gluonic sector of QCD, they represent the first step
in a systematic investigation of glueballs using spectral-reconstruction methods.
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1. Introduction

The existence of glueballs, color-singlet states made only of gluons, with no valence quarks, is
a remarkable prediction of quantum chromodynamics (QCD). While this prediction stems directly
from the existence of cubic and quartic gluon self-interaction terms in the QCD Lagrangian, and
from the confining, intrinsically non-perturbative, nature of QCD (or, more generally, of non-
Abelian gauge theories) at low energies, it is remarkable that a rigorous proof of the existence of a
mass gap—the mass of the lightest glueball—is still one of the unsolvedMillennium Prize Problems
of the Clay Mathematics Institute [1]. In fact, it may be that this problem will never be solved [2].

From the theoretical point of view, the study of the nature and properties of glueballs began in
the early days of QCD [3], and for long time it was carried out only by means of phenomenological
models, such as, for example, the MIT bag model [4], as was done in refs. [5–11], or the Isgur-Paton
model [12, 13], inspired by a confining-string picture [14]. Alternative phenomenological models
that were used to study the glueball spectrum include those based on the definition of an “effective
gluon mass” [15–17]. More recently, analytical investigations of the glueball spectrum in QCD-like
theories were carried out using the conjectured gauge/gravity correspondence [18–20]: examples
of such studies include those reported in refs. [21–31].

Beside theseworks based on phenomenologicalmodels, numerical investigations of the glueball
spectrum, starting from the first principles of QCD (or of its purely gluonic sector, namely SU(3)
Yang-Mills theory without matter fields) can be carried out on the lattice. While such studies have
been carried out for more than forty years, and by now there exists an extensive literature on the
subject (see ref. [32] for a review), it should be noted that there are still many open questions in
this area of research. This motivated us to propose a new way to address the determination of the
glueball spectrum, based on the reconstruction of spectral densities with the HLT method proposed
in ref. [33], which has been recently applied in a variety of different problems [34–42].

After reviewing the general strategy (and the inherent challenges) of conventional glueball-
spectroscopy studies on the lattice in section 2, we describe the reconstruction of smeared spectral
densities from lattice correlators in section 3 and present preliminary results in purely gluonic SU(3)
Yang-Mills theory in section 4. Finally, section 5 contains a summary and an outlook on future
work in this direction.

2. Overview of glueball-spectroscopy calculations on the lattice

In principle, the extraction of glueball masses from the lattice is straightforward: given a
zero-momentum, local, gauge-invariant operator Φ constructed only from spatial gauge links, and
with the spin (J), parity (P) and charge-conjugation (C) quantum numbers of the desired physical
glueball state, the resolution of the identity in the energy eigenstates allows one to express the
two-point connected correlation function as

G(aτ) = 〈Φ(aτ)Φ(0)〉conn =
∑
n

|An |
2 exp(−aτωn), (1)

where An = 〈0|Φ(0)|n〉 represents the overlap between the state created by acting with Φ(0) on the
vacuum and the nth energy eigenstate, so that the mass of the lightest state in the given channel
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can be read off from the exponential decay of G at sufficiently large Euclidean-time separations,
aτ →∞, i.e., it is given by the smallest ωn with An , 0.

