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The heavy ion experiments in Relativistic Heavy Ion Collider (RHIC) and Large Hadron Collider
(LHC) are going through upgrade in the next five years, shifting their focus more on the hard
processes in the new runs. One of the main goals is to draw a finer image for the quark gluon
plasma (QGP). The heavy flavor probes , which witness the whole history of heavy ion collision
are particularly sensitive to test the properties of QGP formed in such collisions. The lattice results
for heavy flavor probes provide transport and phenomenological models crucial inputs to describe
the experimental observations like the strong suppression of the nuclear modification factor 𝑅𝐴𝐴

and the non-zero azimuthal anisotropy at low 𝑝𝑇 . In the last two years we have seen significant
advances in the lattice QCD studies of heavy flavor probes, including the in-medium quarkonium
properties, the complex static quark-antiquark potential and the heavy quark diffusion from lattice
simulations at nonzero temperature. These achievements substantially deepen our understanding
of the fate of quarkonium, the screening/unscreening of the complex potential and the temperature
and quark mass dependence of the heavy quark diffusion in thermal medium. In these proceedings,
we review recent results and briefly discuss possible directions in these studies.
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1. Introduction

Studying the properties of QGP matter created in heavy ion collisions (HICs) [1–3] is compli-
cated, for the reason that most constituents experience multiple scattering and are confined again
into hadrons in a very short time, leaving us no direct access to them. Heavy flavor probes can
provide more direct access to the properties of QGP. Heavy flavor probes are produced in the initial
stages of the collision and at later stages of the collisions they are neither created or destroyed.
They participate in the entire dynamics of the system produced at HIC, but are much less affected
by the late stage hadronic interactions thanks to their large mass. Thus have been intensively used
both experimentally [4, 5] and theoretically [6] to study the properties of QGP. The heavy flavor
probes include open heavy flavor hadrons and heavy quarkonia. Heavy quarkonia can probe the
created medium at different length scales, meaning that different states, e.g. Υ 1S, 2S and 3S, are of
different size and their dissociation follows a hierarchy pattern. By investigating the fate of different
states we gain resolution to different stages of the thermalization.

Heavy ion collisions can be produced in the large collision facilities like RHIC at BNL and
LHC at CERN. After the upgrade of the heavy ion experiments the focus will shift more to the
hard process [7]. One famous phenomenon seen in the HICs is the sequential suppression in the
production of heavy quarkonium, e.g., CMS Collaboration found that higher excited Υ (vector
bottomonium) gets more suppressed in the presence of hot QGP medium [8], see left panel of Fig.1.
There is a long history of trying to understand this suppression. In 1980s Matsui and Saltz proposed
the concept of color screening [9] and argued that color screening will prevent quark-antiquark pair
forming a quarkonium, and this in turn will lead to the suppression of quarkonium yields in HIC.
The larger is the size of the quarkonium, the stronger is the effect of color screening on its binding.
This idea relies on a non-relativistic potential picture of quarkonium binding and the screening of
the potential. At zero temperature the potential description turned out to be successful in describing
the phenomenology of the ground state and the excited states below the open heavy flavor threshold,
see e.g. [10, 11]. At some level it can be justified through the use of EFT approach [12]. The
effective theory approach leading to the potential picture can also be generalized to the case of
non-zero temperature, but the potential becomes complex [13–15], and in general the real part of
the potential will not be screened [15]. Lattice QCD calculations of the potential appeared recently
[16] and we will discuss them in these proceedings. Another phenomenon is the strong suppression
of the nuclear modification factor 𝑅𝐴𝐴 and the non-zero azimuthal anisotropy 𝑣2 at low 𝑝𝑇 observed
in central Au-Au/Pb-Pb collisions relative to proton-proton collisions, see e.g. [8, 17–20] (right
panel of Fig.1). This indicates substantial energy loss of heavy quarks when moving in the medium
and that the heavy quarks participate in the collective motion of the medium [21–23] . From these
we can infer that there exists a strong coupling between heavy quarks and the medium. Modeling
of these two phenomena suggests that the medium is almost a perfect fluid. Nevertheless, the
figure also shows that describing both phenomena simultaneously using modeling is challenging.
Such puzzle demands input information on the formation and evolution of QGP, like the shear and
the bulk viscosity, in-medium dissociation temperature of quarkonium, and heavy quark diffusion
coefficient. However, determination of these in perturbation theory is challenging [24–27] as they
are intrinsically non-perturbative quantities. This is feasible from the lattice calculations, though.

