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1. Introduction

With the recent discovery of the 𝑇𝑐𝑐 tetraquark at LHCb [1, 2] studies of four-quark systems
with two heavy anti-quarks and two light quarks have become particularly important. There
have been several lattice computations in the past years studying such systems with Lüscher’s
finite volume method [3–10] and the HAL-QCD method [11]. In this work we use a different
approach by computing potentials between two static anti-quarks in the presence of two light quarks
(for previous related work see e.g. Refs. [12, 13]). Such potentials provide insights concerning
the possible formation of tetraquarks and allow to study their existence and properties in the
Born-Oppenheimer-approximation. For now, such potentials have only been used to study 𝑏̄𝑏̄𝑞𝑞

tetraquarks [14–19], but they could also be used to investigate 𝑏̄𝑐𝑞𝑞. In the future one might even
consider investigating the 𝑇𝑐𝑐 tetraquark, which would, however, require additional computations of
relativistic corrections (see e.g. Refs. [20, 21], where such corrections are discussed for the ordinary
static potential).

In this work we significantly improve on existing results [13] for the 𝑏̄𝑏̄𝑢𝑑 system and we
present for the first time results for the 𝑏̄𝑏̄𝑢𝑠 system.

2. Creation operators and correlation functions

We use creation operators with two anti-𝑏 quarks and two light 𝑢/𝑑 quarks,

O𝐼,Γ

𝐵𝐵
(r1, r2) = (CΓ)𝐴𝐵

(
CΓ̃

)
𝐶𝐷

(
𝑏̄𝑎𝐶 (r1)𝑢𝑎𝐴(r1) 𝑏̄𝑏𝐷 (r2)𝑑𝑏𝐵 (r2) ∓ (𝑢 ↔ 𝑑)

)
, (1)

where ∓ corresponds to isospin 𝐼 = 0 and 𝐼 = 1, respectively, C = 𝛾0𝛾2 is the charge conjugation
matrix and 𝐴, 𝐵, 𝐶, 𝐷 denote spin and 𝑎, 𝑏 color indices. In the static limit the spins of the 𝑏̄ quarks
are irrelevant and the four choices Γ̃ ∈ {(1+𝛾0)𝛾5, (1+𝛾0)𝛾 𝑗} lead to the same correlation function.
Γ couples the spin components of the light quarks and, thus, determines the quantum numbers Λ𝜖

𝜂

as discussed in the next section.
Temporal correlation functions of these creation operators can be expressed in terms of prop-

agators,

C𝐼,Γ

𝐵𝐵
(r2 − r1, 𝑡2 − 𝑡1) = ⟨Ω|O𝐼,Γ †

𝐵𝐵
(r1, r2; 𝑡2)O𝐼,Γ

𝐵𝐵
(r1, r2; 𝑡1) |Ω⟩ ∝

∝
〈 (

𝛾0Γ
†𝛾0

)
𝐵𝐴

Γ𝐶𝐷

(
Tr𝑐

[
𝑈 (r1, 𝑡2; r1, 𝑡1)

(
𝑀−1

𝑞

)
𝐶𝐴

(r1, 𝑡1; r1, 𝑡2)
]
× Tr𝑐

[
𝑈 (r2, 𝑡2; r2, 𝑡1)

(
𝑀−1

𝑞

)
𝐷𝐵

(r2, 𝑡1; r2, 𝑡2)
]

± Tr𝑐
[
𝑈 (r1, 𝑡2; r1, 𝑡1)

(
𝑀−1

𝑞

)
𝐶𝐴

(r1, 𝑡1; r2, 𝑡2) 𝑈 (r2, 𝑡2; r2, 𝑡1)
(
𝑀−1

𝑞

)
𝐷𝐵

(r2, 𝑡1; r1, 𝑡2)
] ) 〉

≡

≡ ± , (2)

where 𝑡2 − 𝑡1 > 0, Tr𝑐 denotes the trace in color space, 𝑈 is a straight path of gauge links in
temporal direction (represented by a straight line in the diagram) and 𝑀−1

𝑞 a light quark propagator
(represented by a wiggly line).
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𝐼 = 0 𝐼 = 1
Γ Λ𝜖

