
P
o
S
(
L
A
T
T
I
C
E
2
0
2
3
)
1
1
0

Quantum simulations of lattice field thoeries

Dorota M Grabowska∗

InQubator for Quantum Simulation, University of Washington,
Department of Physics, Box 351560, Seattle, WA 98195-1560

E-mail: grabow@uw.edu

The last several years have seen a massive resurgence of interest in the Hamiltonian simulation
of relativistic lattice field theories from the nuclear and high energy physics community. This
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computers, which will most likely be necessary for simulations of physically-relevant nuclear
systems. In the meantime, there are many theoretical and algorithmic roadblocks to overcome
in order to implement gauge theories onto quantum computers. In this plenary, I present a
broad overview of digital quantum simulation, including methods and status of current hardware
architectures, followed by a description of the challenges faced when simulating lattice gauge
theories on quantum computers.
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1. Introduction and Motivation

The Standard Model of Particle Physics, encapsulating the vast majority of our understanding
of the fundamental nature of our Universe, is at its core a gauge theory. Much of the richness of its
phenomenology can be traced back to the complicated interplay of its various gauged interactions.
Thus, studying the properties of strongly coupled theories from first principles is necessary to
fully understand the Standard Model. In particular, Quantum Chromodynamics (QCD), which
provides a precise and quantitative description of the strong nuclear force over a broad range
of energies, is a strongly coupled gauge theory. Therefore, ab-initio calculations are crucial for
comparing theoretical predictions of the Standard Model to experimental results. Additionally, due
to its strongly coupled nature, this theory gives rise to a complex array of emergent phenomena
that cannot be identified from the underlying degrees of freedom. While massive theoretical and
algorithmic developments in classical computing have allowed us to probe many of these aspects,
there remain a plethora of open questions that do not seem amenable to these methods. For
example, the determination of the phase diagram of finite-density QCD and direct, nonperturbative
calculations of real-time dynamics of hadrons are exponentially difficult to probe with classical
computers due to the notorious sign problem. Even our knowledge of whether the electroweak gauge
interactions in the Standard Model can be given a precise, nonperturbatively regularized definition
using lattice field theory faces similar difficulties, as sign problems obstruct the verification of
candidate regularizations of chiral gauge theories. With an inherently different computational
strategy, digital quantum computers hold the promise of simulating quantum field theories from
first principles without encountering sign problems. Through this, they would probe these and other
fundamental questions of particle and nuclear physics, which currently seem inaccessible through
existing classical computing techniques.

The revival of interest in quantum simulations of high-energy physics has been spurred by the
rapid evolution of real-world quantum computers, with increasing size and decreasing noise. With
large influxes of both intellectual and financial interests, impressive advances in both hardware
and software are occurring on yearly timescales, paving the way towards fault-tolerant quantum
computation. However, despite this progress, current machines are in the noisy intermediate-scale
quantum (NISQ) era [1], characterized by systems of O(100) qubits, susceptible to various types of
noise, networked together. Much progress must occur before the promise of fault-tolerant quantum
computers can come to fruition; this progress is of key importance to high-energy physicists, as
current resource scaling arguments indicate that 3 + 1 dimensional lattice QCD simulations at
physical pion masses will require fault-tolerant quantum computers. Additionally, similarly to the
early days of classical lattice QCD, there is an enormous amount of theoretical and algorithmic
development that needs to occur before this novel computational strategy can be applied to real-word
physics problem.

In these proceedings, I will provide a broad overview of the ideas behind quantum simulation, as
well as the status, both current and near-term, of several different hardware architectures. I will then
briefly discuss the Kogut-Susskind Hamiltonian formulation of an SU(N) lattice gauge theory [2],
in order to highlight three key challenges that must be considered for the successful simulation
of lattice gauge theories on quantum devices; note that addressing these problems is necessary
but not sufficient for real-world simulations. Lastly, I will discuss an alternative formulation of
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Figure 1: General schematic for quantum simulation. The precise details of how each of these four steps is
carried out will depend heavily on both the experimental platform and the target theory.

an SU(2) lattice gauge theory to demonstrate possible approaches for implementing SU(N) lattice
gauge theories onto quantum devices. Note that these proceedings, as well as the plenary on which
they are based, are not meant to be an all-encompassing overview of the field. Instead, my goal is
to provide a general introduction, suitable for colleagues who are not quantum computing experts,
to some of the challenges and hurdles that we face on the path towards implementing the Standard
Model onto quantum devices. The main take-away message I hope to instill is that this is a young
and vibrant field with many interesting theoretical and algorithmic challenges ahead!