In these proceedings we review the recent progresses achieved in the following three topics
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of 368 µb�1, and the corresponding dataset is used to derive the centrality-integrated (0–100%)
double ratios and those in the 0–30% centrality range. For the second setup, the lower rate
allowed the sampling of the full integrated luminosity of 464 µb�1. This sample is used to an-
alyze the centrality dependence of the double ratio in the 30–100% range. We also studied a
possible contamination from photo-production processes in the peripheral region and found it
to be negligible.

Single muons are selected in the kinematic region pµ
T > 4 GeV/c, |hµ| < 2.4, and required to

survive standard quality selection criteria [27]. The reconstruction algorithm was adapted to
account for the high track multiplicity in a PbPb event, using a combination of regional and
iterative tracking algorithms [33]. The muon momentum is derived from the fit obtained with
a Kalman filter algorithm [27] applied to the tracker hits and provides an U mass resolution
of around 1% in both pp and PbPb. When forming a muon pair, the two reconstructed muon
candidates are required to match the dimuon trigger and to originate from a common vertex
with a c2 probability larger than 1%. The U transverse momentum and rapidity ranges studied
in this analysis are pT < 30 GeV/c and |y| < 2.4. The U ratios are not affected by the small
number of additional collision vertices (pileup) present in the pp and PbPb samples.

Figure 1 shows the invariant mass distributions of opposite-charge muon pairs for centrality-
integrated PbPb collisions. The double ratios are computed from the signal yields obtained
independently from unbinned maximum likelihood fits to the pp and PbPb spectra. The anal-
ysis of the U(2S) double ratio is performed in three pT bins, two |y| bins, and nine centrality
bins, while the U(3S) double ratio is studied in four centrality bins. As a cross-check, simulta-
neous fits of the two dimuon invariant mass distributions, where the double ratios are directly
extracted, were also performed. The two procedures give consistent results.

)
2

 (GeV/cμμm

8 9 10 11 12 13 14

 )
2

E
v
e

n
ts

 /
 (

 0
.1

 G
e

V
/c

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

3
10×

 < 30 GeV/c
T

p

| < 2.4|y

 > 4 GeV/c
μ

T
p

Cent. 0-100%

PbPb

Data

Total fit

Signal

Background

pp

Overlaid

 (5.02 TeV)
-1

bμPbPb 368 

CMS

Figure 1: Measured dimuon invariant mass distribution in PbPb data. The total fit (solid blue
line) and the background component (dot-dashed blue line) are also shown, as are the individ-
ual U(1S), U(2S), and U(3S) signal shapes (dotted gray lines). The dashed red line represents
the pp signal shape added to the PbPb background and normalized to the U(1S) mass peak in
PbPb.

The shape of each U state is modeled with the sum of two Crystal Ball functions [34], with
parameters fixed from MC simulation studies. The mass parameter of the U(1S) resonance is
left free to account for possible shifts in the momentum scale of the reconstructed tracks, and
is found to be consistent between pp and PbPb data. The masses of the excited states are fixed

Figure 1: Left: the sequential suppression in the production of vector bottomonium at CMS [8]. Right:
the suppression of the nuclear modification factor 𝑅𝐴𝐴 and the non-zero azimuthal anisotropy 𝑣2 at low 𝑝𝑇

observed at PHENIX [17].

related to heavy flavor probes: the in-medium quarkonium properties, the inter quark potential and
the heavy quark diffusion.

All the desired information mentioned above can be obtained from the spectral representation
of the target objects (denoted as 𝑋) embedded in the corresponding Euclidean correlation function.
The spectral function and correlation function are related via a Laplacian convolution equation

𝐺𝑋 (𝜏, 𝑇) ≡
∫

d®𝑥
〈
O𝑋 (®𝑥, 𝜏)O†

𝑋
(®0, 0)

〉
=

∫ ∞

0

d𝜔
𝜋
𝜌𝑋 (𝜔,𝑇)𝐾 (𝜔, 𝜏, 𝑇), (1)

Where

𝐾 (𝜔, 𝜏, 𝑇) =
cosh

(
( 1

2𝑇 − 𝜏)𝜔
)

sinh
(
𝜔
2𝑇
) (2)

for most of cases. However, when considering quarkonium in non-relativistic QCD (NRQCD) or
when calculating the potential 𝐾 (𝜔, 𝜏, 𝑇) = exp(−𝜔𝜏), because the relevant correlators are not
periodic in 𝜏.

The extraction of the spectral function from the correlation function is ill-posed due to the
limited amount of lattice data points. Various methods [28–34] have been proposed to tackle this
problem, including the most commonly used 𝜒2 fitting with physically-motivated models. In the
case of the vector quarkonium spectral function, the transport peak at small frequencies provide
information to the heavy quark diffusion and the deformation of the resonances tells the thermal
effects on the bound states. In the following sections we will revisit the above equations in individual
case.
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Figure 2: The charmonium (left) and bottomonium (right) spectral function obtained in a (2+1)-flavor
calculation for the pseudo-scalar channel taken from [35]. The dashed curves are the perturbative models
and the solid curves are the fit results.