𝜂 shape Λ𝜖
𝜂 shape

𝛾5 + 𝛾0𝛾5 Σ+
𝑢 A,SS Σ+

𝑔 R,SS
1 Σ−

𝑔 A,SP Σ−
𝑢 R,SP

𝛾0 Σ−
𝑢 R,SP Σ−

𝑔 A,SP
𝛾5 − 𝛾0𝛾5 Σ+

𝑢 A,PP Σ+
𝑔 R,PP

𝛾3 + 𝛾0𝛾3 Σ−
𝑔 R,SS Σ−

𝑢 A,SS
𝛾3𝛾5 Σ+

𝑔 A,SP Σ+
𝑢 R,SP

𝛾0𝛾3𝛾5 Σ+
𝑢 R,SP Σ+

𝑔 A,SP
𝛾3 − 𝛾0𝛾3 Σ−

𝑔 R,PP Σ−
𝑢 A,PP

𝛾1/2 + 𝛾0𝛾1/2 Π𝑔 R,SS Π𝑢 A,SS
𝛾1/2𝛾5 Π𝑔 A,SP Π𝑢 R,SP
𝛾0𝛾1/2𝛾5 Π𝑢 R,SP Π𝑔 A,SP

𝛾1/2 − 𝛾0𝛾1/2 Π𝑔 R,PP Π𝑢 A,PP

Table 1: Quantum numbers and properties of the resulting 𝑏̄𝑏̄𝑢𝑑 potentials: A = attractive, R = repulsive;
SS, SP ,PP = asymptotic value 2𝑚𝐵, 𝑚𝐵 + 𝑚𝐵∗

0
, 2𝑚𝐵∗

0
.

We normalize these correlation functions by dividing by the square of the correlation function
for a single 𝐵 meson. The large-𝑡 behavior is then given by

C𝐼,Γ

𝐵𝐵
(r, 𝑡)

(C𝐵 (𝑡))2 −−−−→
𝑡→∞

𝐴 exp
(
−
(
𝑉

𝐼,Λ𝜖
𝜂

𝐵𝐵
(r) − 2𝑚𝐵

)
𝑡

)
, (3)

i.e. the zero point of the energy corresponds to two times the 𝐵 meson mass.

3. Quantum numbers of anti-static-anti-static potentials

In addition to isospin 𝐼, our 𝑏̄𝑏̄𝑢𝑑 potentials can be characterized by the following quantum
numbers:

• Λ = Σ,Π: Total angular momentum with respect to the separation axis of the anti-quarks.

• 𝜂 = +,− ≡ 𝑔, 𝑢: Behavior under parity.

• 𝜖 = +,−: Behavior under reflection along an axis perpendicular to the separation axis.

In Table 1 we relate all possible independent choices for Γ with their corresponding Λ𝜖
𝜂 quantum

numbers.

4. Lattice setup

For our computations we resort to 100 gauge link configurations from a single ensemble
generated within the CLS effort [23, 24] using two dynamical flavours of 𝑂 (𝑎)-improved Wilson-
quarks and the Wilson plaquette action. The lattice size is (𝐿/𝑎)3 × 𝑇/𝑎 = 323 × 64 with lattice

3
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spacing 𝑎 ≈ 0.0755 fm and pion mass 𝑚𝜋 ≈ 331 MeV. The static action of the 𝑏̄ quarks is the
HYP2 static action.

We use stochastic timeslice propagators for the light quarks with 12 stochastic sources per
timeslice on 8 timeslices per gauge link configuration.

We crudely optimize the ground state overlaps generated by our creation operators (1) by using
Gaussian smearing for the quark fields with APE smeared spatial links. We performed 𝑁Gauss = 50
steps of Gaussian smearing with 𝜅 = 0.5 and 𝑁APE = 30 steps of APE-smearing with 𝛼APE = 30
(With the smearing algorithms and notation consistent with [25]).

Our computations were done using the openQ*D codebase [26].

5. Results for 𝑏̄𝑏̄𝑢𝑑 potentials

We extract 𝑏̄𝑏̄𝑢𝑑 potentials from the large-𝑡 behavior of correlation functions (3). We consider
separations r along the coordinate axes up to |r| = 16𝑎. To obtain a fine spatial resolution in
the interesting region of small separations, we also consider off-axis separations. We compute all
possible off-axis separations for |r| ≤ 4𝑎 and a subset of off-axis separations, containing the space
diagonal (𝑥, 𝑥, 𝑥), the plane diagonal (𝑥, 𝑥, 0) and all separations of the form (𝑥, 1, 2) for |r| ≤ 10𝑎
(with 𝑥 ∈ Z and averaging over all permutations). This yields about twenty-five additional data
points. To reduce lattice artifacts, in particular at small |r|, we employ tree level improvement [27].
In Fig. 1 we show the corresponding results for the 24 independent creation operators collected in
Table 1. Each potential is either attractive or repulsive and has one of three characteristic asymptotic
values 2𝑚𝐵, 𝑚𝐵 +𝑚𝐵∗

