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1. Introduction

The Standard Model (SM) is a well-established but incomplete theory describing interactions
among elementary particles. Extensions for physics beyond the Standard Model (BSM) attempt to
tackle some of the unaddressed aspects of this theory. With one doublet established, the simplest
extension to the theory is the addition of an extra 𝑆𝑈 (2) scalar doublet – Two Higgs Doublet Model
(2HDM) [1]. One of the motivations for this modification comes from the presence of multiple
families of quarks and leptons in the SM. The addition of extra particles in the spectrum may
come along with new features such as new sources for CP-violation, dark-matter and axion-model
applications, changes in the electroweak baryogenesis, among others – see [2]. Furthermore, from
supersymmetry-inspired 2HDMs come lower bounds to the masses of the extra scalar particles [3].

While the additional features are of interest, it is fundamental that all experimentally sustained
properties of the SM are kept. Such a requirement can result in constraints on the 2HDM, such
as bounds on the masses of non-SM scalar particles. This is what we will explore in this research
programme. The appearance of flavour changing neutral currents (FCNC) and large violations of
the custodial symmetry requires either a restriction to certain regions of the parameter space, or
additional symmetries [4] to be imposed on the 2HDM scalar potential (reducing the number of
free parameters), e.g., a discrete Z2 symmetry for one of the doublets eliminates tree-level FCNC
[5, 6]. In [7], however, it was claimed that Z2-symmetry may not be required to control the FCNC
if certain mass-mixing hierarchies are found in the fermion flavour sector, with an additional [8]
alignment of the CP-even Higgs mass eigenstates. This in turn may correspond to O(1) quartic
couplings, that are also required for first order electroweak phase transition.

The possible need of large couplings, combined with the triviality of the scalar theory, requires
a careful examination of the cutoff dependence of the couplings and the spectrum. This calls for
a fully non-perturbative study of the theory. In this work we present a preliminary investigation
of the 2HDM model on the lattice, namely, we study different patterns of the symmetry breaking
through the analysis of the spectrum and the running gauge coupling.

Considering only real couplings, the most general potential for the 2HDM is

𝑉2HDM = 𝜇2
11𝜙

†
1𝜙1 + 𝜇2

22𝜙
†
2𝜙2 + 𝜇2

12 Re(𝜙†1𝜙2) + 𝜆1(𝜙†1𝜙1)2 + 𝜆2(𝜙†2𝜙2)
+ 𝜆3(𝜙†1𝜙1) (𝜙†2𝜙2) + 𝜆4(𝜙†1𝜙2)(𝜙†2𝜙1) + 𝜆5 Re(𝜙†1𝜙2)2

+ Re(𝜙†1𝜙2)
[
𝜆6(𝜙†1𝜙1) + 𝜆7(𝜙†2𝜙2)

]
(1)

where 𝜙1,2 are complex scalar doublets.

On the lattice, we use the quaternion representation of the scalar fieldsΦ𝑛 (𝑥) = 1√
2

∑4
𝑎=1 𝜃𝑎𝜑

𝑎
𝑛 (𝑥)

where 𝑛 = 1, 2 labels the scalar field, 𝜑𝑎 ∈ R, while 𝜃4 = 12×2, 𝜃 𝑗 = 𝑖𝜎 𝑗 , 𝑗 = 1, 2, 3 with 𝜎 𝑗

being the Pauli matrices. In the following, we take the superscript 𝑗 to take values 𝑗 = 1, 2, 3 while
the superscript 𝑎 ranges from 1 to 4. Notice that there is a one-to-one correspondence between the
doublet and quaternion formulation, at the level of the real components.

The full lattice 𝑆𝑈 (2) gauge-invariant action in this work contains the standard Wilson plaquette
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action, 𝑆YM, the gauge-Higgs interaction and the scalar potential.

