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1. The large 𝑁c limit of QCD

The large 𝑁c or ’t Hooft limit of QCD [1] is the limit in which the number of colors, 𝑁c, is taken
to infinity while keeping the number of quark flavors, 𝑁f, constant. It constitutes a simplification
of the theory which retains most of its non-perturbative properties, such as asymptotic freedom,
confinement or spontaneous chiral symmetry breaking. This limit has proven to have predictive
power in the low-energy regime and is often used by phenomenological approaches to QCD. However,
different examples are known, like the Δ𝐼 = 1/2 rule [2], in which experimental results are not well
reproduced by large 𝑁c predictions due to sizable subleading 𝑁c effects. While these corrections are
difficult to estimate analytically, the lattice regularization provides a first-principles method to study
them.

Several works have studied the large 𝑁c limit via lattice simulations [3]. In previous work, our
group has investigated the scaling of different meson observables in a theory with 𝑁f = 4 degenerate
quarks, such the pion1 mass, 𝑀𝜋 , and decay constant, 𝐹𝜋 , [4], non-leptonic kaon decays [5],
and more recently, pion-pion scattering near threshold [6]. In a theory with 𝑁f = 4 degenerate
flavors, 𝜋𝜋 scattering classifies in seven scattering channels, corresponding to different irreducible
representations (irreps) of the isospin symmetry group, SU(4)f [7]. In ref. [6], we focused on two of
these irreps which only contain even partial waves:

• The 84-dimensional irrep, known as the 𝑆𝑆 channel, that is analogous to the isospin-2 channel
of two-flavor QCD and for which a representative state is |𝜋+𝜋+〉.

• The 20-dimensional irrep, known as the 𝐴𝐴 channel, that only exists for 𝑁f ≥ 4 and for which
a representative state is |𝐷+

𝑠𝜋
+〉 − |𝐷+𝐾+〉.

Results for the pion-pion 𝑠-wave scattering length, 𝑎0, from ref. [6] are reproduced in fig. 1, together
with leading-order (LO) predictions from chiral perturbation theory (ChPT). Note we use the sign
convention for 𝑎0 in which this quantity is related to the scattering phase shift as 𝑘 cot 𝛿0 = 1/𝑎0+ . . . ,
with 𝒌 the relative three-momentum in the center-of-mass (CM) frame and 𝑘 = |𝒌 |.

Interestingly, the 𝐴𝐴 channel has positive 𝑎0 and so it is attractive, which could lead to the
presence of a tetraquark resonance at higher CM energy. This possibility is supported by various
experimental findings. LHCb has recently reported several scalar tetraquark states: the 𝑇0

𝑐𝑠0(2900)
in the mass spectrum of 𝐷−𝐾+ [8, 9], and the 𝑇++

𝑐𝑠0(2900) and 𝑇0
𝑐𝑠0(2900) in the mass spectra of

𝐷+
s 𝜋

+ and 𝐷+
s 𝜋

−, respectively [10, 11]. All these states have in common that, in a theory with 𝑁f = 4
degenerate quark flavors, they would have the quantum numbers of the 𝐴𝐴 channel. LHCb has also
reported a vector tetraquark in the mass spectrum of 𝐷−𝐾+ [8, 9], known as the 𝑇1

𝑐𝑠0(2900), which
would lie in one of the two 45-dimensional irreps of SU(4)f in our theory, called the 𝐴𝑆 and 𝑆𝐴
channels. It is worth mentioning that all these exotic states have been phenomenologically described
as vector-meson molecules [12], as they lie close to the 𝐷∗𝐾∗ and 𝐷∗

𝑠𝜌 thresholds.
In view of these results, we are now working on an extension of ref. [6] to study the scattering

amplitudes of the aforementioned scattering channels as a function of the CM energy. Our objective
is two-fold. First, to investigate the possible existence of tetraquark resonances and, if found, to
characterize their nature as a function of 𝑁c. This would allow us to answer the long-lasting question
of whether these states do [13] or do not [14] exist in the large 𝑁c limit, and in the former case, how

1Since we work in a theory with 𝑁f = 4 degenerate quark flavors, all pseudoscalar mesons have the same mass. We
refer to them generically as “pions” (𝜋). Vector mesons are also degenerate and we denote them as “rhos” (𝜌).
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their width scales with 𝑁c. Second, to determine the 𝑁c dependence of meson-meson scattering
amplitudes and, more specifically, to characterize the low-energy constants of ChPT as a function of
𝑁c. In this talk, we present some preliminary results for 𝜋𝜋 scattering in the 𝑆𝑆 channel for 𝑁c = 3
and 𝑁c = 4, and in the 𝐴𝐴 channel for 𝑁c = 3. In the latter case, we study the impact of varying the
set of operators used to determine the finite-volume energy spectrum.
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(a) 𝑆𝑆 channel (repulsive).
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(b) 𝐴𝐴 channel (attractive).