In practice, however, such procedure is non-trivial: to begin with, the “glueball wave function”
is not known a priori, hence one does not know which operator(s) in each JPC channel have the best
overlap with the target physical state. In particular, one may expect the operators with the largest
overlap with the physical state to be sufficiently smooth, hence they are often constructed using
“smoothened” link variables. However, the precise details of the optimal smearing/blocking are not
known in advance. In fact, it often happens that the operator that provides the best interpolation of
a physical glueball corresponds to some non-trivial linear combination of lattice operators, which
should be extracted a posteriori from lattice data—namely, one should consider a sufficiently large
set of lattice operators with the specified quantum numbers, consider the matrix constructed from
all of their correlation functions (including off-diagonal ones), and study the generalized eigenvalue
problem to properly disentangle the different states. In addition, also the precise identification of the
spin quantum number is non-trivial: at every finite value of the lattice spacing a, the regularization
of the theory on a hypercubic grid breaks the continuous group of rotations down to the finite
subgroup of rotations by integer multiples of π/2. As a consequence, the eigenstates of the lattice
Hamiltonian are classified according to the only five irreducible representations of the octahedral
point group, the symmetry group of the cube: A1 and A2 (of dimension 1), E (of dimension 2), and
T1 and T2 (of dimension 3), the restriction of continuum spin-J representations to the octahedral
point group being called “subduced representations”. A related issue is the fact that, at finite a,
the 2J + 1 states corresponding to a continuum spin-J representation get mixed among different
representations of the lattice symmetry group, their degeneracy being broken by lattice artifacts.
In particular, this means that the ground states of spins J ≥ 4 appear as excited states in some
representation of the octahedral point group. Besides, certain channels are also affected by mixing
with scattering and torelon states (and with isospin-singlet states in full QCD). Finally, the fact
that even the lightest glueball state has a relatively large mass, above 1 GeV, implies that the two-
point correlation functions decay quickly as a function of the Euclidean-time separation, and the
computation is affected by a bad signal-to-noise ratio; a way to tackle this problem consists in
evaluating these correlators on anisotropic lattices, with a finer spacing in the temporal direction.
Nevertheless, (taking also into account that, owing to the periodic boundary conditions for gauge
fields in the Euclidean-time direction, the exponentials appearing in eq. (1) are actually replaced by
hyperbolic cosines, limiting the maximum separation to half the lattice size) the number of points
from which an effective mass can be reliably extracted is rather limited. For all of these reasons,
the extraction of glueball masses from the lattice remains a non-trivial problem.

3. Glueball spectrum from smeared spectral densities

As an alternative method to extract the glueball spectrum from the lattice, we propose its study
from the reconstruction of (smeared) spectral densities.1 Note that, in principle, perfect knowledge
of the spectral density of a theory would provide information not only about the masses of the
physical states, but also about their decay widths. The Euclidean correlator defined in eq. (1) can

1A related idea was recently put forward in ref. [43].
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be written in the Källén-Lehmann representation as

G(aτ) =
∫ ∞

ωmin

dωρ(ω) exp(−aτω). (2)

Extracting the spectral density ρ(ω) by numerical inversion of the Laplace transform in eq. (2) is,
however, an ill-posed problem for lattice calculations, in which G(aτ) is known for a finite number
of Euclidean-time separations and is affected by statistical (and systematic) uncertainties. The
matter is further complicated by the fact that, in a lattice of finite linear extent L, the actual spectral
density receives contributions from a combination of Dirac δ distributions:

ρL(ω) =
∑
n

|〈0|Φ(0)|n〉|2

2πωn
δ (ω − ωn(L)) . (3)

We address the problem by applying a regularization based on the variant of the Backus-Gilbert
method proposed in ref. [33], which gives access to a smeared version ρσL (ω) of the finite-
volume spectral density. In a nutshell, this HLT method generalizes the Backus-Gilbert recon-
struction [44–46] by having the smearing function as an input of the algorithm. Introducing
K(ω, g) =

∑τmax
τ=1 gτ(σ) exp(−aτω), the finite-volume smeared spectral density can be written as

ρσL (ω) =

∫ ∞

0
dω ρσL (ω)∆σ (ω − ωn(L)) ' a

τmax∑
τ=1

gτ(σ)G(aτ). (4)

For a given σ, the gτ coefficients are determined by minimizing the functional

Wn[g] =
An[g]

An[0]
+ λB[g], (5)

where An[g] and B[g] are defined as

An[g] =

∫ ∞

ω0

dω wn(ω) |K(ω, g) − ∆σ (ω − ωn(L))| , B[g] = Bnorm

τmax∑
τ1,τ2=1

gτ1gτ2 Cov(τ1, τ2),

(6)

with Cov(τ1, τ2) denoting the statistical covariance of the correlator. Note that, in the ideal limit
of infinitely precise correlators, the method would yield the coefficients that minimize An[g];
conversely, in the presence of errors, the coefficients that one obtains correspond to an “optimal
balance” between statistical and systematic. The stability of this procedure to extract the gτ

coefficients can be studied following the strategy proposed in ref. [34]. Finally, the physical spectral
function is obtained as

ρ(ω) = lim
σ→0

(
lim
L→∞

ρσL (ω)
)

; (7)

note that the two limits do not commute.
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Figure 1: Comparison between the smeared spectral function associated with the correlator derived for the
ground state in the 0++ channel with the variational method (blue symbols) and its contribution from the C00
correlator (orange symbols). The data are obtained from simulations at β = 5.8941 and for the value of the
smearing parameter in units of the inverse lattice spacing σa = 0.15.

