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We study interactions between the S-wave octet pseudo-scalar (PS) meson and octet baryon in
the flavor SU(3) limit using the HAL QCD method at the PS meson mass 𝑚𝑀 ≈ 670 MeV.
We focus on the singlet and two octet channels, where the poles corresponding to Λ(1405) have
been predicted in the chiral unitary model. For calculations with Λ-baryon source operators with
zero momentum, we employ the conventional stochastic calculation combined with the covariant-
approximation averaging to calculate the all-to-all propagators. Due to a zero of the R-correlator
(a kind of wave function), the leading order (LO) potential obtained by the single channel analysis
has a singular point in all channels, which makes it difficult to obtain reliable binding energies.
To overcome this problem, we take a linear combination of two octet R-correlators with a relative
weight such that it does not cross zero, as two octet channels are suggested to couple to the same
low-energy states with different weights. The potential calculated from such the linear combination
shows strong attraction without singularities, though its shape depends on the relative weight. Our
estimation for the binding energy in the octet channel is 𝐸8𝑠 (𝑎)

bind = 163(7)
( +16
−64

)
MeV, which is

consistent with 156(8) MeV estimated from the two-point correlation function within errors.
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1. Introduction

Understanding exotic hadrons through scattering processes derived in lattice QCD is one of the
essential issues in hadron physics. One of the methods to study hadron scatterings is the HAL QCD
method [1–3], which extracts interaction potentials between hadrons. The new all-to-all calculation
technique recently proposed [4] makes HAL QCD studies on hadron resonances and exotic hadrons
with quark-pair annihilation diagrams possible.

In this paper, we investigateΛ(1405), a resonance with 𝑆 = −1, 𝐼 = 0 and 𝐽𝑃 = 1/2−, observed
below 𝑁�̄� and above Σ𝜋 thresholds. This hadron cannot be explained by a simple 3-quark state
in the quark model. Although numerous theoretical and experimental studies have been made,
its internal structure and properties are still controversial. One of the plausible explanations for
Λ(1405) proposed in the chiral unitary model [5, 6]. is that its behavior is controlled by two poles
in the scattering amplitude. Our goal in this study is to examine the existence and the mechanism
of such a two-pole structure by the HAL QCD method.

As a first step toward the goal, we investigate Λ(1405) in the flavor SU(3) limit, where the
analysis is much simpler than that in the 2 + 1-flavor case. The previous study by the chiral unitary
model [6] suggests that the two poles constructing Λ(1405) correspond to one in the singlet channel
and the other in the octet channels in the SU(3) limit. In this study, we investigate S-wave interaction
potentials between PS octet meson and octet baryon in the HAL QCD method to see the existence
of poles in these channels.

2. Time-dependent HAL QCD method in meson-baryon systems

Let us start with the R-correlator defined by

𝑅𝛼 (r, 𝑡) =
⟨𝑀 (r + x, 𝑡 + 𝑡0)𝐵𝛼 (x, 𝑡 + 𝑡0)𝐽 (𝑡0)⟩

𝐶𝑀 (𝑡)𝐶𝐵 (𝑡)
, (1)

where 𝑀 (x, 𝑡) and 𝐵𝛼 (x, 𝑡) are operators located at (x, 𝑡) for meson and baryon, respectively, 𝐽 (𝑡0)
is the source operator of the meson-baryon states at the time 𝑡0, and 𝐶𝑀 (𝑡) and 𝐶𝐵 (𝑡) are two-point
correlation functions of meson and baryon, respectively. The numerator on the right-hand side is
called the 𝑛-point correlation function with 𝑛 ≥ 3. Using the fact that the R-correlator at large 𝑡 can
be expressed by a linear combination of equal-time Nambu-Bethe-Salpeter (NBS) wave functions,
we obtain the equation for an interaction potential,𝑈 (r, r′) with the R-correlator at large 𝑡 as∫

𝑑3𝑟 ′ 𝑈𝛼𝛽 (r, r′)𝑅𝛽 (r′, 𝑡) ≃
(
∇2

2𝜇
− 𝜕

𝜕𝑡
+ 1 + 3𝛿2

8𝜇
𝜕2

𝜕𝑡2

)
𝑅𝛼 (r, 𝑡) + O

(
Δ𝑊3

)
, (2)

where 𝜇 is the reduced mass, 𝛿 = (𝑚𝑀 − 𝑚𝐵)/(𝑚𝑀 + 𝑚𝐵), and Δ𝑊 is the typical energy of the
meson-baryon system from the threshold, Δ𝑊 = 𝑊 − 𝑚𝑀 − 𝑚𝐵. Then,LO potential 𝑉𝐿𝑂 (𝑟) with
𝑈 (r, r′) ≃ 𝑉𝐿𝑂 (𝑟)𝛿 (3) (r − r′) can be computed from a single R-correlator as

𝑉LO(𝑟) ≃ 1
𝑅𝛼 (r, 𝑡)

(
∇2

2𝜇
− 𝜕

𝜕𝑡
+ 1 + 3𝛿2

8𝜇
𝜕2

𝜕𝑡2

)
𝑅𝛼 (r, 𝑡). (3)

We then solve the Schrödinger equation with the obtained potential to extract scattering phase shifts
and binding energies.
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𝑚𝑀 𝑚+
8,𝐵 𝑚−

8,𝐵 𝑚−
1,𝐵

671.2(1.5) 1488.8(3.9) 2013.2(11.2) 1923.4(9.1)
[8,15] [8,13] [6,11] [5,11]

Table 1: Pseudo-scalar meson and baryon masses in MeV estimated from the 2-point correlation functions.
The third row shows temporal fitting ranges in lattice unit.