2. In-medium quarkonium properties

To study the in-medium quarkonium properties one needs to specify the operator to be the
heavy quark current O = 𝜓̄Γ𝜓, where different Γ corresponds to different channel. Since the
vector channel involves a transport peak, the reconstruction of the resonances in this channel is
more complicated than it in the pseudo-scale channel where transport peak is absent [36, 37]. The
dissociation temperature of the heavy quarkonium can be read off from the change of the width of
the resonances. It was intensively studied in the past decade [29, 38–43].

Due to the large mass, heavy quark, particularly bottom quark, is difficult to accommodate
relativistically on a lattice. It becomes more severe when reaching high temperatures of interest
where the number of data points in temporal direction is reducing. For this reason most of such
studies were trying to reconstruct quarkonium spectral function from correlators calculated using
relativistic heavy quarks in the quenched approximation. Recently HotQCD collaboration made
the first attempt going to full QCD to study the thermal effects on the in-medium charmonium and
bottomonium [35] via spectral analysis. In this calculation pseudo-scalar charmonium and bot-
tomonium correlators are calculated at 𝑇 = 110, 220, 251 MeV using (2+1)-flavor Highly Improved
Staggered Quark (HISQ) action [44] and tree-level improved Lüscher-Weisz gauge action [45, 46]
with sea quark mass tuned corresponding to 𝑚𝜋 ≃ 320 MeV. With the knowledge learned from
potential non-relativistic QCD (pNRQCD), a model spectral function

𝜌mod
PS (𝜔) = 𝐴𝜌pert

PS (𝜔 − 𝐵) (3)

can be constructed and fit to the lattice data, where 𝐴 and 𝐵 are fit parameters accounting for the
normalization of the correlator and the adjustment of thermal mass shift. The results are shown
in Fig.2. It can be seen that for the charmonium there is no need to introduce a resonance peak
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Figure 3: Effective mass extracted from correlators calculated using point source operator and extended
operator at 𝑇 < 𝑇𝑐 taken from [52].

down to 220 MeV while for the bottomonium the resonance peak can persist up to 251 MeV. This
is consistent with a previous quenched study on large and fine lattices [40] suggesting that no
resonance peaks for 𝐽/Ψ are needed at and above 1.1 𝑇𝑐, while for Υ a resonance peak is still
needed up to 1.5 𝑇𝑐.

It is possible to increase the extent of temporal correlators for the purpose of a reliable spectral
reconstruction by using anisotropic lattice, see [47] for a quenched study on quarkonium. Its
extension to HISQ action just started very recently. There are also efforts trying to determine
the dissociation temperature by looking at the change of the in-medium screening mass. Since
screening mass is extracted from the spatial correlator, whose extent can generally be made large,
such calculations can be performed in full QCD in relatively easy manner, see e.g. Refs. [48–50].

There is a possibility to avoid the difficulty of treating heavy quarks relativistically in studies
where the high frequency part of the spectral function is irrelevant. Namely, one can use NRQCD,
see e.g. Ref. [51]. In NRQCD one integrates out the energy scale related to the heavy quark
mass, 𝑀𝑄, which can be considered large compared to typical momenta inside quarkonium and
the binding energy, which are of order ΛQCD. Furthermore, the heavy quark mass is much larger
than the typical temperature of HIC. NRQCD effectively removes 2𝑀𝑄 from the lower bound of
the meson spectral function but leaves the physics around bound states region unchanged. Such
method reduces the complexity and is easy to implement in full QCD. There have been intensive
NRQCD calculations [39, 43, 52, 53] over the years and now it has have been pushed to physical
pion mass. In NRQCD the correlators are not periodic in Euclidean time, and therefore one can
access large values of 𝜏 up to 𝜏 = 1/𝑇 .

In the most recent NRQCD calculation [52] the extended source operator technique was applied
to the ground bottomonium state. It was shown that with the extended source operator we can gain
better overlap with the states of desired quantum numbers, see Fig.3. We can see that the effective
mass reaches a plateau much earlier in the extended source case than using point source operator.
This plot shows the case of low temperature. At high temperature, e.g. 𝑇 = 333 MeV that is
interesting for bottomonium studies, we have access only to data at 𝜏 ≤ 0.6 fm for the lattice in
consideration. In this case there is no hope to get the relevant physics using point sources, while
the available time extent is sufficient when using the extended source.
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Figure 4: The mass shift (top) and thermal width (bottom) for ground and excited states of Υ (left) and 𝜒𝑏0
(right) taken from [53].