𝑆2HDM = 𝑆YM +
∑
𝑥

2∑
𝑛=1

{∑
𝜇

−2𝜅𝑛 Tr
(
Φ̂†

𝑛𝑈𝜇Φ̂𝑛 (𝑥 + �̂�)
)
+ Tr

(
Φ̂†

𝑛Φ̂𝑛

)
+ 𝜂𝑛

[
Tr

(
Φ̂†

𝑛Φ̂𝑛

)
− 1

]2
}

+ 2𝜇2 Tr
(
Φ̂†

1Φ̂2

)
+ 𝜂3 Tr

(
Φ̂†

1Φ̂1

)
Tr

(
Φ̂†

2Φ̂2

)
+ 𝜂4

[
Tr

(
Φ̂†

1Φ̂2

)2
+ Tr

(
Φ̂†

1Φ̂2𝑖𝜎3

)2
]

+ 𝜂5

[
Tr

(
Φ̂†

1Φ̂2

)2
− Tr

(
Φ̂†

1Φ̂2𝑖𝜎3

)2
]
+ 2 Tr

(
Φ̂†

1Φ̂2

) [
𝜂6 Tr

(
Φ̂†

1Φ̂1

)
+ 𝜂7 Tr

(
Φ̂†

2Φ̂2

) ]
, (2)

where 𝑈𝜇 is the 𝑆𝑈 (2) gauge link. The lattice fields and couplings are related to the continuum
ones by Φ𝑛 = 𝑎𝜙𝑛/

√
𝜅𝑛, 𝑎2𝜇2

𝑛𝑛 = (1 − 𝜂𝑛 − 8𝜅𝑛)/𝜅𝑛, 𝑎2𝜇2
12 = 𝜇2, 𝜆𝑛 = 𝜂𝑛/𝜅2

𝑛, 𝑛 = 1, 2,
𝜆𝑛 = 𝜂𝑛/(𝜅1𝜅2), 𝑛 = 3, 4, 5 and, 𝜆6 = 𝜂6/(𝜅3/2

1 𝜅2
2), 𝜆7 = 𝜂7/(𝜅2

1𝜅
3/2
2 ).

2. Phase structure, spectrum & Gradient Flow

Contrary to the single Higgs doublet model, the addition of a second doublet guarantees the
existence of two different phases in the theory, separated by a phase transition [9, 10]. The system
comprehends a symmetric phase with confinement-like properties and massless gauge bosons; and a
broken or Higgs phase where the gauge bosons acquire mass through the Fröhlich-Morchio-Strocchi
(FMS) mechanism [11].

The 2HDM may have various global symmetries depending on the choice of couplings. An
important case is the discrete Z2-symmetry, under which the fields change sign while leaving the
action invariant. Under the assumption of a Z2 ×Z2-symmetric scalar potential (𝜇2 = 𝜂6 = 𝜂7 = 0),
and following ref. [12], it is useful to define four ‘mutually exclusive’ sectors of the Higgs potential
by the vacuum expectation value (VEV), 𝑣𝑖 , for each scalar field: (A) : 𝑣1 = 𝑣2 = 0, (B) : 𝑣1 =
0, 𝑣2 ≠ 0, (C) : 𝑣1 ≠ 0, 𝑣2 = 0, (D) : 𝑣1 ≠ 0, 𝑣2 ≠ 0. While this is not a gauge-invariant statement it
does help classifying the regions of parameter space by studying which global symmetries remain
in each sector.

In order to analyse the phase structure of this theory we compute observables that serve
as proxies for order parameters. There are different observables that can be used to probe the
phase transition, such as the average plaquette, 𝑃 =

∑
𝑥,𝜇,𝜈 Tr𝑈𝜇𝜈 , the squared Higgs-field length,〈

𝜌2
𝑛

〉
= 〈∑𝑥 det(Φ𝑛 (𝑥))〉 /𝑉 , or the gauge-invariant link

𝐿𝛼𝑛 =
1

8𝑉

∑
𝑥,𝜇

Tr
{
𝛼†
𝑛 (𝑥)𝑈𝜇 (𝑥)𝛼𝑛 (𝑥 + �̂�)

}
, (3)

where 𝛼𝑛 is the ‘angular’ part of the quaternion Higgs field, Φ𝑛 = 𝜌𝑛𝛼𝑛, 𝜌𝑛 ∈ R, 𝛼𝑛 ∈ 𝑆𝑈 (2). We
note that 𝐿𝛼𝑛 is a bounded quantity for all values of the couplings.