0
and 2𝑚𝐵∗

0
(𝑚𝐵 denotes the mass of the negative parity 𝐵 or 𝐵∗ meson, which

are degenerate in the static limit; 𝑚𝐵∗
0

denotes the mass of the positive parity 𝐵∗
0 or 𝐵∗

1 meson, which
are degenerate in the static limit and are around 400 MeV heavier than the 𝐵 or 𝐵∗ meson; see e.g.
Ref. [25]). Our results are in qualitative agreement with existing results obtained around a decade
ago restricted to on-axis separations [13].

Note that we do not consider correlation matrices, but only correlation functions with the same
creation operator at both times 𝑡1 and 𝑡2. The consequence is that excited potentials in a given Λ𝜖

𝜂

sector (e.g. the orange and green curves in the upper left plot of Fig. 1) might be contaminated by
lower potentials (the blue and orange curves in the same plot).

From a phenomenological point of view attractive potentials with asymptotic value 2𝑚𝐵 are
of particular interest, since they are the best candidates to host bound states or resonances, which
correspond to 𝑏̄𝑏̄𝑢𝑑 tetraquarks. The most attractive potential has 𝐼 = 0 and Λ𝜖

𝜂 = Σ+
𝑢, while there

are two related less attractive potentials with 𝐼 = 1 and Λ𝜖
𝜂 = Σ−

𝑢 ,Π𝑢. All three potentials can be
parameterized consistently using an ansatz for a screened 1/𝑟 potential,

𝑉 (𝑟) = −𝛼1
𝑟

exp
(
−
( 𝑟
𝑑

) 𝑝)
. (4)

We show these potentials with corresponding fits (blue curves) in Fig. 2. For comparison, we also
show the result from Ref. [13] for the 𝐼 = 0 and Σ+

𝑢 potential obtained at similar pion mass (red
curve), which is consistent with our results from this work. The 𝐼 = 1 and Σ−

𝑢 and Π𝑢 potentials
at intermediate separations 0.4 fm <∼ 𝑟 <∼ 0.7 fm seem to be slightly above the asymptotic value 2𝑚𝐵.
Thus, there might be a weak repulsion caused by one-pion exchange. We plan to investigate this in
more detail in the future by carrying out computations at smaller pion masses.
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Figure 1: 𝑏̄𝑏̄𝑢𝑑 potentials extracted from correlation functions corresponding to the 24 independent creation
operators collected in Table 1.
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Figure 2: Attractive 𝑏̄𝑏̄𝑢𝑑 potentials with asymptotic
value 2𝑚𝐵 (blue curves represent fits with the ansatz
(4); the red curve is a result from Ref. [13]).
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Figure 3: Attractive 𝑏̄𝑏̄𝑢𝑠 potentials with asymptotic
value 𝑚𝐵 + 𝑚𝐵𝑠

(blue curves represent fits with the
ansatz (4)). The gray potentials represent the 𝑏̄𝑏̄𝑢𝑑

results.

6. Results for 𝑏̄𝑏̄𝑢𝑠 potentials

In this work we compute for the first time also 𝑏̄𝑏̄𝑢𝑠 potentials. In contrast to the 𝑏̄𝑏̄𝑢𝑑 case, the
two light quark propagators are different and, thus, the correlation functions contain four diagrams,

CΓ
𝐵𝐵𝑠

(r2 − r1, 𝑡2 − 𝑡1) ≡
𝑢 𝑠

±
𝑢 𝑠

+
𝑠 𝑢

±
𝑠 𝑢

. (5)

Due to the mass difference of the 𝑢 and the 𝑠 quark, there is only an approximate light flavor
symmetry and the 𝐼 = 0 and 𝐼 = 1 sectors from the 𝑏̄𝑏̄𝑢𝑑 case are not anymore separated for 𝑏̄𝑏̄𝑢𝑠.
However, the three attractive potentials with asymptotic value 𝑚𝐵 +𝑚𝐵𝑠

can still be extracted from
their corresponding correlation functions without additional difficulties, because excited potentials
with the same quantum numbers Λ𝜖

𝜂 are around 400 MeV above. We show these 𝑏̄𝑏̄𝑢𝑠 potentials in
Fig. 3. As expected, they are similar to their 𝑏̄𝑏̄𝑢𝑑 counterparts, yet slightly less binding.
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