In [53] this study was extended up to 3S and 2P radial excited states for bottomonium. Subtract-
ing off the temperature-independent contribution 𝐶high

𝛼 (𝜏) that can be extracted from the vacuum
correlators using a single-exponential model, one is able to filter out a continuum-subtracted corre-
lator 𝐶sub

𝛼 (𝜏, 𝑇) that gives contribution from bound state region or below [52]

𝐶sub
𝛼 (𝜏, 𝑇) = 𝐶𝛼 (𝜏, 𝑇) − 𝐶high

𝛼 (𝜏). (4)

Such correlator can be fit using a simple theoretically-motivated Ansatz of the in-medium spectral
function

𝜌med
𝛼 (𝜔,𝑇) = 𝐴cut

𝛼 (𝑇)𝛿
(
(𝜔 − 𝜔cut

𝛼 (𝑇)
)
+ 𝐴𝛼 (𝑇) exp

(
− |𝜔 − 𝑀𝛼 (𝑇) |2

2Γ2
𝛼 (𝑇)

)
, (5)

where the first term provides a simple parametrization for the low frequency tail of the spectral
function [52]. From this fit the peak width Γ𝛼 (𝑇) and peak location 𝑀𝛼 (𝑇) of the bound state
can be obtained for different states and temperatures. The results are collected in Fig.4. It can
be seen that, compared to the mass at zero temperature, the mass at high temperature remains
unchanged for all the states studied. Unlike the mass shift, the thermal width at above 𝑇𝑐, however,
is non-vanishing. The width increases with temperature for all states. Furthermore, one can see a
hierarchical increasing pattern, namely the excited states which have smaller binding energy and
larger size, receive larger thermal broadening.
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3. Complex static quark-antiquark potential

The static quark potential was previously believed to be real valued, similar as the free energy
of quark anti-quark pair. In the modern view point, where the 𝑄𝑄̄ in a thermal bath is treated as an
open quantum system, the potential is found to develop an imaginary part [14, 15]. In the leading
order hard thermal loop (HTL) resumed perturbation calculation one gets [14]

lim
𝑡→∞

𝑉> (𝑡, 𝑟) = −𝑔
2𝐶𝐹

4𝜋

[
𝑚𝐷 + exp(−𝑚𝐷𝑟)

𝑟

]
− 𝑖𝑔

2𝑇𝐶𝐹

4𝜋
𝜙(𝑚𝐷𝑟),

𝜙(𝑥) = 2
∫ ∞

0

𝑑𝑧 𝑧

(𝑧2 + 1)2

(
1 − sin(𝑧𝑥)

𝑧𝑥

)
.

(6)

Here 𝑚𝐷 is the Debye mass. This calculation is valid for distances 𝑟 ≃ 1/𝑚𝐷 . We see that the
real part of the potential in this case is screened and is equal to the singlet free energy in Coulomb
gauge. However, in more general case the real part of the potential is not screened, though it may
receive thermal corrections, see Ref. [15].

The existence of both the real and imaginary parts of the potential stimulates a dynamical
picture of understanding the quarkonium melting: the dissociation of 𝑄𝑄̄ is due to Landau damp-
ing and singlet-to-octet transitions, replacing Matsui and Satz’s original static screening picture
[9]. Unfortunately, these weak-coupling treatments fail to apply for realistic quark masses and
temperature. Thus a non-perturbative determination of the potential is demanded.

The non-perturbative calculation of the potential relies on the lattice formulation proposed by
Rothkophf, Hatsuda and Sasaki [54], which treats the static quarkonium correlator as Wilson loop
or Coulomb-gauged thermal Wilson line correlators in heavy quark mass limit

⟨(𝑄̄𝑄) (𝑄̄𝑄)†⟩
𝑀𝑄→∞

= 𝑊□(𝑟, 𝑡). (7)

The real-time evolution of the Wilson loop ignoring non-potential effects can be expressed in an
in-medium Schrödinger equation

𝑖𝜕𝑡𝑊□(𝑟, 𝑡) ≃ 𝑉 (𝑟)𝑊□(𝑟, 𝑡) (8)

whose solution takes the form

𝑉□(𝑟, 𝑡) =
𝑖𝜕𝑡𝑊□(𝑟, 𝑡)
𝑊□(𝑟, 𝑡)

=

∫
𝑑𝜔𝜔 𝑒−𝑖𝜔𝑡 𝜌□(𝑟, 𝜔)∫
𝑑𝜔 𝑒−𝑖𝜔𝑡 𝜌□(𝑟, 𝜔)

(9)

in the spectral representation that defines a non-perturbative in-medium potential