2. Introduction to Quantum Simulation

Quantum simulation is broadly defined as a protocol to manipulate quantum degrees of freedom
plus an experimental platform that utilizes the collective quantum properties of the system for
calculation. Said more plainly, quantum simulation involves manipulating quantum states in a
specific way in order to mirror the properties of a specific target system. In general, this proceeds
via three steps, regardless of the experimental platform. First, the quantum system must be initialized
into the desired initial state, which is called initial state preparation. Then the system undergoes
unitary time evolution. Lastly, measurement takes place. This entire process is repeated a large
number of times, due to the probabilistic nature of the computational method. Once a sufficient
number of simulations is carried out, post-processing analysis can occur. This general procedure
is shown in Figure 1. Note that the use of ‘unitary time evolution’ carries a double meaning here.
The first meaning is the canonical meaning used by physicists i.e. the evolution of a quantum
system forwards in time. For example, to simulate a heavy ion passing through nuclear matter
would require encoding the time-evolution operator for this specific physical process onto the
experimental platform. The second meaning is more from the computer science perspective, in
that any quantum algorithm is by definition a series of unitary operators acting sequentially. For
example, quantum phase estimation [3] is a quantum algorithm that can be used to extract the
ground state energies in quantum chemistry1. While the quantum phase estimation algorithm is not
the time-evolution operator of the quantum chemistry system, it is the unitary time evolution of the
quantum experimental platform.

Of particular interest to the simulation of lattice gauge theories are two different approaches
to quantum simulation: digital and analog quantum computing. The key difference between the
two approaches is whether the unitary time evolution of the system is discrete or continuous. The
digital approach is most similar to classical simulation, in that the time evolution of the desired

1Please see Ref. [4] for an extensive overview of solving quantum chemistry problems on quantum computers.
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theory is rewritten into a (quantum) circuit and the system evolves via the sequential application of
discrete gates; it is of fundamental importance that this circuit run in reasonable time. In contrast,
the analog approach constructs a quantum system that is “close” to the target theory and then the
quantum system is simply allowed to evolve in time, given its own internal dynamics. Both of
these approaches require approximating the time evolution operator of the target system, though
the approximation methods (and the degree to which the error may be quantitatively bounded) do
differ. Most of this plenary will focus on digital quantum simulation using circuit formulations, so
we will first discuss this approach.

The computational strategy for digital quantum simulation is to construct a quantum circuit
by acting on a collection of qubits with unitary operations. A qubit is, by definition, any two-state
quantum system. The unitary operations, which generally act on one or two qubits at a time, are
called gates, in analogy to classical computation. The benefit of digital simulation is that it offers a
path towards a ‘universal quantum simulator’. While there is much literature on how one precisely
defines a quantum Turing machine, for the purposes of this plenary, I offer my colloquial definition:
a universal quantum computer is one that can simulate any theory, as long as said theory can be
rewritten into a quantum circuit. Therefore, much work is currently being devoted to rewriting
lattice gauge Hamiltonians into quantum circuits; the benefit of this approach is that these quantum
circuits should run on any digital quantum computer, regardless of the hardware architecture. It
is important to note, however, that the resource cost may differ dramatically between different
architectures and therefore the choice of architecture is of practical concern.

Many proposals for qubit hardware exist and there are benefits and downsides to each of these
technologies. Three examples of qubit systems are shown in Figure 3. The first is superconducting
loops, which build on existing semi-conductor technology; as semi-conductor technology is highly
advanced, this approach has a great technological advantage. Unfortunately, due to the requirements
of superconductivity, these qubits must be kept at O(mK). Additionally, due to the manner in which
the qubits are controlled, networking together multiple superconducting qubits results in a system
with two-to-two connectivity. This might prove quite limiting for simulations of lattice gauge
theories, especially in formulations that are gauge fixed and thus contain non-local interactions. An
alternative approach is to use trapped ions, which not only have a higher gate fidelity but can also
be networked with all-to-all connectivity. One disadvantage is that the time it takes to carry out a
single gate operation is significantly higher than for superconducting qubits. These systems must
also be kept cold, but only at O(4K). One last example of qubit systems is diamond vacancies. The
advantage of these systems is that they can operate at room temperature, but the vacancies are quite
difficult to entangle due to the limited range of their interactions.

For many of these proposals of qubit hardware, there now exist examples of ‘real-world’
quantum computers i.e. quantum systems of entangled qubits that can carry out various calculations.
However, despite recent advancements, we are in NISQ-era, which is defined by having machines
of O(100) qubits that are sensitive to various sources of noise, including bit flips, phase flips,
decoherence and dephasing. In particular, current machines have gate error rates of O(10−3),
which implies that circuit depths cannot exceed O(100) gates before the measurement is pure noise.
The path out of the NISQ-era and towards simulations of 3 + 1-dimensional QCD rests on two
intertwined ideas: quantum-error correction and fault-tolerant quantum computing. The end goal
of this is ‘the protection of quantum information as it dynamically undergoes computation’ [8]. To
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Copy over from previous slide - rephrase

(a) Roadmap for IBM’s quantum computing efforts,
which utilize superconducting qubits [5], released in
September 2020. An updated roadmap was released
in Dec. 2023 [6].

