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The experimental uncertainty on the anomalous magnetic moment of the muon has been signifi-
cantly reduced with the recent results of the Fermilab g − 2 experiment, and a further reduction
is expected in the near future. The precision of the Standard Model prediction needs to improve
correspondingly to increase the sensitivity of tests for physics beyond the Standard Model. The
largest uncertainty is due to contributions from the strong interaction, in particular the hadronic
vacuum polarization (HVP) contribution.
Lattice QCD calculations have the potential to provide precise ab initio predictions of the HVP
contribution. We review the state of lattice QCD calculations, focusing on the dominant sources
of uncertainty that need to be controlled to provide results with sub-percent precision.
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Muon g − 2: Lattice calculations of the hadronic vacuum polarization

1. Introduction

A long-standing tension between the Standard Model (SM) prediction and the experimentally
measured value of the anomalous magnetic moment of the muon aµ has sparked both theoretical
and experimental efforts, hoping to enhance the significance of the tension in the search for physics
beyond the Standard Model of particle physics.

The anomalous magnetic moment of a lepton l is defined as the deviation of its g-factor from
its classical value g = 2,

al =
1
2
(gl − 2) , (1)

due to quantum loop corrections from QED, electroweak and strong interactions and possibly due
to physics beyond the Standard Model. Contributions to al induced by heavy particles with mass M
which are not part of the Standard Model enter proportionally to m2

l
/M2 and are thus enhanced by

four orders of magnitude, when considering aµ instead of ae. The anomalous magnetic moments
of the electron and the muon have been determined to very high precision, i.e., to 0.11 ppb [1] and
0.19 ppm [2–4], respectively. The uncertainty of aµ is expected to reduce further when the data
from Runs 4-6 of the Fermilab g − 2 experiment will be included in the experimental average.

To test for physics beyond the Standard Model, SM predictions have to be known at the same
level of precision. Whereas QED [5, 6] and electroweak [7, 8] contributions to aµ are known to
a precision that exceeds the experimental one by far, the uncertainty of the leading-order hadronic
contributions to aµ dominate the theory uncertainty. These are the hadronic vacuum polarization
(HVP) contribution ahvp

µ , entering at order α2, and the hadronic light-by-light scattering (HLBL)
contribution ahlbl

µ at O(α3). Whereas, thanks to recent work, SM predictions of ahlbl
µ approach the

precision target of 10%, also in the lattice calculations of [9–12], the situation is less favorable in
the case of ahvp

µ , where a target uncertainty of about 0.2% will be needed to make full use of the
advancements on the experimental side.

Traditionally, ahvp
µ has been computed from experimental data for the cross-section σ(e+e− →

hadrons) and a dispersion relation via,

ahvp
µ =

(αmµ

3π

)2 ∫ ∞

m2
π0

ds
K̂(s)

s2 R(s) , R(s) =
σ(e+e− → hadrons)

4πα2/(3s)
, (2)

where K̂(s) is a knownQED kernel function [13]. The precision of the evaluation in theWhite Paper
of the Muon g − 2 theory initiative [14] based on [15–21] is limited by a tension between the two
most precise experimental data sets by the KLOE and BABAR experiments in the e+e− → π+π−

channel that contributes dominantly to ahvp
µ . A recent new measurement of this contribution with

the CMD-3 detector [22] is in tension with all previously obtained results and would potentially
lead to an inflation of uncertainties, when included in the analysis. An alternative determination
based on µe scattering at the MUonE experiment [23] is aiming at a precision at the level of 0.3%.
The data taking can only be started after the long shutdown 3 at CERN in 2029.

Lattice QCD provides the optimal framework to compute the hadronic contributions to aµ
from first principles. Recent work has shown that precise results can be obtained, keeping all
sources of uncertainty under control. In the following, we briefly recapitulate how ahvp

µ is computed
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Figure 1: Left: The integrand of eq. (8) for the isovector correlation function on an ensemble at physical pion
mass [24]. The black crosses show the full integrandwhereas the colored data show the integrands of the three
windows observables, based on eq. (11). Right: Comparison of SM predictions for aµ with the experimental
world average [2–4]. The SM predictions differ only in the leading-order HVP contribution from the R-ratio
[15–21] or lattice QCD [25–32]. The lattice QCD results are grouped by fermion discretization.

from lattice QCD and collect recent results for ahvp
µ and several sub-contributions. We point out the

dominant and subleading sources of uncertainty and how they are addressed in modern calculations.