Figure 1: Results for the 𝑠-wave scattering length from [6], together with LO ChPT predictions (black line).

2. Finite-volume energies from the lattice

Lattice calculations allow to determine two-particle finite-volume energies, from which infor-
mation about infinite-volume scattering observables can be extracted [15]. For this work, we use
four ensembles with 𝑁c = 3− 6 at fixed 𝑀𝜋 ≈ 590 MeV and lattice spacing 𝑎 ≈ 0.075 fm, generated
with the Iwasaki gauge action and 𝑁f = 4 degenerate clover-improved Wilson fermions. The lattices
have spatial and temporal sizes (𝐿/𝑎)3 × (𝑇/𝑎) = 243 × 48 (𝑁c = 3) and 203 × 36 (𝑁c = 4 − 6).
Numerical computations were performed using the HiRep code [16].

|0〉 |1〉 |2〉 |3〉

π(0)π(0)

π(1)π(1)

ρ(0)ρ(0)

π(2)π(2)

Tetraquark

Figure 2: Relative overlap (area of the rectan-
gles), of different operators into the lowest lying
states of the rest-frame 𝐴+

1 irrep for the 𝐴𝐴

channel with 𝑁c = 3. Relative momentum is
indicated between parenthesis in units of 2𝜋/𝐿.

To extract the two-particle finite-volume
energies, we consider an extensive set of opera-
tors and different momentum frames, which we
project to the relevant irreps of the cubic group or
the corresponding little group. The operator set
consists of two-particle operators corresponding
either to two pions, 𝜋𝜋, or two vector mesons,
𝜌𝜌, with various momenta assignments, as well
as of local tetraquark operators. The matrix of
correlators between all of these operators, 𝐶 (𝑡),
is determined on the lattice using time-diluted
Z2 ×Z2 noise sources for two-particle operators,
and point sources located in a sparse lattice for
the tetraquarks [17].
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This matrix is then used to solve a generalized eigenvalue problem (GEVP) [18, 19]. The
generalized eigenvectors provide insight on the overlap of the different operators into each stationary
state of the finite-volume, |𝑛〉. This is schematically shown for a few operators in fig. 2 in the case of
the rest-frame 𝐴+

1 irrep for the 𝐴𝐴 channel with 𝑁c = 3. In the figure, the area of the rectangles is
proportional to the overlap of different operators (rows) into the lowest-lying finite-volume states
(columns). Two-particle operators have a dominant overlap with the state that lies the closest to the
free energy associated to that particular operator—for example, in the case of the 𝜋(1)𝜋(1) operator,
this would be the energy of two pions each with relative momentum 𝑘 = 2𝜋/𝐿. As for this ensemble
vector mesons are stable, with mass 𝑀𝜌 ≈ 1.7𝑀𝜋 , the second excited state is dominated 𝜌𝜌, while
the other three states are predominantly 𝜋𝜋. Regarding the tetraquark operator, it mostly overlaps
with two-pion states, with its effect on the other state being negligible.
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Figure 3: Best-fit results to Eq. 3 of the eigenvalue
associated to the lowest-lying state in the [1,1,1]
frame of the 𝐴𝐴 channel with 𝑁c = 3, for varying
𝑡min. Only 𝜋𝜋 and tetraquark operators are used in
the GEVP. The final result is extracted averaging with
weights based on the Akaike Information Criterion
(lower panel). Empty points are manually excluded.

On the other hand, the generalized eigenva-
lues are approximately the correlation functions
between these lowest-lying finite-volume states,
and can be fitted to determine the corresponding
finite-volume energies, 𝐸𝑛. Due to the limited
time-extent of our ensembles, thermal effects
need to be taken into account when defining the
fit functions [20]. In the case of two particles
with momenta 𝒌1 and 𝒌2 in the non-interacting
limit, and equal mass𝑀 , the correlation function
takes the form

𝐶𝒌1,𝒌2 (𝑡) = 𝐴 cosh
(
𝐸𝒌1,𝒌2 𝑡

)
+𝐴̃ cosh (Δ𝐸 𝑡)+. . .