𝑊□(𝑟, 𝑡) =
∫ +∞

−∞
𝑑𝜔𝑒−𝑖𝜔𝑡 𝜌□(𝑟, 𝜔). (10)

Performing an analytic continuation of above equation to imaginary time we obtain the connection
of the Euclidean thermal Wilson-loop to the spectral function through the Laplace transform

𝑊E
□ (𝑟, 𝜏) =

∫
𝑑𝜔𝑒−𝜔𝜏𝜌□(𝑟, 𝜔). (11)
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broadened. If the ground state peak would be
described by a Gaussian form meff would de-
crease linearly in ⌧ [9]. As discussed in Ref. [9]
at T > 0 in addition to the ground state peak
there is also a contribution to the spectral func-
tion at negative ! representing a heavy QQ̄ state
propagating forward in Euclidean time interact-
ing with backward propagating light state from
the medium. Based on these consideration we
write the medium dependent part of the spectral
function as ⇢med

r (!, T ) = ⇢peak
r (!, T )+⇢low

r (!, T ),
where ⇢peak

r is the broadened ground state peak
and ⇢low

r is the contribution to the spectral func-
tion at negative !. We expect that ⇢low

r is much
smaller than ⇢peak

r but it dominates the correla-
tion functio at ⌧ around 1/T . This part of the
spectral function explains the rapid drop of meff

at large ⌧ [9] that can be see in Fig. 1.

A physically appealing parametrization of
⇢peak is a Lorentzian form. However, a Lorentzian
form is only valid in the vicinity of the peak. In
general we can assume that correlation function
has a pole at some complex !, so

⇢peak
r = Im A

!�ReV �i�(! =

⇡A �(!)
(!�ReV )2+�2(!) . (4)

For ! ' ReV we can approximate �(!) by a con-
stant: �(!) ' �0. However, for ! values far away
from the peak �(!) will quickly go to zero. The
self-consistent T -matrix calculation of QQ̄ propa-
gators indeed show an exponential fall o↵ of �(!)
away from the peak [13]. In incorporate this fea-
ture of the spectral function in our analysis we as-
sume that ⇢peak

r is given by �0/((!�ReV )2 +�2
0)

for |!�ReV | < �0 and is zero otherwise. It turns
out that such cut Lorentzian form will also give
rise to almos linear behavior of meff at small ⌧
as required by the lattice results.

Figure 2. The real part of the potential as function
of r at di↵erent temperatures.

Figure 3. The estimate of the imaginary part of the
potential from the fit using cut Lorentzian form as
function of rT for di↵erent temperature. The three
panels focus on di↵erent temperature ranges. The
circle corresponds to the smallest lattice spacing a =
0.028 fm, the square to the next to smallest lattice
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Figure 5: The real (left) and imaginary (right) part of the complex potential taken from [55] (top) and [16]
(bottom).

The spectral function contains a peak structure. Subtracting out the remnant high frequency vacuum
contributions yields the dominant resonance part, whose peak position corresponds to the real part
of the potential, while the peak width corresponds to the imaginary part. The real part determines the
binding energy of the quarkonium, while the imaginary part gives its thermal width, characterizing
the thermal effects on the dilepton production from bottomonium. Using the lattice data on Wilson
loops or Wilson line correlators and modeling of the corresponding spectral function gives the
complex potential.

The lattice computations of complex potential can already be done using realistic setup after
more than a decade of development [16, 30, 54–58]. Various models, including Gaussian and
Lorentzian, have been used in the spectral analysis. Pade fit, HTL-inspired fit and Bayesian
BR analysis [30] are also explored. Results from a thorough analysis using different spectral
reconstruction techniques are shown in the top panels of Fig.5, which utilized Pade fit, HTL-inspired
fit and Gaussian fit on realistic (2+1)-flavor lattice data. Bayesian BR analysis was also used but
failed to provide reliable results at temperature above crossover. This calculation found increasing
thermal width with spatial distance 𝑟 but whether the real part is screened is not conclusive: Pade
and Gaussian fit suggests no screening while HTL-inspired fit does.

The state-of-the-art lattice calculation is carried out by HotQCD collaboration on (2+1)-flavor
HISQ configurations at physical pion mass in the temperature range 153 MeV ≤ 𝑇 ≤ 352 MeV
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Figure 6: The imaginary potential scaled by temperature as a function of 𝑟𝑇 for relatively low temperatures
(left) and high temperatures (right) taken from [16].