2. The HVP contribution from lattice QCD

The natural starting point for the computation of the HVP in Euclidean space-time is the
polarization tensor,

Πµν(Q) =
∫

d4x eiQ ·x 〈 jem
µ (x) jem

ν (0)〉 = (QµQν − δµνQ2)Π(Q2) , (3)

based on the two-point function of the hadronic part of the electromagnetic current,

jem
µ =

2
3

ūγµu −
1
3

d̄γµd −
1
3

s̄γµs +
2
3

c̄γµc −
1
3

b̄γµb +
2
3

t̄γµt . (4)

As pointed out in [33], a lattice calculation of the momentum dependent hadronic tensor allows one
to compute the leading-order HVP contribution to the muon g − 2 via

ahvp
µ =

(α
π

)2
∫ ∞

0
dQ2 f (Q2)Π̂(Q2) , with Π̂(Q2) = 4π2 [

Π(Q2) − Π(0)
]

(5)

where f (Q2) is a known analytic function that encodes (infinite volume) QED and depends on the
leptonmassmµ. Themost recent lattice calculationsmake use of the time-momentum representation
(TMR) to compute ahvp

µ . As first shown in [34] the subtracted vacuum polarization function Π̂ may
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be written in terms of the spatially-summed, zero-momentum vector two-point correlation function

G(t) = −
a3

3

3∑
k=1

∑
®x

〈
jem
k (t, ®x) jem

k (0)
〉
, (6)

via

Π̂(Q2) =
4π2

Q2

∫ ∞

0
dt G(t)

[
Q2t2 − 4 sin2

(
1
2

Qt
)]

. (7)

By switching the order of integration over imaginary time and momentum in eq. (5), one obtains

ahvp
µ :=

(α
π

)2
∫ ∞

0
dt G(t)K̃(t) , (8)

with an analytic QED kernel function K̃(t) [35] that gives weight to the long-distance regime of the
correlation function.

Performing the Wick contractions of the two currents in eq. (6) gives rise to quark-connected
and quark-disconnected correlation functions. In isospin-symmetric QCD, these are conventionally
written as

G(t) =
5
9

Gl(t) +
1
9

Gs(t) +
4
9

Gc(t) +
1
9

Gb(t) + Gdisc(t) . (9)

The top quark contribution is neglected here because it is not accessible on the lattice. It can
be computed in perturbation theory but is too small to be relevant at the current level of uncer-
tainty. There exists one lattice result [36] for the bottom quark contribution, to which perturbation
theory is also applicable. The term Gdisc(t) collects all quark-disconnected contributions. In the
decomposition into isovector and isoscalar contributions,

GI1(t) =
1
2

Gl(t) , GI0(t) =
1
18

Gl(t) +
1
9

Gs(t) +
4
9

Gc(t) +
1
9

Gb(t) + Gdisc(t) , (10)

the finite-volume effects of light-connected and disconnected contributions largely cancel within
GI0 [29], facilitating the overall correction for these effects.

The typical shape of the integrand in eq. (8) for the isovector contribution at physical value of
the light quark mass is displayed by the black crosses in Figure 1. Whereas the correlation function
decreases exponentially with increasing time separation t, the QED kernel function K̃ increases
polynomially [35]. The interplay of the two results in a large contribution of time separations
beyond 1.5 fm, complicating the precise determination of the integral due to a signal-to-noise
problem in GI1(t). The contribution from times beyond 4 fm is numerically small. At the same
time, the integrand probes very short distances where the correlator may be determined precisely
but is affected by significant cutoff effects.