(1)
where 𝐸𝒌1,𝒌2 is the interacting two-particle finite-
volume energy, Δ𝐸 = 𝐸𝒌1 − 𝐸𝒌2 with 𝐸𝒌 =√︁
𝑀2 + 𝒌2, 𝐴 and 𝐴̃ are unknown amplitudes

related to different matrix elements, 𝑡 = 𝑡 −𝑇/2,
and the dots refer to higher order corrections,
which we neglect. Note that, while thermal
effects are independent of time in the rest frame where 𝒌1 = 𝒌2, they are in general time-dependent
for moving frames, with 𝒌1 ≠ 𝒌2. Similarly, the product of two single-particle correlation functions
can be decomposed as

𝐶𝒌1 (𝑡)𝐶𝒌2 (𝑡) = 𝐵
[
cosh

(
𝐸 free
𝒌1,𝒌2

𝑡

)
+ cosh (Δ𝐸 𝑡)

]
+ . . . (2)

where 𝐸 free
𝒌1,𝒌2

= 𝐸𝒌1 + 𝐸𝒌2 and 𝐵 is another unknown amplitude.
To determine the finite-volume energies we have performed a two- or three-parameter fit, for

the 𝒌1 = 𝒌2 and 𝒌1 ≠ 𝒌2 cases, respectively, to a ratio function

𝑅(𝑡) =
𝜕0𝐶𝒌1,𝒌2 (𝑡)

𝜕0
[
𝐶𝒌1 (𝑡)𝐶𝒌2 (𝑡)

] (3)

for different fit ranges. The finite-volume energies are extracted where the results form a plateaux,
by averaging different fit ranges using weights based on the Akaike Infomation Criteria [21]. An
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example of this is shown in fig. 3. The top panel presents the result of the fit for different fit ranges
𝑡 ∈ [𝑡min, 𝑡max] with fixed 𝑡max = 23𝑎, which are averaged using the weights shown in the bottom
panel to yield the blue band as a final result. Empty points are manually excluded from the average,
since they are dominated by noise.

Preliminary results for the finite-volume energies are presented in fig. 4 for different irreps and
momentum frames. The energy spectrum of the 𝐴𝐴 channel with 𝑁c = 3 is shown in figs. 4a and 4b,
where we investigate the effect of varying the operator set used to solve the GEVP. Fig. 4a compares
the case in which only 𝜋𝜋 operators are used against that in which tetraquark operators are also
included. Fig. 4b compares the latter case to the result when 𝜌𝜌 operators are additionally taken
into account. Horizontal black and green dashed lines correspond to the 𝜋𝜋 and 𝜌𝜌 free energies,
respectively. We note small but significant variations in the finite-volume energies when adding
tetraquark operators to the operator set, especially in those energy levels close to the four-pion
inelastic threshold. The inclusion of 𝜌𝜌 operators, on the other hand, leads to the appearance of new
energy levels associated with states of two vector mesons, while having a relatively reduced impact
on those states that mainly overlap with two pions.
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(a) 𝐴𝐴 channel for 𝑁c = 3, using 𝜋𝜋 (blue) and 𝜋𝜋
+ tetraquark (red) operators.
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(b) 𝐴𝐴 channel for 𝑁c = 3, using 𝜋𝜋 + tetraquark (red) and
𝜋𝜋 + 𝜌𝜌 + tetraquark (orange) operators.
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(c) 𝑆𝑆 channel for 𝑁c = 3, using only 𝜋𝜋 operators.
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(d) 𝑆𝑆 channel for 𝑁c = 4, using only 𝜋𝜋 operators.

Figure 4: Preliminary results for finite-volume energy spectra, for different momentum frames (the magnitude
of the CM momentum os shown in parenthesis in units of 2𝜋/𝐿) and cubic-group irreps, and various choices
of the operator set used to solve the GEVP. Short horizontal lines are the free energies of two pions (solid
black) and two vector mesons (dashed green), and dotted lines correspond to different inelastic thresholds, as
indicated next to each figure.
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In figs. 4c and 4d we present preliminary results for the finite-volume energies in the 𝑆𝑆 channel
for 𝑁c = 3 and 𝑁c = 4, respectively, obtained using only 𝜋𝜋 operators. Note that the structure of the
energy spectra is different for the two cases due to the different volumes of the two ensembles. Also,
note that 𝑀𝜌 ≈ 1.7𝑀𝜋 for the 𝑁c = 3 ensemble, while 𝑀𝜌 ≈ 2𝑀𝜋 for 𝑁c = 4.