[16]. This calculation employs a so-called cut Lorentzian Ansatz for the dominant peak structure

𝜌
peak
𝑟 (𝜔,𝑇) = 1

𝜋

𝐴𝑟 (𝑇)Γ(𝜔, 𝑟, 𝑇)
[𝜔 − Re𝑉 (𝑟, 𝑇)]2 + Γ2(𝜔, 𝑟, 𝑇)

, (12)

which treats the real part the potential Re𝑉 (𝑟, 𝑇) as a fit parameter and whose second cumulant
can be interpreted as the imaginary part of the potential Im𝑉 (𝑟, 𝑇). Regions beyond the peak
vicinity |𝜔 − Re𝑉 (𝑟, 𝑇) | ≳ Γ(𝑟, 𝑇) are set to zero. The results are shown in the bottom panels of
Fig.5. This calculation found increasing thermal width with 𝑟 , consistent with the findings of [55],
and it increases more for higher temperatures. This suggests stronger thermal broadening of static
quark-antiquark pair for higher temperature, corroborating the increasing thermal width seen for Υ
shown in Fig.4. In Fig.6 the imaginary potential scaled by temperature is shown in 𝑟𝑇 . It can be
seen that for 𝑇 > 180 MeV (the pseudo 𝑇𝑐 of this lattice setup) at 𝑟𝑇 ≈ 1, the imaginary potential is
larger than the temperature, implying a quick damping of force between 𝑄 and 𝑄̄. In such a short
time, the chromo-electric field between 𝑄𝑄̄ has no time to react to the presence of the medium
before the force could forge bonds between 𝑄 and 𝑄̄, leading to the melting of quarkonium. Such
a picture has a distinct difference than what Matsui and Satz conjectured.

We note that the ground peak location is not sensitive to the detailed shape if one uses a
Gaussian or Lorentzian Ansatz with proper cut. The HTL-inspired model introduces a screening by
definition, but is ruled out for that it does not fit the lattice data even at very high temperature 𝑇 = 2
GeV [55]. Similar argument holds for T-matrix approach [59]. The absence of color screening
explains why there is no mass shift for bottomonium seen in Fig.4.

4. Heavy quark diffusion

Heavy quark diffusion coefficient 𝐷𝑠 tells how fast the heavy quarks get thermalized in the
medium after produced in the very early stages of the heavy ion collisions or released from the

9
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bound state. Its determination has a long history of almost two decades, see e.g. [60] and references
therein. 𝐷𝑠 can be determined from the low frequency part of the spectral function embedded in
the vector current-current correlators via Kubo-formula

𝐷𝑠 =
1

3𝜒𝑞
lim
𝜔→0

3∑︁
𝑖=1

𝜌𝑖𝑖 (𝜔)
𝜔

. (13)

Due to the difficulty of putting relativistic heavy quarks on the lattice, the up-to-date calculation with
physical charm and bottom quark mass is still in the quenched limit [40]. In [40] 𝐷𝑠 is extracted
from the transport peak of the spectral function, whose contribution can be obtained by subtracting
off the high frequency contribution (modeled by pNRQCD and ultraviolet asymptotics) from the
whole correlator. Assuming a Lorentzian form for the transport peak, 𝐷𝑠 can be fit with quark mass
taken from PDG book. The results are shown in the left panel of Fig.8 as thick colorful lines, which
lie around the AdS/CFT result [61]. There are already attempts to extend such calculation to full
QCD starting from pseudo-scalar channel first [35].

The heavy quark diffusion can also be accessed in a simpler way. In the infinite heavy mass limit
heavy quark effective theory (HQEF) applies. Combined with Langevin dynamics a momentum
diffusion coefficient 𝜅 can be defined that relates to 𝐷𝑠 through [62]

𝜅 =
2𝑇2

𝐷𝑠

· ⟨𝑝2⟩
3𝑀𝑇

. (14)

𝜅 was first calculated in the strong-coupled N = 4 Yang-Mills theory [61] and then in perturbation
theory at next-to-leading order (NLO) [63]. Soon it was found that it can be calculated non-
perturbatively on the lattice [64] by measuring the color-electric field correlators

𝐺𝐸 (𝜏, 𝑇) = −
3∑︁
𝑖=1

⟨ReTr [𝑈 (𝛽, 𝜏)𝐸𝑖 (x, 𝜏)𝑈 (𝜏, 0)𝐸𝑖 (x, 0)]⟩
3 ⟨ReTr𝑈 (𝛽, 0)⟩ . (15)

Again the low frequency part of the spectral function encoded in 𝐺𝐸 (𝜏, 𝑇) gives the transport
coefficient [64]

𝜅𝐸 = lim
𝜔→0

2𝑇
𝜌𝐸

𝜔
. (16)