To study the spectrum of the theory we consider gauge-invariant composite operators (projected
to zero momentum)

𝑆𝑎𝑖 𝑗 (𝑥4) =
∑
®𝑥

Tr
[
Φ†

𝑖 (𝑥)Φ 𝑗 (𝑥)𝜃𝑎
]
, (4)

𝑊𝑎
𝑖 𝑗,𝑘 (𝑥

4) =
∑
®𝑥

Tr
[
Φ†

𝑖 (𝑥)𝑈𝑘 (𝑥)Φ 𝑗 (𝑥 + 𝑘)𝜃𝑎
]
. (5)
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that can be classified according to the representations of the global symmetry group [13] as well
as of the lattice 𝐻 (4) symmetry group. Additionally, for the vector interpolators, the mass does
not depend on the superscript 𝑗 , and we average over this index. In building the interpolators
we perform gradient (Wilson) flow on the gauge links [14], and carry out smearing on the scalar
fields [15]. The spectrum is then obtained by computing the effective masses from the relevant
correlation functions, 𝐶 (𝑡) = 〈𝑂 (𝑡)𝑂 (0)〉 − 〈𝑂 (𝑡)〉 〈𝑂 (0)〉, where 𝑂 is one of the interpolators
defined in eqs. (4) and (5).

At leading order in the lattice spacing, the quantum numbers 𝐽𝑃 for these operators are [16]

𝑆4
𝑖𝑖 , 𝑊

4
𝑖𝑖 → 0+, 𝑊4

𝑖 𝑗 → 0+ (𝑖 ≠ 𝑗), 𝑊
𝑗
𝑖𝑖 → 1−. (6)

The connection between the interpolators and the spectrum of the theory is not straightforward.
Firstly, the interpretation of the extracted masses from these operators depends on the particular
phase of the system. Furthermore, the squared-mass matrices in the broken phases are not, in
general, diagonal when written with the original fields. For this case a variational method is
required to isolate the mass-eigenstates. In [17] the mass matrices were computed for a general
basis. In the Inert limit 𝜇2 = 𝜂6 = 𝜂7 = 0, and real couplings (Z2 × Z2-symmetric theory) there is
no mixing if one chooses to work with the Higgs basis, where only one of the scalar fields acquires
a vacuum expectation value. For simplicity, and since the Inert model condition is stable under
renormalization, in the following we consider 𝜇2 = 𝜂6 = 𝜂7 = 0.

Under the assumption that the mass matrix is diagonal we can establish the connection between
the mass-eigenstates and the interpolators for the symmetric and broken phases. In the symmetric
phase the spectrum of the theory accomodates two distinct scalar particles – the correlators of 𝑆4

𝑖𝑖

and 𝑊4
𝑖𝑖 both yield ground-state energies 2𝑚𝑖 . The mixed interpolators 𝑆𝑎12 and 𝑊𝑎

12 both couple
to the same scalar state whose lowest energy is ∼ (𝑚1 + 𝑚2). The massless gauge vector bosons
appear in the spectrum of 𝑊 𝑗

𝑖𝑖 , 𝑖 = 1, 2.
In the broken phase corresponding to sector (B), 𝑣1 = 0, 𝑣2 ≠ 0, realised in the regime

𝜅1 < 𝜅crit
1 and 𝜅2 > 𝜅crit

2 , the gauge bosons become massive and there may be up to five distinct
scalar particles1. It can be shown [13] that for this choice both 𝑆4

22 and 𝑊4
22 yield the mass of the

elementary Higgs, 𝑚ℎ, while the vector operator 𝑊 𝑗
22 sources the degenerate triplet associated with

the 𝑊-bosons. The mixed scalar operators 𝑆𝑎12 and 𝑊𝑎
12 both couple to the four components of the

second scalar doublet representing the additional BSM scalar particles with masses 𝑚𝐻 ≡ 𝑚 (4) and
𝑚 ( 𝑗) , 𝑗 = 1, 2, 3. Finally, the vector operator 𝑊 𝑗