D.M. Grabowska Lattice 2023(b) Roadmap for IonQ’s quantum computing efforts,
which utilize trapped ions, released in December 2020.
This roadmap includes the projected use of error-
correction encoding to allow for logical qubits [7]

Figure 2: Near-term roadmaps for two different commercially-developed quantum hardware architectures.

give a sense of how much work remains to be done, the quantum simulation of 3 + 1-dimensional
QCD at physical pion masses will likely require tens of millions of qubits and orders of magnitude
many more gates.2 Note that these qubits will need to be logical qubits and the gates fault-tolerant;
logical qubits are abstract qubits that are acted upon as specified by a quantum circuit, built out of
many physical qubits that are the actual quantum hardware; a similar idea holds for fault-tolerant
gates. To give a sense of the current hardware capabilities, Figure 2 presents roadmaps for two
different qubit technologies, as implemented in a commercial setting. The two technologies are
superconducting loops, which are used by IBM, and trapped ions, used by IonQ.

As mentioned previously, there exists an alternative approach to digital quantum computers,
namely analog quantum computers. In analog quantum computing, the computational strategy is to
‘tweak’ the natural degrees of freedom of a quantum system to mimic the behavior of a target model.
I like to think of analog quantum computers as ‘effective field theories made physical’. Analog
simulators are incredibly useful, as not only do they allow for continuous time evolution with zero
error in the time-evolution operator, but they can also simulate toy models not yet achievable on
digital computers. The downside is that they are non-universal and so each target theory requires
a somewhat different experimental set-up. Additionally it is not always clear how to quantify the
errors that arise due to the experimental quantum system not being the same as the target theory; in
particular, the time-evolution operator being simulated without error is not the exact time-evolution
operator of the target theory. The name of the game for analog quantum simulation is finding a target

2One way of understanding this resource scaling is to assume that each spatial lattice site (for fermions) and each
spatial lattice link (for gauge fields) will have at least one qubit associated with it; additionally assuming that quantum
simulations for 140 MeV pions will require similar lattice volumes and spacings, a quantum simulation will require
at least O(107) qubits. Note that this number underestimates the number of qubits dramatically as non-abelian gauge
theories will certainly require more than a single qubit per link. Circuit depth, which can be thought of as the number of
gates that need to be run in series, is a bit more difficult to estimate, as it strongly depends on the specific Hamiltonian
formulation. However, we can arrive at a rough scaling by noting that the magnetic component of the Hamiltonian will
typically entail a sum over plaquettes. Since each plaquette includes four link variables and the same link variable will
appear in multiple plaquettes, plaquette terms will generally need to be run in series and not in parallel. Therefore, the
number of quantum gates will roughly scale with the number of plaquettes. Requiring at least six gates per plaquette (by
assuming one two-qubit gate for each pair of links in the plaquette) will result in O(107) gates. Both of these estimates
are very rough and should be considered more as a motivating guideline than a rule.
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Figure 3: Three examples of two-state systems that can be used for constructing qubits. Images are repro-
duced from Ref. [15], which offers a historical overview of recent advances in various qubit technologies.

theory that is both interesting and that can be successfully modeled in an experimental set-up. A
good example of this is the 1+1 Ising Model. This model displays confinement, which is of obvious
great interest. Additionally, this theory can be implemented on a variety of experimental set ups,
including trapped ions and Rydberg atoms [9, 10]. In terms of implementing gauge theories onto
analog devices, the key observation is that gauge theories emerge from simple condensed matter
systems once local constraints are imposed; a high-energy physicists might say the inverse statement,
that local constraints (Gauss’ Law) naturally emerge from gauge theories. These two statements are,
of course, complementary. For more in-depth overviews of analog quantum simulation of lattice
gauge theories, see Refs. [11–14]

3. Hamiltonian Formulations of Lattice Gauge Theories

Due to an inherently different computational strategy, it is significantly more natural to use the
Hamiltonian formulation when simulating physical systems on quantum computers. In contrast to
classical simulations of path integrals, time is kept as a continuous variable and only the spatial
dimensions are made discrete3. In order to ensure that Schrödinger’s equation is gauge-invariant,
the Hamiltonian for lattice gauge theories is derived in Weyl gauge, 𝐴0 = 0. There is a long
history of constructing Hamiltonians for lattice gauge theories, with the Hamiltonian for QCD first
proposed in the 1970s in Ref. [2]. An explicit derivation from the partition function of lattice gauge
theories, as defined by Wilson, is given in Ref. [18]; the derivation proceeds via the transfer matrix
and requires that all temporal links are set to the identity.

Before delving into the non-Abelian Hamiltonian, let us first look at the Abelian version. In
this case, the Hamiltonian is given by

𝐻̂ =
1
2𝑎

𝑔2
∑︁

ℓ∈ 𝑙𝑖𝑛𝑘𝑠

𝐸̂ℓ 𝐸̂ℓ +
1
𝑔2

∑︁
𝑝∈ 𝑝𝑙𝑎𝑞𝑢𝑒𝑡𝑡𝑒𝑠

Tr
(
2𝐼 − 𝑃̂𝑝 − 𝑃̂†

𝑝

) (1)

3Time is, additionally, made discrete when working with digital quantum computers and using Suzuki-Trotter methods
for approximating the time-evolution operator [16, 17]. There are other approaches in which time is kept continuous and
the time-evolution operator is approximated via different methods. However, all of these approaches require constructing
a quantum circuit that uses discrete gates.
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[ ̂Eℓ, Ûℓ′ ] = Ûℓδℓℓ′ 
̂E = ∑