3. Results for the infinite-volume scattering amplitude

The two-particle finite-volume energy spectrum can be related to infinite-volume scattering
observables using the so called two-particle quantization condition. This was first proposed for two
identical scalar particles in a seminal work by M. Lüscher [15], and has since been extended to any
possible two-particle process, including higher partial waves [22], moving frames [23], coupled
channels [24] and arbitrary spin [25]. In general, it takes the following form,

det
[
K−1

2 + 𝐹 (𝐿, 𝑷)
]
= 0 , (4)

where K2 is the infinite-volume two-particle 𝐾-matrix and 𝐹 is a geometric factor that depends on
the lattice size and the CM momentum, 𝑷, and contains power-law finite-volume effects. In the
case of a single-channel process dominated by the lowest partial wave, eq. 4 can be reduced to an
algebraic equation. In the case of 𝑠-wave,

𝑘 cot 𝛿0 =
2

𝛾𝐿𝜋1/2Z
𝑷
00

(
𝑘𝐿

2𝜋

)
, (5)

where 𝛾 is the boost factor to the CM frame and Z is the generalized zeta function.
Using eq. 5, we have determined the 𝑠-channel pion-pion scattering phase shift for the 𝐴𝐴

channel using the energies levels extracted in the case only 𝜋𝜋 operators are used to solve the GEVP,
and also in the case they are complemented by local tetraquarks. Results are shown in fig. 5a in
blue and red, respectively. We observe both sets of operators lead to very similar phase shifts at low
energies, while there is some discrepancy close to the four-pion threshold. While results for the
larger operator set may suggest the presence of a resonance, note that such state would lie above the
𝜌𝜌 threshold, where the application of eq. 5 is just an approximation, as we are neglecting possible
𝜋𝜋 − 𝜌𝜌 interactions.

Similarly, we have determined the pion-pion scattering phase shift in the 𝑆𝑆 channel using the
finite-volume energies shown in figs. 4c and 4d. Preliminary results for this phase shift are shown
in Fig. 5b for both 𝑁c = 3 and 𝑁c = 4, multiplied by a factor that eliminates the expected leading
𝑁c dependence. We observe the results for both 𝑁c values lie roughly on top of each other, which
confirms the expected leading 𝑁c scaling of the scattering amplitude, M ∼ O(𝑁−1

c ), with small
subleading corrections.

4. Summary and outlook

In this talk, we have presented preliminary results from an ongoing study of the 𝑁c scaling
of pion-pion scattering amplitudes using lattice computations, working in a theory with 𝑁f = 4
degenerate quark flavors. With this work, we aim at characterizing the 𝑁c dependence of the
scattering amplitudes and searching for possible tetraquark resonances. So far, we have focused on
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(a) 𝐴𝐴 channel for 𝑁c = 3 using 𝜋𝜋 (blue) and 𝜋𝜋 +
tetraquark (red) operators.
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(b) 𝑆𝑆 channel for 𝑁c = 3 (blue) and 𝑁c = 4 (red),
using only 𝜋𝜋 operators. For clarity, inelastic thresholds
involving vector mesons are not shown.

Figure 5: Preliminary results for the 𝑠-wave pion-pion scattering phase shift, determined using eq. 5. Dotted
lines represent inelastic thresholds, as indicated over the figures.

the 𝑆𝑆 channel for 𝑁c = 3 and 𝑁c = 4, and the 𝐴𝐴 channel for 𝑁c = 3, with the latter having the
same quantum numbers as some tetraquark states recently found at LHCb. We have determined the
finite-volume energy spectra using 𝜋𝜋, 𝜌𝜌 and tetraquark operators, and used them to extract the
corresponding pion-pion scattering phase shift. Results for the 𝑆𝑆 channel follow the expected 𝑁c
scaling, while those for the 𝐴𝐴 channel suggest the possible presence of a tetraquark state close to
the four-pion threshold. We are currently working on including higher partial waves and 𝜋𝜋 − 𝜌𝜌
mixing in the quantization condition, and also on analyzing ensembles with 𝑁c = 5 and 𝑁c = 6, as
well as the AS and SA channels.
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