11 couples to a heavy excited stated.
As an exploratory work, we are interested in learning how to control the bare couplings of

this theory such that we can later impose physical conditions. In addition to tuning the Higgs-
to-𝑊 mass ratio to its physical value, we impose the condition such that the value of the running
gauge coupling at the W-boson mass scale takes its physical value. To this end, we work with

1Heuristically, from the usual expansion around the non-vanishing minimum of the scalar potential, this is equivalent
to only Φ2 acquiring a non-zero vacuum expectation value, i.e., sector (B). Considering the expansion around this
expectation value, 𝑣, the mass eigenstates can be written [17] in the Inert case as

𝑚2
ℎ = 𝜂2𝑣

2, 𝑚2
𝐻± = 𝜇2

11 + 𝜂3𝑣
2/2,

𝑚2
𝐴 = 𝑚2

𝐻± + (𝜂4 − 𝜂5)𝑣2/2, 𝑚2
𝐻 = 𝑚2

𝐴 + 𝜂5𝑣
2 = 𝑚2

𝐻± + (𝜂4 + 𝜂5)𝑣2/2

In the custodial symmetric limit 𝜂4 = 𝜂5 there is a scalar degenerate triplet.
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the renormalization scheme defined through the Gradient Flow action density [14], 〈𝐸 (𝑥, 𝑡)〉 =
− 1

4
〈
𝐺𝑎

𝜇𝜈 (𝑥, 𝑡)𝐺𝑎
𝜇𝜈 (𝑥, 𝑡)

〉
, where 𝐺𝜇𝜈 (𝑥, 𝑡) is the flowed gauge field strength at flow time 𝑡 (we

consider the Clover discretization). Using the relation between the renormalized gauge coupling at
the scale 𝜇 = 1/

√
8𝑡 and the flowed action density [18] we define the Gradient Flow renormalized

gauge coupling by

𝑔2
𝐺𝐹 (𝜇) ≡

128𝜋2

9
𝑡2 〈𝐸 (𝑡)〉

����
𝑡=1/8𝜇2

, 𝑔2
𝐺𝐹 (𝜇 = 𝑚𝑊 ) = 0.5. (7)

For the lattice simulations, the Monte Carlo configurations were generated using the Hybrid
Monte Carlo algorithm. The code implementation for NVIDIA GPUs can be found in [19]. All
results shown in this article are obtained from 244 lattices (volume effects were not observed when
considering a 324 lattice).

3. Results

Due to the large number of quartic couplings for the scalar fields in eqs. (1) and (2), various
possible global symmetries can emerge depending on the constraints imposed on the scalar potential.
[12, 13, 20]. Imposing no constraint on these couplings leads to the general scenario of an 𝑆𝑈 (2)
global symmetry. As a preliminary study, we take 𝜂4 = 𝜂5 which makes the scalar potential
𝑂 (4) ∼ 𝑆𝑈 (2) × 𝑆𝑈 (2)-invariant, implying an 𝑆𝑈 (2) custodial symmetry [17] and the presence of
three degenerate scalar particles. While we intend to explore the possibility of having some O(1)
quartic couplings, for the first step in our investigation we also take all quartic couplings to be small.

In order to study the symmetry breaking pattern we fix all bare couplings such that 𝜅1 is below
its critical value, and induce the phase transition by increasing 𝜅2. This corresponds to the transition
between sector (A) and (B) introduced in section 2. Additionally, for small quartic couplings the
tree-level relations for the masses give us hints on how to tune the bare couplings such that we can
control the mass ratios in the theory.