ϵ

ϵ |ϵ⟩⟨ϵ | Û = ∑
ϵ

|ϵ + 1⟩⟨ϵ |

Operators defined in the electric basis

Ûℓ

̂Eℓ′ 

̂Pp

(a) The operators that appear in the Kogut-Susskind
Hamiltonian are the electric link operators 𝐸̂ℓ and pla-
quette operators 𝑃̂𝑝 ; the plaquette operators are con-
structed out of gauge link operators 𝑈̂ℓ , which act as
raising operators for the electric link operators.
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|0⟩

| + 1⟩
| + 2⟩

| − 1⟩ | + 2⟩

|0⟩ | − 1⟩

| + 1⟩ | − 1⟩ | − 1⟩

| + 1⟩

| − 1⟩ | + 1⟩ |0⟩

| − 1⟩ |0⟩

| − 1⟩ | − 1⟩

(b) Example of a state that obeys Gauss’s law, written
in the electric basis. Assuming a positive orientation
for each link (each link points in the positive 𝑥 or 𝑦̂

direction),the sum of the electric fields going into each
lattice site is the same as the sum going out.

Figure 4: Abelian version of the Kogut-Susskind formulation of a gauge theory on a 3 × 3 lattice with
periodic boundary conditions.

where 𝐸̂ℓ are electric link operators and 𝑃̂𝑝 are purely-spatial plaquette variables constructed out
of gauge link variables, 𝑈̂ℓ ; see Figure 4a for an explicit mapping onto a two-dimensional spatial
lattice. The variables 𝐸ℓ and 𝑈ℓ obey the commutation relations

[
𝐸̂ℓ , 𝑈̂ℓ′

]
= 𝑈̂ℓ𝛿ℓ,ℓ′ , (2)

which inform how these operators can be mapped onto qubits. More specifically, in order to simulate
the time evolution of this system, it is necessary to decide on a specific basis in which to work.
This choice is not unique and different bases will have different strengths and weaknesses; we shall
come back to this point later. One possible basis choice is the electric basis, in which the electric
link operators are all diagonal. In this basis, the operators are given by

𝐸̂ =
∑︁
𝜖

𝜖 |𝜖⟩⟨𝜖 | 𝑈̂ =
∑︁
𝜖

|𝜖 + 1⟩⟨𝜖 | (3)

where we have suppressed the link index. In particular, this implies that the electric link operator
has integer eigenvalues and the gauge link operator acts as a raising operator. In Figure 4b, we show
one possible state of the system, using electric field eigenvalues; this state obeys Gauss’ law as the
sum of the electric fields going into any one lattice site is the same as the sum of electric fields
going out.

The structure of the SU(N) Hamiltonian is quite similar, though now both the electric links and
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the gauge links carry SU(N) color indices. The Hamiltonian is given by

𝐻̂ =
1
2𝑎

𝑔2
∑︁

ℓ∈ 𝑙𝑖𝑛𝑘𝑠

𝐸̂𝑎
ℓ 𝐸̂

𝑎
ℓ + 1

𝑔2

∑︁
𝑝∈ 𝑝𝑙𝑎𝑞𝑢𝑒𝑡𝑡𝑒𝑠

Tr
(
2𝐼 − 𝑃̂𝑝 − 𝑃̂†

𝑝

) (4)

where the trace of the plaquette operator, in terms of gauge links, is

Tr𝑃̂𝑝 = 𝑈̂𝑎𝑏 (𝑛, 𝑒𝑖)𝑈̂𝑏𝑐 (𝑛 + 𝑒𝑖 , 𝑒 𝑗)𝑈̂†
𝑐𝑑
(𝑛 + 𝑒 𝑗 , 𝑒𝑖)𝑈̂†

𝑑𝑎
(𝑛, 𝑒 𝑗) (5)

where the plaquette 𝑝 is specified by site index 𝑛 and two directions, 𝑒𝑖 , 𝑒 𝑗 . Note that due to the
non-Abelian nature of this theory, the gauge links transform under gauge transformations as

𝑈̂ (𝑛, 𝑒𝑖) ↦−→ Ω(𝑛) 𝑈̂ (𝑛, 𝑒𝑖)Ω(𝑛 + 𝑒𝑖)† (6)

i.e. gauge transformations at sites 𝑛 and 𝑛+𝑒𝑖 will affect the link via left and right group composition.
This implies that there are two different translation operators that need to be defined, and therefore
two different electric link operators. For simplicity, we define these electric link operators to be 𝐸𝑎

𝐿

and 𝐸𝑎
𝑅

, with each set of operators satisfying their own independent Lie algebra,[
𝐸̂𝑎
𝐿 , 𝐸̂

𝑏
𝐿

]
= −𝑖 𝑓 𝑎𝑏𝑐 𝐸̂𝑐

𝐿

[
𝐸̂𝑎
𝑅, 𝐸̂

𝑏
𝑅

]
= 𝑖 𝑓 𝑎𝑏𝑐 𝐸̂𝑐

𝑅

[
𝐸̂𝑎
𝐿 , 𝐸̂

𝑏
𝑅

]
= 0 . (7)