In [34], it has been suggested to split the integration in three different contributions at short,
intermediate and long distances. Smooth window functions in Euclidean time, defined by

wSD(t; t0; t1) = [1 − Θ(t, t0,∆)] , wID(t; t0; t1) = [Θ(t, t0,∆) − Θ(t, t1,∆)] ,

wLD(t; t0; t1) = Θ(t, t1,∆) , Θ(t, t ′,∆) := 1
2 (1 + tanh[(t − t ′)/∆]) (11)
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Figure 2: Contributions to the value (left) and the squared uncertainty (right) of ahvp
µ based on the calculation

in [30]. The quark-disconnected contribution is negative.

with the parameters t0 = 0.4 fm, t1 = 1.0 fm and ∆ = 0.15 fm have been introduced in [25] to
smoothly separate the three regions. So-called window observables can be defined by inserting one
of these functions wX(t; t0; t1) in the integrand of eq. (8). The resulting integrands add up to the
integrand of eq. (8) and are shown by colored markers in Figure 1. The window observables aid in
untangling and confirming control over various sources of systematic uncertainty, both at short and
long distances. Recent result the for short and intermediate distance contributions will be discussed
in section 5.

3. Results for ahvp
µ

The right panel of Figure 1 compares Standard Model predictions for the leading-order HVP
contribution to aµ with the current world average for the experimentally determined aexp

µ from [2–4].
The black cross and gray error band denote the White Paper average from [14], where ahvp

µ has been
evaluated using data-driven dispersive methods from the R-ratio and perturbative QCD [15–21]. A
5.1σ tension is found when comparing this result with aexp

µ .
The colored data points are obtained by using a lattice QCD result for ahvp

µ , instead of the
White Paper average. They show the most recent results of eight collaborations [25–32] using four
different classes of fermion discretizations. Whereas most results have an uncertainty of about 2%,
the result marked by ‘BMW 20’ from [30] has reached sub-percent precision. As visible from the
figure, this result is in between the experimental result and the SM prediction from the R-ratio. A
further, independent lattice QCD result, preferably using a different fermion action, is needed to
make a clear statement concerning the current discrepancy between two types of SM predictions.

The computation of ahvp
µ on the lattice to sub-percent precision is challenging due to a number

of sources of uncertainty that have to be addressed appropriately in order to claim full control
over the final uncertainty. In Figure 2 we illustrate the weight of each contribution to ahvp

µ and its
uncertainty, based on the result from [30]. On the left hand side, the contribution to the central
value is shown, based on the decomposition in eq. (9). About 90% of the final value is due to the
light-connected contribution. Quark flavors with larger mass contribute less because the correlation
function decays more rapidly. The quark-disconnected contribution is negative and has a size of
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Figure 3: Bounding method applied to the local vector current correlation function. Figure taken from [37].

about 2% of the total. As discussed above, finite-volume effects in the flavor-decomposition mostly
affect the light-connected and disconnected contributions.

On the right hand side of the figure, the contributions to the squared uncertainty of ahvp
µ are

shown. Since the result of [30] has reached sub-percent precision already, the pie chart gives
an indication of the sources of uncertainty that have to be addressed in order to further improve
the precision. Again, the dominant contribution comes from the light-connected contribution,
containing the statistical uncertainty as well as the systematic uncertainty from the continuum
extrapolation. The other three major contributions to the uncertainty are the correction for finite-
volume effects, the effects due to isospin breaking and the quark-disconnected contribution.

4. Dominant sources of uncertainty

In the following, we will describe the methods that are currently being used to reduce and
control the major sources of uncertainty in the calculation of ahvp

µ .

4.1 Controlling the long-distance tail

The attainable statistical precision in the light-connected (or, equivalently, isovector) contri-
bution has been the dominant source of uncertainty of many lattice QCD calculations of ahvp

µ . A
dramatic improvement in precision is achieved by combining theoretical constraints on the shape
of the long-distance tail of the isovector correlation function with the use of optimized estimators
in its computation.