3. Setups

In the present calculation, we use gauge configurations in flavor-SU(3) limit with the improved
Iwasaki gauge action and the O(𝑎)-improved Wilson quark action at 𝛽 = 1.83 on 324 lattice
volume [7], whose lattice spacing 𝑎 = 0.121(2) fm and hopping parameters are 𝜅𝑢 = 𝜅𝑑 =

𝜅𝑠 = 0.13800. We employ 360 configurations and 32 smeared quark sources in Ref. [8] with
(𝐴, 𝐵) = (1.2, 0.3) at different time slices on each configuration. The same smearing is imposed at
the sink with (𝐴, 𝐵) = (1.0, 1/0.7) to reduce the non-smoothness of potentials at short distances [4].

Hadron masses extracted from two-point correlation functions are listed in Table. 1, where we
denote the PS meson mass as 𝑚𝑀 and the baryon mass with the parity 𝑃 and the representation
𝑅 as 𝑚𝑃

𝑅,𝐵
. We find that there is at least one bound state for each channel in this setup since the

inequalities 𝑚−
8,𝐵 − 𝑚+

8,𝐵 − 𝑚𝑀 < 0 and 𝑚−
1,𝐵 − 𝑚+

8,𝐵 − 𝑚𝑀 < 0 are satisfied.
In this study, we focus on the singlet and the two octet channels, 8𝑠 and 8𝑎, which contain

two poles corresponding to Λ(1405) in the chiral unitary model, where 8𝑠 (8𝑎) is defined to be
symmetric (anti-symmetric) by exchanging flavors in meson and baryon. We calculate the three-
point correlation function using meson-baryon sink operators in the three representations, and the
singlet Λ-baryon source operator with negative parity projected onto zero momentum for the singlet
channel as well as the octet one for 8𝑠 and 8𝑎 channels. In our calculation, all-to-all propagators are
necessary since the spatial coordinate at the source is summed over. To calculate them, we use the
conventional stochastic technique combined with the dilutions [9] for color/spinor/time components
and the s4 dilution for spaces [10]. We also employ the covariant-approximation averaging [11]
combined with the truncated solver method [12] using the translational invariance of the baryon
operator at the sink. Finally, to obtain the S-wave component of the LO potential, we project each
spin of three-point correlation functions onto the A+

1 representation and take an average over spins.
In general, 8𝑠 and 8𝑎 channels can couple to each other, so that the coupled-channel analysis

is necessary. In this study, we ignore the coupling and perform the single-channel analysis in each
channel. Although such an effect on the observables should be examined in the future, this approx-
imation is justfied by the chiral perturbation theory with the Weinberg-Tomozawa interaction [6],
where 8𝑠 and 8𝑎 do not mix.

4. Numerical results

4.1 Leading-order potential in each representation

We first show the LO potentials in Fig. 1. We find a singular behavior in the potential for
all channels; it has a quite large value and seems to be singular at some 𝑟 . This occurs because
the R-correlator in the denominator of Eq. (3) vanishes at the corresponding 𝑟 . Indeed, as seen in
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Figure 1: LO potentials in 1 (Upper left panel), 8𝑠 (Upper right panel), and 8𝑎 chennels (Lower panel) at
𝑡 = 7. Star symbols on horizontal axes correspond to zeros of R-correlators.

the figure, the zero of the R-correlator matches the singular point of the LO potential. However,
we emphasize that the singularity of the potential itself may not be problematic in the HAL QCD
method; the analytical investigation on the HAL QCD method [13] suggests that phase shifts can
be correctly obtained from potentials even with singularities due to the zeros of the NBS wave
functions. Nevertheless, we found that these singular potentials fail to provide correct binding
energies numerically, indicating that it is difficult to obtain reliable results from such singular
potentials. One of the possible solutions to overcome this difficulty is to find another potential
which has no singularity but reproduces the same scattering amplitudes.

4.2 Utilizing the mixed R-correlators in 8𝑠 (𝑎) channel

As mentioned in the last paragraph of Sec. 3, the 8𝑠 and 8𝑎 channels do not mix at the
leading order in the chiral perturbation theory [6]. In addition, the meson-baryon systems in the
two channels have the same interaction term at this order. These two suggest that the low-energy
spectra in both channels are the same, including the bound states. Considering this property, we
assume that 8𝑠 and 8𝑎 are approximately degenerated at low energy. Then, R-correlators for the
two channels are linear combinations of same NBS wave functions with different weights, which
give different potentials but produce the same scattering amplitude. Moreover, the same property
holds for the linear combination of the two R-correlators: 𝑅mix

𝛼 (𝑐; r, 𝑡) = 𝑅
8𝑠
𝛼 (r, 𝑡) − 𝑐𝑅8𝑎

𝛼 (r, 𝑡),
where 𝑅8𝑠

𝛼 (r, 𝑡) and 𝑅8𝑎
𝛼 (r, 𝑡) are R-correlators in 8𝑠 and 8𝑎 representations, and 𝑐 is a constant.