As before, the commutation relations will inform how this Hamiltonian can be mapped onto a
quantum device. For the SU(N) theory, we now have two different commutation relations correspond
to left and right group composition[

𝐸̂𝑎
𝐿 , 𝑈̂

𝑗
𝑚𝑛

]
= 𝑇

𝑗𝑎

𝑚𝑚′𝑈̂
𝑗

𝑚′𝑛

[
𝐸̂𝑎
𝑅, 𝑈̂

𝑗
𝑚𝑛

]
= 𝑈̂

𝑗

𝑚𝑛′𝑇
𝑗𝑎

𝑛′𝑛 , (8)

where 𝑇 𝑗𝑎 are the generators of the Lie group in the 𝑗 representation, with j not summed. One
possible basis choice is the irrep basis, sometimes called the electric basis due to electric component
of the Hamiltonian being diagonal. As an illustrative example, if we take the gauge group to be
SU(2), the states are defined by three quantum numbers: 𝐽, 𝑀𝐿 and 𝑀𝑅, reminiscent of angular
momentum quantum numbers. The action of the electric operators on these states is given by

𝐸̂2 |𝐽, 𝑀𝐿 , 𝑀𝑅⟩ = 𝐽 (𝐽 + 1) |𝐽, 𝑀𝐿 , 𝑀𝑅⟩
𝐸̂ 𝑧
𝐿
|𝐽, 𝑀𝐿 , 𝑀𝑅⟩ = 𝑀𝐿 |𝐽, 𝑀𝐿 , 𝑀𝑅⟩

𝐸̂ 𝑧
𝑅
|𝐽, 𝑀𝐿 , 𝑀𝑅⟩ = 𝑀𝑅 |𝐽, 𝑀𝐿 , 𝑀𝑅⟩ (9)

where 𝐸̂2 ≡ 𝐸̂2
𝐿
= 𝐸̂2

𝑅
. while the gauge link operator can be written as

⟨𝐽′𝑀 ′
𝐿𝑀

′
𝑅 |𝑈̂

𝑗
𝑚𝐿𝑚𝑅

|𝐽𝑀𝐿𝑀𝑅⟩ =

√︄
dim(𝐽)
dim(𝐽′) ⟨𝐽𝑀𝐿 𝑗𝑚𝐿 |𝐽′𝑀 ′

𝐿⟩⟨𝐽′𝑀 ′
𝑅 |𝐽𝑀𝑅 𝑗𝑚𝑅⟩ (10)

where the matrix elements on the right-hand side are SU(2) Clebsch-Gordan coefficients.
An astute observer will notice that the Kogut-Susskind Hamiltonian was derived almost fifty

years ago and yet there has recently been a massive resurgence of interest in Hamiltonian formula-
tions of lattice gauge theories. Why is that? Many recent works have focused on three fundamental
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considerations that must be addressed in order to simulate lattice gauge Hamiltonians on real-world
devices. While similar hurdles exist for digital and analog devices, we will mostly speak in terms of
digital devices. The first two issues to confront arise because the Hamiltonians that we would like to
simulate - namely QCD and other Standard Model gauge groups - are all infinite-dimensional; how-
ever, by construction, quantum computers contain a finite number of degrees of freedom. Therefore,
the Hamiltonian must be truncated while still faithfully capturing the desired physics. For lattice
gauge theory, this truncation is two-fold. Firstly, the Hamiltonian must be reduced such that its
energy eigenstates have good overlap with the phenomena of interest; this can usually be thought of
as a UV cut-off, analogous to regularization methods in path integral methods. Secondly, the gauge
degrees of freedom have to be appropriately discretized or sampled. This must be done carefully,
as there is a risk of either inducing (uncontrollable) gauge violation into the theory or simulating a
theory that is so unlike the target theory that any numerical results are functionally unusable. Note
that while these two obstacles are related, addressing one does not automatically address the other.
The last obstacle is that Gauss’ Law is not automatically satisfied. This is due to the fact that Gauss’
Law is the constraint associated with the 𝐴0 Lagrange multiplier, which is set to zero in Weyl gauge.
Unless additional constraints are imposed, the Hilbert space is a tensor product of all the different
charge sectors, as shown in Figure 5a.

Let us first address the question of Gauss’s Law in lattice gauge theories. In this discussion, it is
important to remember that the three ideas of Gauss’ law, gauge invariance and charge conservation
are intricately related and none of them can be discussed without the other two. To begin, recall that
Weyl gauge, which is necessary for ensuring that Schrödinger’s equation is gauge invariant, is an
incomplete gauge-fixing procedure. In particular, gauge transformations that only depend on spatial
coordinates are still allowed. However, the physical Hilbert space must only contain states that obey
the Gauss law constraint i.e. states that are all invariant under spatial gauge transformations. In
particular, for an SU(N) theory without fermions, Gauss’s law is given by

𝑑∑︁
𝑖=1

𝐷𝑖𝐸
𝑎
𝑖 = 0︸           ︷︷           ︸

continuum

𝐺̂𝑎 (𝑛) =
𝑑∑︁
𝑖=1

[
𝐸̂𝑎
𝑅 (𝑛 − 𝑒𝑖 , 𝑒𝑖) − 𝐸̂𝑎

𝐿 (𝑛, 𝑒𝑖)
]