At large frequency regime it has a rather simple structure 𝜌𝐸 (𝜔) ∝ 𝜔3 at LO and is also known
at NLO [65]. Various strategies can be used to control the uncertainty of connecting these two
regimes. The quenched calculations of 𝜅𝐸 include Refs.[66–70]. Results from some of them are
shown as thin vertical lines in the left panel of Fig.8. We can see that when converted to 2𝜋𝑇𝐷𝑠

they are larger than those obtained from current-current correlators.
Since physical quarks like charm and bottom have finite mass, the finite mass correction should

be estimated for a realistic purpose. In [71] it was shown that the 𝜅𝐸 calculated above gives the
leading order contribution when expanding the force-force correlator (an intermediate quantity in the
derivation of 𝜅) in 𝑇/𝑀 . The finite mass correction 𝜅𝐵 can be determined from the color-magnetic
field correlator

𝐺𝐵 (𝜏, 𝑇) =
3∑︁
𝑖=1

⟨ReTr [𝑈 (𝛽, 𝜏)𝐵𝑖 (x, 𝜏)𝑈 (𝜏, 0)𝐵𝑖 (x, 0)]⟩
3 ⟨ReTr𝑈 (𝛽, 0)⟩ . (17)
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The spectral function of this correlator has the same form as 𝜌𝐸 at LO and is slightly different
at NLO [72]. Quenched calculations of 𝜅𝐵 can be found in [70, 72]. The complete momentum
diffusion coefficient reads

𝜅 = 𝜅𝐸 + 2
3
⟨𝑣2⟩𝜅𝐵. (18)

Since𝐺𝐸 and𝐺𝐵 directly involve lattice gauge fields, both correlators suffer strong ultraviolet fluc-
tuations on the lattice. A precise determination of the correlators is crucial for a reliable spectral
reconstruction. But this requires noise reduction techniques. In the early studies multilevel algo-
rithm [73] was used, which only applies in quenched approximation without substantial adjustment
[74]. Recently the gradient flow method [75–78] was introduced in the calculations of transport
coefficients [33, 67, 79–81]. The advantage of this method is that it can smear both gauge fields and
quark fields continuously, and renormalize them at the same time. In Fig.7 we show a comparison
of the color-electric correlators calculated from both multilevel and gradient flow in the quenched
approximation at 1.5𝑇𝑐 [67]. A very good agreement of the two methods can be seen.

0.1 0.2 0.3 0.4 0.5

τT
1.5

2.0

2.5

3.0

3.5

GE
Gnorm

Multi-level method
Gradient flow method

Figure 7: A comparison of color-electric correlators calculated using multilevel algorithm and gradient flow
method in the quenched approximation at 1.5𝑇𝑐 [67].

With the help of gradient flow, the calculation of 𝜅𝐸 was extended to full QCD for the first time
in [82]. This calculation was performed using (2+1)-flavor light dynamical quarks corresponding
to a pion mass of around 320 MeV in the temperature range 195 MeV < 𝑇 < 352 MeV. The
results are shown as open diamonds in the right panel of Fig.8. It can be seen that, compared to the
quenched results shown in the left panel, the full QCD results are much smaller if plotted in 𝑇/𝑇𝑐
(in this study 𝑇𝑐 = 180 MeV). It should be pointed out that when plotted in absolute temperature,
quenched results and full QCD results follow a smooth increasing pattern with temperature.

The calculation of the mass correction involves a non-trivial anomalous dimension at NLO
renormalization [72, 89]. This leads to a problematic zero flow-time limit extrapolation of 𝐺𝐵. As
a compromise, in [70] 𝜅𝐵 was calculated at finite flow time and then extrapolated to zero flow time.
In Ref. [72] multilevel algorithm and non-perturbative renormalization of 𝐺𝐵 was used.
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Figure 8: Left: heavy quark diffusion coefficient calculated in the quenched limit on the lattice (vertical
lines) [66–68] and in AdS/CFT [61] and NLO pQCD [63]. Right: (2+1)-flavor lattice QCD results (points)
[82, 83], quasi particle model results [84], T-matrix calculations [85, 86], phenomenological estimate [87, 88]
and Ads/CFT result [61].

In [83], a three-step matching procedure was proposed that solves this issue at the correlator
level and converts the flowed one to its physical value via a factor 𝑍match

𝐺
phys
𝐵

(𝜏, 𝑇) = lim
𝜏F→0

𝑍match( 𝜇̄𝑇 , 𝜇̄𝜏F , 𝜇F)𝐺𝐵 (𝜏, 𝑇, 𝜏F). (19)