In fig. 1 we show how various quantities change across the transition from sectors (A) to (B)
corresponding to the global symmetry breaking pattern𝑂 (4)×Z2×Z2 → 𝑂 (3)×Z2. In the top-left
plot the gauge-invariant link

〈
𝐿𝛼2

〉
signals the phase transition, rapidly increasing for 𝜅2 ≳ 0.132

while
〈
𝐿𝛼1

〉
remains small and constant. The lowest state energy (in lattice units) associated with

the vector operators 𝑊 𝑗
𝑖𝑖 , 𝑖 = 1, 2 are shown in the top-right plot. While 𝑊 𝑗

22 couples to the massive
𝑊-bosons (in the Higgs phase), the correlation functions for 𝑊 𝑗

11 show a fast decay, representing a
heavy scattering state. On the bottom-right plot we show the lowest energies for the scalar operators
𝑆4

11, 𝑆4
22, and 𝑊𝑎

12, which correspond to 2𝑚𝐻 , 𝑚ℎ, and 𝑚 ( 𝑗) , respectively2. Finally, the ratio
between the lowest energies from 𝑆22 and 𝑊22 is shown in the bottom-left corner. This quantity
corresponds to the Higgs-to-𝑊 mass ratio in the Higgs phase, and it can be seen that, within the
current precision, its value is close to the physical ratio.

A complementary test to the symmetry breaking pattern of the system was considered by
taking 𝜅1 > 𝜅crit

1 to be fixed and increasing 𝜅2 across its critical value, i.e., the transition (C) to (D),
corresponding to the global symmetry breaking pattern 𝑂 (3) ×Z2 → 𝑂 (2). This is shown in fig. 2.

2The masses 𝑚 ( 𝑗) , 𝑗 = 1, 2, 3 are degenerate as expected from the remaining 𝑂 (3) symmetry.
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Figure 1: Transition (A) to (B) with global symmetry breaking 𝑂 (4) × Z2 × Z2 → 𝑂 (3) × Z2. The
masses in lattice units are shown in the right-hand plots for the vector boson states (top) and the scalar states
(bottom). Couplings: 𝛽 = 6.0; 𝜅1 = 0.1308; 𝜂1 = 0.003; 𝜂2 = 0.004; 𝜇 = 0.0; 𝜂3 = 0.0001; 𝜂4 = 0.00005;
𝜂5 = 0.00005; 𝜂6 = 0.0; 𝜂7 = 0.0.

Since now it is the VEV from Φ1 responsible for the 𝑊-boson mass in the (C) phase, the mass from
𝑊

𝑗
11 corresponds to the gauge boson mass. 𝑊

𝑗
22 couples to a scattering state for 𝜅2 < 𝜅crit

2 , and to
the gauge vector after the second scalar passes to its broken phase. This is clear in the left plot, with
the masses from 𝑊

𝑗
11 and 𝑊

𝑗
22 matching in the (D) region.

For the scalar sector in the region (C) the operator 𝑆11 now represents the SM Higgs, 𝑚ℎ, while
the spectrum of 𝑆22 starts at 2𝑚𝐻 . When crossing to (D) the continuous group 𝑂 (3) is broken
down to 𝑂 (2) generating two pseudo-Goldstone bosons. These couple to the mixed operator 𝑊4

12
[13], which can be seen to have a very small mass in the (D) region.

While at this stage of the work we have not fixed the running gauge coupling to its physical
value, we already performed an extensive investigation of its behavior in different phases. In fig. 3
the gradient flow running gauge coupling, 𝑔2

𝐺𝐹 (𝜇), is shown as a function of the energy scale in
lattice units 𝜇 = 1/

√
8𝑡 for the symmetric phase (left-plot) and as a function of the dimensionless

scale 𝜇/𝑚𝑊 in the broken phase (right-plot).
In the confining phase the running coupling shows the usual QCD-like behavior with the

coupling growing for lower energies. On the other hand, the scale dependence in the Higgs phase
follows a different pattern. For energies high above the 𝑚𝑊 scale the gauge boson is effectively
massless. Consequently, the gauge running coupling increases as we lower the scale. When the