︸                                                  ︷︷                                                  ︸
lattice

(11)

where 𝑎 is a color index. Despite the incomplete gauge fixing procedure, notice that the Hamiltonian
given in Eq. (4) commutes with the generators of Gauss’ law. This implies that if a simulation is
initiated on a state with a given charge distribution, assuming zero noise, the charge distribution
will not change. Another way to see this is by looking at Figure 4b and noticing that the application
of the plaquette operator will change the electric field value on all four links but will not change
the electric flux through any of the sites. Therefore, there are generally two approaches to dealing
with the problem of Gauss’ law for quantum simulation. The first approach is to not impose any
additional gauge fixing and instead rely on initial state preparation to initialize the system in a given
charge sector and then utilize fault-tolerant time evolution to keep the system within that sector;
an energy penalty can be added to the Hamiltonian to discourage non-physical transitions in noisy
simulations [19]. The downside of this approach is that, due to the inclusion of many unphysical
states in the Hilbert space, the simulation must utilize many more qubits than is strictly necessary.
Additionally, initial state preparation is proving to be quite challenging in practice for lattice

9
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Q= 0Q= 2

Q= 3

Q= 1

(a) Symbolic representation of the disconnected charge
sectors that make up the full Hilbert space that is
spanned by the Kogut-Susskind Hamiltonian

Gauss Law

Gauge InvarianceCharge Conservation

(b) The interplay between Gauss law, gauge invariance
and charge conservation underlies many of the diffi-
culties of implementing phenomenologically-relevant
lattice gauge Hamiltonians onto quantum devices.

Figure 5: Schematic representations of why the discussion of whether Gauss’ law should be imposed a
priori or a posteriori is of key importance.

gauge theories and fault-tolerant quantum computing is still (probably) decades away. The second
approach is to carry out additional gauge-fixing procedures in order to try to reduce the Hamiltonian
such that it only spans the physical Hilbert space. While this greatly reduces the dimensionality
of the Hilbert space and therefore the necessary number of qubits, there are two major downsides
to this approach. The first is that it is not always obvious how to systematically impose additional
gauge fixing so that the resultant Hamiltonian only spans the physical Hilbert space. The second
downside is that imposing constraints a priori typically leads to an increase in non-locality and
therefore to more complicated and deeper quantum circuits; the choice between superconducting
qubits versus trapped ions will further affect the circuit depth for these formulations. At this point
in time, it is not obvious which approach will be most beneficial in the long run.

The first two considerations mentioned above - the need to truncate a formally infinite-
dimensional Hamiltonian of a continuous gauge group - cannot be as succinctly explained and,
at least in theory, addressed. However, by discussing a practical consideration, namely the choice
of basis for the Hamiltonian, some clarity might be gained. The question of basis is also a deeply
important one, as different bases are expected to perform better or worse depending on the value of
the bare coupling. In particular, recall that the Hamiltonian is given by

𝐻̂ =
𝑔2

2𝑎

∑︁
ℓ

𝐸̂𝑎
ℓ 𝐸̂

𝑎
ℓ︸          ︷︷          ︸

Electric

+ 1
2𝑎𝑔2

∑︁
𝑝

Tr
(
2𝐼 − 𝑃̂𝑝 − 𝑃̂†

𝑝

)
︸                               ︷︷                               ︸

Magnetic

(12)

where we have explicitly labeled the electric and the magnetic contribution. Notice that the theory
has fundamentally different properties at large and small (bare) coupling. At strong coupling, the
electric component of the Hamiltonian dominates and the irrep basis is a good choice. In this
case, assuming an SU(2) gauge group, the basis states are defined by three quantum numbers,
|𝐽, 𝑀𝐿 , 𝑀𝑅⟩, which are the eigenstates of the electric operator. There are several advantanges to
this basis, namely that the states are naturally discretized and there is also a intuitive UV truncation
scheme, namely eliminating all states with 𝐽 > 𝐽max. Additionally, since Gauss’ Law is a function of
electric fields, it is easier to impose additional gauge-fixing constraints in this basis. The downside

10
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of this basis is that the continuum limit corresponds to the weak (bare) coupling limit and so the irrep
basis is generally not efficient as it will have large truncation errors unless the cut-off is increased
as the bare coupling is sent to zero. An alternative to the irrep basis is the so-called group element
basis, where the basis states are defined by the group elements |g⟩. In this basis, the gauge links
are diagonal and so this basis is well-suited for ‘close-to-continuum’ physics, as this corresponds
to the weak-coupling limit in which the magnetic component of the Hamiltonian dominates. The
downside of this basis is that the electric link operators are significantly more complicated and the
digitization and truncation of the gauge links must be done more carefully. We shall expand on this
point in the next section of these proceedings.