With proper choices for the intermediate scales 𝜇̄𝑇 and 𝜇̄𝜏F , a reasonable control on the uncertainty
in the matching can be achieved. Based on this, a full QCD determination of 𝜅𝐵 is obtained in
[83] using the same lattice setup as in [82]. 𝜅𝐵 turns out to be of similar size as 𝜅𝐸 at the same
temperature (not shown here but can be found in [83]). Together with ⟨𝑣2⟩ and ⟨𝑝2⟩ calculated in
the quasi particle model, the heavy quark diffusion coefficient for physical charm and bottom quark
is obtained. The results are shown as blue squares and red circles for charm and bottom in the right
panel of Fig.8. We can see that even though 𝜅𝐸 and 𝜅𝐵 are of similar size, the increment from
𝜅𝐵 scaled by 2/3⟨𝑣2⟩ is compromised by the increment of ⟨𝑝2⟩/(3𝑀𝑇), rendering the final 2𝜋𝑇𝐷𝑠

remarkably independent of the heavy quark mass.
The lattice results have similar increasing pattern in temperature and decreasing pattern in

quark mass as the quasi particle model results [84] and T-matrix calculations [85, 86]. At low
temperature around 𝑇𝑐 lattice results are consistent with AdS/CFT calculation [61] and the ALICE
collaboration’s phenomenological estimate [87, 88] within error. At high temperature they stretch
into the T-matrix approach results and NLO perturbative estimate [63]. The small value of 2𝜋𝑇𝐷𝑠

at around crossover temperature suggests that the QGP comes to an equilibrium extremely rapidly
after creation. The very short mean free path of the heavy quark hints that QGP is a nearly-perfect
fluid.
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5. Summary

In these proceedings, we have reviewed the recent progress on the lattice QCD calculations
of the heavy flavor probes. Three topics including in-medium quarkonium properties, complex
in-medium inter-quark potential and heavy quark diffusion have been discussed. Former two are
related to each other involving the melting mechanism of quarkonium. The last one addresses the
transport phenomena in QGP. All these studies rely on spectral reconstruction based on Eq.(1).

To access the in-medium quarkonium spectral function, quarkonium current-current correlators
need to be calculated on the lattice. The technique of extended source operator and NRQCD are
shown to be able to gain us better resolution of the properties of quarkonium states. In this setup
the calculations can already be done using (2+1)-flavor quark action at physical pion mass [52, 53].
Simple modeling shows that ground and excited states of Υ and 𝜒𝑏0 do not have mass shift up to
333 MeV. The thermal width, on the other hand, increases with temperature, and it increases faster
for higher excited states. Studies along the tradition way, namely using relativistic heavy quarks,
have also become available for full QCD, first in the pseudo-scalar channel [35] and the vector
channel will come soon. Access to the full frequency space of the spectral function allows for the
determination of both the diffusion coefficient and the thermal modifications of quarkonium bound
states. The up-to-date calculations show that no resonance peaks for 𝐽/Ψ are needed at 𝑇 ≥ 1.1𝑇𝑐,
while for Υ a resonance peak is still needed up to 1.5𝑇𝑐, consistent with previous quenched results.

Using the lattice formulation proposed in [54], the inter-quark potential can be extracted from
Wilson loop or Coulomb-gauged thermal Wilson line correlators, which can be non-perturbatively
calculated on the lattice. In the most recent calculation [16] using (2+1)-flavor HISQ configurations
at physical pion mass and at temperature 153 MeV ≤ 𝑇 ≤ 352 MeV, a detailed discussion on
the applicability and consistency of various model spectral functions was given. This calculation
concludes that there is no screening for the real part of the potential in the entire temperature range
up to 𝑟 ≈ 1.0 fm. The unscreening is not sensitive to the detailed shape of the ground peak. Using
a Gaussian Ansatz or a Lorentzian Ansatz with proper cut for the spectral function leads to the
same result. A HTL-inspired Ansatz introduces intrinsic screening but does not describe the lattice
data even at very high temperature scale up to 2 GeV. The imaginary part increases with 𝑟 and the
temperature. The new results corroborate the observation of zero mass shift and increasing thermal
width seen above from the quarkonium correlators. They also give rise to a new dynamical melting
picture of quarkonium that substitutes Matsui and Satz’s original screening conjecture.

The heavy quark diffusion coefficient can be extracted from either the vector current-current
correlators or from the color-electric field correlators and color-magnetic field correlators. The
former case is still limited to quenched approximation due to the complexity of having relativistic
heavy quarks on the lattice but a first attempt can be expected to arrive soon. In the latter case full
QCD results at unphysical pion mass are already available for charm and bottom quark [82, 83]
with the help of gradient flow method. It was shown for the first time that the full QCD 2𝜋𝑇𝐷𝑠

has very weak dependence on quark mass and slowly increases with temperature. Its small value
at around crossover temperature suggests a fast thermalization of heavy quarks and verifies that
QGP is a nearly-perfect fluid. This calculation can be further extended to physical pion mass with
which lower temperature down to and/or below physical crossover temperature 𝑇 = 153 MeV can
be reached.
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