Therefore, setting 𝑐 such that 𝑅mix
𝛼 (𝑐; r, 𝑡) does not cross zero, we can obtain the potential without

any singular behaviors, so that one can extract the binding energy in 8𝑠 (𝑎) channel more reliablly.
In our study, we take 𝑐 = 0.2, 0.4, 0.6, and 0.8, all of which are the values satisfying the above
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Figure 2: LO potentials for 𝑐 = 0.2 (upper left), 0.4 (upper right), 0.6 (lower left), and 0.8 (lower right) and
their fit results (black bands).

𝑐 0.2 0.4 0.6 0.8
𝐸bind MeV 179(4) 163(7) 132(13) 99(15)

Table 2: The binding energy for each 𝑐 in 8𝑠 (𝑎) channel.

criterion.
Fig. 2 depicts the results of the LO potentials calculated from 𝑅mix

𝛼 (𝑐; r, 𝑡) in each 𝑐. All
the potentials show strong attraction, which may creates bound states. On the other hand, they
have different shapes: repulsive core with an attractive pocket for 𝑐 = 0.2, long-range attraction
for 𝑐 = 0.4, attraction with a small bump at intermediate distances for 𝑐 = 0.6, and short-range
attraction at short distances with a bigger bump at intermediate distances for 𝑐 = 0.8.

To extract the binding energy, we first fit the obtained potential by the Gaussian function,
𝑉 (𝑟) = ∑𝑁

𝑖=1 𝑎𝑖𝑒
−(𝑟/𝑏𝑖 )2 with 𝑁 = 5 for 𝑐 = 0.2 and 𝑁 = 4 for others, and fit results are represented

by black bands in Fig. 2. We then solve the Schrödinger equation using the Gaussian expansion
method [14]. Results of binding energies are listed in Table. 2. We find that binding energies
for different 𝑐 have similar values despite different shapes of potentials, which indicates that they
generate almost identical dynamics at least in the low-energy regime.

Finally we take the binding energy for 𝑐 = 0.4 as the central value while systematic er-
rors are estimated by values for other 𝑐. We obtain the binding energy in the 8𝑠 (𝑎) channel as
𝐸

8𝑠 (𝑎)
bind = 163(7)

( +16
−64

)
MeV, where the first and second parentheses correspond to the statistical

and systematic errors, respectively. The final result is consistent with the estimation from the
two-point correlation function, 𝑚+

8,𝐵 + 𝑚𝑀 − 𝑚−
8,𝐵 = 156(8) MeV, within errors, which indicates
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that approximation and assumption used in our analysis are reasonable.

5. Summary

We investigate the S-wave meson-baryon interaction potential in the time-dependent HAL
QCD method for singlet and two octet channels, 8𝑠 and 8𝑎, in the flavor SU(3) limit, where
the poles corresponding to Λ(1405) have been predicted by the chiral unitary model. We use
gauge configurations with the PS meson mass 𝑚𝑀 ≈ 670 MeV, in which each channel has at
least one bound state. We compute the three-point functions with Λ-baryon source operators with
zero momentum. To calculate the all-to-all propagators, we employ the conventional stochastic
calculation combined with the covariantly approximated averaging. In this analysis, we perform
the single-channel analysis for singlet as well as 8𝑠 and 8𝑎 channels. For all cases, the LO potential
in each channel has a singular point due to the zero of the R-correlator, which makes it difficult to
perform reliable analysis.

Assuming that 8𝑠 and 8𝑎 are controlled by the same dynamics at low energy, we then combine
two octet R-correlators in order to avoid zeros. The LO potential calculated from the mixed R-
correlator has a strong attraction while its shapes depened on coefficients. The binding energy in the
8𝑠 (𝑎) channel is estimated as 𝐸8𝑠 (𝑎)

bind = 163(7)
( +16
−64

)
MeV, consistent with that estimated from the

two-point correlation function within errors. This indicates that our approximation and assumption
are reasonable.

Nevertheless, it is difficult to draw a physical interpretation of the dynamics, since shapes of the
obtained potentials depend on the parameter 𝑐, which is introduced to avoid zero in 𝑅-correlators.
The appearance of zero in 𝑅-correlators for all channels may indicate strong non-local effects in
interactions, which we ignore in this paper. Such non-locality, together with effects from the mixing
and the breaking of the degeneracy for the bound states between 8𝑠 and 8𝑎 channels, should be
examined in future. Furthermore, we cannot apply the technique in Sec. 4.2 to the singlet channel
since we have only one R-correlator. Instead, a similar technique may be used in the singlet channel
by employing the four-point correlation function with the meson-baryon source operator, which is
left to our future studies.
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