Due to the complicated and interconnected nature of these three hurdles, there have been many
proposals for Abelian and non-Abelian formulations and bases. This includes the Kogut-Susskind
formulation in the irrep/‘angular momentum’ basis [20, 21] and the group element basis [22–24],
gauge magnets/quantum link models [25], tensor lattice field theory [26], dual/rotor formula-
tions [27–31], casimir variables / “local-multiplet basis” [32, 33], purely fermionic formulations in
1+1D and with open boundary conditions [34–36], prepotential/Schwinger boson formulations [37–
40], loop-string-hadron formulation [41–45], light-front formulation [46], qubit models [47] and
q-deformed Kogut-Susskind models [48]; note that this is not an exhaustive list of formulations and
bases, nor references.4

4. Mixed-Basis Approach to Digitizing Group Element Basis

In order to demonstrate how the three challenges mentioned in the previous section might be
addressed, let me discuss one example in detail. My choice of example is purely based on this
being the formulation with which I am most familiar and comfortable; it is not an indication that
this is the right or best approach. Much of the excitement I have for the coming years is discovering
the benefits and drawbacks of different approaches and learning how to best optimize for far-future
simulations. Additionally, having multiple formulations of the same physical systems allows for
important cross-checks. This method, developed in Ref. [49] utilizes additional gauge fixing in
order to reduce the Hilbert space, ideally all the way down to only the physical subspace. An
additional benefit of working with a fully gauge-fixed theory is that all states of the Hamiltonian are
gauge-invariant and so the Hilbert space can be sampled efficiently without concern for the gauge
structure of the theory. Once the theory has been gauge-fixed, it is possible to introduce an efficient
sampling scheme by making use of a mixed basis, where some variables are labeled by magnetic
quantum numbers and some are labeled by electric quantum numbers. For this reason, we call this
approach the mixed basis approach.

The first step in deriving this formulation is to take the Kogut-Susskind formulation of Eq. (4)
and gauge fix using the maximal-tree gauge fixing procedure developed in Ref. [50]. The benefit of
this gauge choice is that it can be easily implemented for general lattices and that it fixes all local
gauge transformations; note that it does not fix global gauge transformations, though this can be
addressed. In order to implement this gauge, the lattice must be partitioned into two disjointed sets:

4I gratefully acknowledge Jesse Stryker’s talk ‘Formal and algorithmic developments for quantum-simulating non-
Abelian and higher-dimensional gauge theories” at the topical workshop ‘Toward Quantum Advantage in High Energy
Physics’ in May 2023. His talk provides a fantastic overview of this topic.
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(a) Method for constructing loops in maximum tree
gauge. Physical links are shown in dashed green links
and tree links are shown in dotted red. The convention
used here is that tree links are links in the 𝑥 directions
for 𝑦 = 0 and all links in the 𝑦̂ direction.
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(b) Results for one plaquette system of Eq. (19). The
asymptotic solutions for both strong and weak coupling
can be found by noticing that the eigenstates approach
the electric eigenstates and the quantum harmonic os-
cillator eigenstates, respectively.

Figure 6: Derivation and numerical results for the mixed basis Hamiltonian

‘physical links’ and ‘tree links’. Tree links are those links that form a tree, where a tree contains
no closed loops. Additionally, the tree links form a maximal tree, meaning that adding any link
into the tree would create a closed loop. Any link that is not a tree link is defined to be a physical
link; these physical links will be denoted by 𝜅. There is no unique choice for this partitioning. The
convention used here, for a two-dimensional lattice, is shown in Figure 6a: tree links are links in
the 𝑥 directions for 𝑦 = 0 and all links in the 𝑦̂ direction. In order to gauge fix, every tree link is set
to the identity by systematically carrying out gauge transformations on each site located on the tree,
navigating outwards from the origin. It is possible to keep track of these gauge transformations by
defining closed paths that originate at the origin of the lattice, traverse only tree links until reaching
a physical link, traverse the physical link and then use only tree links to return to the origin; one
such path is shown in Figure 6a. With this convention, each loop is uniquely associated with a
single physical link.

With this gauge-fixing procedure in place, the Hamiltonian now needs to be rewritten in terms
of only physical link variables and loop variables; new electric link variables need to be defined in
order to preserve the commutation relations. In particular, the loop operator 𝑋̂ (𝜅) is defined as the
oriented product of link operators along the path 𝑃(𝜅), namely

𝑋̂ (𝜅) =
∏

ℓ∈𝑃 (𝜅 )
𝑈̂ (ℓ)𝜎ℓ , (13)

where 𝜎ℓ = ±1, depending on whether the link ℓ is traversed in the positive or negative direction,
respectively. The commutation relations between the original electric link operators and the new
loop variables are quite complicated and I will not go into explicit detail about them; Figure 6a
details the four cases that have to be considered. However, we define new electric link operators in
terms of the old electric link operators that have been parallel transported. Defining these as E𝐿,𝑅,

12
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Figure 7: Axis angle coordinates as hyperspherical coordinates.

the commutation relations are

[Ê𝑎
𝐿 (𝜅), 𝑋̂ (𝜅′)] = 𝑇𝑎 𝑋̂ (𝜅)𝛿𝜅,𝜅 ′ [Ê𝑎

𝑅 (𝜅), 𝑋̂ (𝜅′)] = 𝑋̂ (𝜅)𝑇𝑎𝛿𝜅,𝜅 ′ (14)

which are alagous to the canonical commutation relations of Eq. (8). The Hamiltonian is