6
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Figure 2: Transition (C) to (D) with global breaking pattern 𝑂 (3) ×Z2 → 𝑂 (2). The masses in lattice units
are shown for the vector boson states (left) and the scalar states (right). Couplings: 𝛽 = 6.0; 𝜅1 = 0.133;
𝜂1 = 0.003; 𝜂2 = 0.001; 𝜇 = 0; 𝜉1 = 0.0001; 𝜉2 = 0.00005; 𝜉3 = 0.00005; 𝜉4 = 0; 𝜉5 = 0.

energy scale approaches 𝑚𝑊 from above, the mass of the W becomes relevant and the coupling
stops increasing. In the opposite end, for energies far below 𝑚𝑊 , the gauge boson decouples and we
effectively recover a scalar theory. This shows qualitative agreement with perturbative predictions,
which gives the one-loop 𝛽-function of this theory as

𝛽𝑆𝑈 (𝑁 )+Scalars = 𝜇
d𝑔
d𝜇

= − 𝑏0𝑔
3

16𝜋2 + O
(
𝑔5
)
, 𝑏0 =

11𝑁 − 𝑛𝑠
3

. (8)

were 𝑛𝑠 is the number of scalar fields. Since the gauge bosons are integrated out when 𝜇 is below
𝑚𝑊 , effectively 𝑁 can be set to zero and the above one-loop 𝛽-function becomes positive in this
regime.

Figure 3: Gradient flow running gauge coupling in the confining phase, 𝛽 = 3.6, 𝜅2 = 0.1, 𝜂2 = 0.001 (left)
and in the Higgs phase 𝛽 = 6.0, 𝜅2 = 0.1322, 𝜂2 = 0.004 (right). The former is plotted as a function of the
dimensionless ratio 𝜇/Λ𝑐 , Λ𝑐 = 1/𝑎 is the lattice cutoff, due to the absence of the the W mass scale. In the
Higgs phase the massive W provides a reference scale and the running coupling is shown as a function of
𝜇/𝑚𝑊 .

7
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4. Conclusion

The 2HDM’s are described by a large set of couplings allowing for various scenarios categorised
by global symmetry breaking patterns. All of these require a thorough non-perturbative study in
order to identify the ones that are physically realizable. These global symmetry breaking patterns
affect the spectrum of the theory, resulting in different mass hierarchies amongst the low-lying
scalar and vector states. We have set up the machinery that allows us to explore the most general
2HDM scalar potential with real couplings through lattice simulations.

As a first test we consider the custodial symmetry limit and the vanishing of the Z2-breaking
terms 𝜇2, 𝜂6, and 𝜂7. We study the behaviour of the phase structure and the spectrum using
the perturbative tree-level predictions as a guide. For the first step of our study, we perform
lattice simulations with all the bare couplings being small. Our results agree qualitatively with
predictions from perturbation theory, as expected. The identification of the physical spectrum
with the interpolators for small quartic couplings requires a careful analysis of the tree-level mass-
matrices for different global symmetries of the scalar potential. In this work we consider only
cases where the matrices are diagonal, but already at the perturbative level the most general scalar
potential generates mixing between the scalar fields. Additionally, since in our future work we aim
at exploring the effect of having O(1) quartic couplings in the Z2 broken theory (𝜇2, 𝜂6, and 𝜂7 not
vanishing), a variational approach is required. We must solve the generalised eigenvalue problem
in order to disentangle the contributions of the mass eigenstates from the mixture of scalar states.

Lastly, the running gauge coupling is computed for both phases using the gradient flow action
density, and its behaviour agrees qualitatively with that predicted by one-loop perturbation theory.

The goal of this exploratory study is to demonstrate that we are able to tune the bare couplings to
reproduce the physical Higgs-to-W mass ratio, as well as the value of renormalised gauge coupling
at the scale 𝑚𝑊 . In the future we aim to obtain the spectrum of the theory on finer lattices while
following the line of constant physics. While a proper continuum extrapolation cannot be performed
due to triviality, this will allow us to understand the spectrum of the theory and its relation to the
cut-off scale, as well as how the diverse scenarios may adjust to the experimental results.
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