4. Preliminary results

We are currently analyzing two ensembles of purely gluonic SU(3) configurations obtained
with the Wilson gauge action on lattices of hypervolume (L/a)4 = 324 at β = 5.8941 and at
β = 6.0625; the statistics is approximately 5 × 103 configurations for the coarser lattice, and
1.5 × 104 configurations for the finer lattice. We are focusing on the two lowest states in the
JPC = 0++ channel (or, more precisely, in the A1 representation of the octahedral point group),
for which we can benchmark our results against those obtained (with the conventional techniques
described in section 2) in ref. [47].

A first observation that can be made is that our strategy to study the spectral functions allows
one to investigate the contributions to the optimal correlators obtained with the variational method:
as an example, figure 1 shows that the spectral function associated with the optimal correlator
encoding the propagation of the ground state in the 0++ channel (at a given lattice spacing and
for a fixed smearing parameter σ) is very close to the one from the correlator C00 of the (0++

channel projected) combinations of the one-time blocked-smeared plaquette. This is compatible
with expectations, since the operators in C00 are found to have a sizeable projection on the optimal
operators.

Next, we remark that, following the approach discussed in refs. [38, 39], it is also possible to
directly fit the spectral functions (rather than the correlators), by minimizing the χ2 defined from
the matrix of covariances of the smeared spectral distributions, Cov[ρσ]. As an example, figure 2
shows preliminary results for the fit of the smeared spectral distribution obtained from simulations
at β = 5.8941 and for σa = 0.15 to a linear combination of two Gaussians; the reduced χ2 of this fit
is 2.67. The plot also shows the masses of the two lightest glueballs estimated from a conventional
calculation in ref. [47]: while this comparison should be taken cum grano salis (given that our
reconstructed spectral function is at finite L and at finite σ), the agreement with the results of the
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Figure 2: Preliminary results for the fit of the smeared spectral function obtained from our β = 5.8941,
(L/a)4 = 324 lattice ensemble with smearing parameter σa = 0.15 (blue symbols) to a linear combination
of two Gaussians (denoted by the green and magenta curves, with the associated uncertainties); the reduced
χ2 of this fit is 2.67. The black and yellow bars denote the mass of the lightest glueball states in the 0++

channel estimated in ref. [47].

variational computation reported in ref. [47] appears to be reasonably good.

As a matter of fact, one important step in our computation consists in the σ → 0 extrapolation
of the reconstructed spectral functions. While, as we remarked, this limit should be taken only after
the extrapolation to the infinite-volume limit, in figure 3 we show a sample of results concerning
the dependence of the fitted masses (for both the lightest and the second-lightest states in the A++1
channel) on the smearing parameter—both in units of the lattice spacing. The plot, which refers
to preliminary results obtained at β = 5.8941 on a lattice of hypervolume (L/a)4 = 324, reveals
that the dependence on σ is very smooth, and that the results at small σ are affected by small
uncertainties. This gives us confidence that the final σ → 0 extrapolation of the reconstructed
spectral functions will be under control.

5. Conclusions

The study of the glueball spectrum remains an interesting and challenging problem in theoretical
high-energy physics. In this contribution, we discussed a possible way to address it, by means of the
numerical reconstruction of smeared spectral densities, according to the HLT method proposed in
ref. [33]. Our preliminary results in purely gluonic SU(3) Yang-Mills theory are very encouraging,
even though, in order to make a sensible comparison with other lattice calculations, a more complete
study (including, in particular, the extrapolation to the infinite-volume limit, and the extrapolation
to the σ → 0 limit) is still required. Thus, the next steps in this ongoing project consist in the
improvement of the statistics for our current lattice ensembles, in the generation of new ensembles
at larger volume (and at finer lattice spacings, too), and in the investigation of other JPC channels.
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Figure 3: Dependence of our preliminary results for the masses of the two lightest states in the A++1 channel
(in units of the inverse lattice spacing) on the smearing parameter σ (also in units of 1/a) from simulations
at β = 5.8941, (L/a)4 = 324. The ground state is denoted by blue symbols, while the first excited state is
shown by orange symbols.
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