𝐻 =
𝑔2

2𝑎

∑︁
ℓ

©­«
∑︁

𝜅∈𝑡+ (ℓ )
Ê𝑎
𝐿𝜅 −

∑︁
𝜅∈𝑡− (ℓ )

Ê𝑎
𝑅𝜅

ª®¬
2

︸                                         ︷︷                                         ︸
Electric

+ 1
2𝑔2𝑎

∑︁
𝑝

𝑇𝑟

(
𝐼 −

∏
𝜅∈𝑝

𝑋̂ (𝜅)𝜎 (𝜅 )

)
+ h.c.︸                                              ︷︷                                              ︸

Magnetic

, (15)

where 𝑡±(ℓ) is the set of all physical links 𝜅 such that ℓ is contained in the path 𝑃(𝜅) as a positive
or negative link, respectively.

The next step is parameterizing the electric links and gauge loops in terms of coordinates that
can be easily digitized and truncated. A convenient parameterization is axis-angle coordinates
(𝜔, 𝜃, 𝜙). These coordinates have the range

𝜃 ∈ [0, 𝜋] 𝜙 ∈ [0, 2𝜋] 𝜔 ∈ [0, 2𝜋] (16)

and can be conceptualized as hyperspherical coordinates for 𝑆3, as shown in Figure 7. Using this
coordinate system, each gauge link is given by

𝑈 =

(
cos 𝜔

2 − 𝑖 sin 𝜔
2 cos 𝜃 −𝑖 sin 𝜔

2 sin 𝜃𝑒−𝑖𝜙

−𝑖 sin 𝜔
2 sin 𝜃𝑒𝑖𝜙 cos 𝜔

2 + 𝑖 sin 𝜔
2 cos 𝜃

)
(17)

while the electric link operators are differential operators, e.g.

𝐸 𝑧
𝑅
= 𝑖

(
cos 𝜃

𝜕

𝜕𝜔
− 𝑖 cot

𝜔

2
sin 𝜃

𝜕

𝜕𝜃
− 1

2
𝜕

𝜕𝜙

)
(18)
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The last step is to digitize these coordinates in an efficient manner i.e. using a minimal number
of qubits per coordinate system to achieve the desired precision. It turns out that a convenient and
efficient way to do this is to use a spherical harmonic basis for the angular coordinates (𝜃, 𝜙), i.e. use
𝑌𝐿𝑀 (𝜃, 𝜙) as an orthonormal and complete basis. The radial coordinate 𝜔 can be digitized using
methods previously developed for Abelian Hamiltonians [29]. Therefore, the final basis states are
given by |𝜔𝜅 , 𝐿𝜅 , 𝑀𝜅⟩, with 𝜅 labeling the physical links. As an example of how this formulation
works in practice, the Hamiltonian of one plaquette with open boundary conditions is given by

𝐻[1] =
2𝑔2

𝑎

𝐿̂2

4 sin2 𝜔
2
− 𝜕2

𝜕2𝜔
− cot

𝜔

2
𝜕

𝜕𝜔
+ 2
𝑔2𝑎

(
1 − cos

𝜔

2

)
(19)

where 𝐿̂ is the total charge of the system; the appearance of the total charge of the system is the
result of maximal tree gauge not fixing global gauge transformations. The results of digitizing this
simple system using four qubits for the radial coordinate and a cut-off of ℓmax = 3 for the angular
momentum quantum numbers, is shown in Figure 6b.

5. Conclusions

Quantum computers have a fundamentally different computational strategy and will hopefully
provide novel probes of fundamental questions in particle and nuclear physics. The last several years
have seen a massive resurgence of interest in the Hamiltonian simulations of relativistic lattice field
theories in the nuclear and high energy physics community. This renewal of interest has been largely
driven by rapid hardware improvements for quantum computation, though significant hardware and
algorithmic advancements must occur in order to move towards fault-tolerant quantum computers.
In the meantime, there is much theoretical and algorithmic development to be done in order to
implement lattice gauge theories onto quantum computers. There are many topics that I was not
able to cover in this plenary, though there were many great parallel talks on these topics. These
topics include

• Initial State Preparation: How do you initialize a simulation when you do not know the
eigenstates of the target theory?

• Finite-Temperature Simulations: How do you simulate finite-temperature systems (mixed
states) on a computer that is inherently limited to pure states?

• Alternative Computational Approaches: How can alternatives to the quantum circuit qubit
approach, such as measurement-based quantum computing, be used for simulating physical
systems of interest?

• Error Mitigation and Error Correction: How can we mitigate and correct quantum error and
noise on the path towards fault-tolerant quantum computers?

• Variational Quantum Methods: Can we use variational approaches to learn about quantum
field theories on NISQ-era hardware?

• Scale Setting, Improved Hamiltonians and Renormalization: How do you extract physically
meaningful information from lattice Hamiltonian simulations?

14
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This is an incredibly exciting and vibrant time for this field. While we are well on our way towards
phenomenologically-relevant simulations of the Standard Model, there is much exciting work ahead!
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