Writing the spectral decomposition of the two-point correlation function as

GI1(t) =
N∑
n=0

Zn

2En
e−En t + O(e−EN+1t ) , (12)

with the (positive) overlap factors Zn and the finite-volume energies En, lower and upper bounds
on the correlation function at Euclidean time t are given by [25, 38, 39]

0 ≤ GI1(t) ≤ GI1(tc)e−E0(t−tc ) , t ≥ tc . (13)

The lower bound is based on the positivity of the correlation function and may be further tightened,
making use of the fact that the correlation function in the long-distance regime decays more slowly
than at short distances � tc [25, 29]. The upper bound relies on an estimate of the ground state
energy in finite volume that, when not known from data, has to be estimated conservatively enough

6
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Figure 4: Left: Reconstruction of the integrand of the isovector contribution based on n ππ states. The black
diamonds show the corresponding integrand from stochastic sources, as also shown in Figure 1. Taken from
[40]. Right: The same (blinded) integrand but computed using low-mode averaging. The black diamonds
are the sum of the three colored contributions and the blue circles show the all-to-all evaluation based on 800
low modes of the Dirac operator.

such that no model dependence is introduced when applying the bounds. As soon as both bounds
agree with each other, the integration to infinite distances in eq. (8) may be performed using either
of the bounds instead of the data itself. A example for this procedure is shown in Figure 3, taken
from [37]. A reduction of the error by a factor of 2 is reported by the authors.

A further significant reduction of uncertainty can be achieved if several of the lowest states
contributing to the spectral decomposition in eq. (12) are known. The corresponding finite-volume
overlap factors and energies may be computed in a dedicated spectroscopy analysis in the isovector
channel, as done in [29, 37, 41] The states coupling to the isovector current are mostly ππ states.
In [37] it was found that 4π states seem to have a negligible overlap with the current, even though
their energies are among the smallest in the spectral decomposition. Reconstructing the correlation
function from the lowest-lying states eliminates the signal-to-noise problem completely, since the
error of the reconstructed correlation function grows only linearly, as opposed to exponentially.
This is illustrated in the left-hand panel of Figure 4, taken from [40], which shows that four ππ
states are sufficient to saturate the isovector correlation starting at t & 1.5 fm in a (6.1 fm)3 spatial
volume at physical pion mass.

The use of advanced numerical procedures for the optimization of the estimator for GI1(t)
is common to all recent results for ahvp

µ . Using the lowest O(1000) eigenmodes of the hermitian
Dirac operator, at physical pion mass and mπL ≈ 4, to construct an all-to-all estimator of the
long-distance tail of GI1(t) [42–44] turns out to be significantly more efficient than sampling with
stochastic or point sources. Figure 4 shows an application of LMA for the same integrand as the
one shown in Figure 1. It is constructed by summing three contributions: The blue circles, labeled
‘low modes’ show an all-to-all evaluation of the correlation function in the subspace of the lowest
800 modes of the even-odd preconditioned hermitian Dirac-Wilson operator. One clearly sees that
this contribution to the integrand dominates starting at a distance of about 1.5 fm, exactly where
the signal-to-noise problem starts to hinder the precise estimation of the integrand. Whereas the
all-to-all sampling of the correlation function in the space of these lowest eigenmodes does not solve
the exponential deterioration of the signal, it reduces the coefficient of the growth significantly. The
correlation function in the orthogonal complement of the low modes, indicated by green triangles

7



P
o
S
(
L
A
T
T
I
C
E
2
0
2
3
)
1
2
5

Muon g − 2: Lattice calculations of the hadronic vacuum polarization

0.000 0.005 0.010 0.015 0.020 0.025

500

550

600

650

700

a2 (fm2)

a
μ
(l
ig
h
t
co
n
ne
ct
ed

)
Figure 5: Left: Zoom into the integrands of the light-connected contribution on lattices with spatial volumes
(5.4 fm)3 (triangles) and (10.8 fm)3 (circles). Taken from [27]. Right: Continuum limit of the light-connected
contribution to ahvp

µ with staggered quarks. The dashed line shows the continuum extrapolation without and
the solid line the extrapolation with taste breaking corrections. Taken from [32].

in Figure 4 can be sampled stochastically. A number of methods exist to calculate the correlation
function that contains propagators from both subspaces which may be small but has to be computed
precisely to obtain a clean signal at large times. The solution of theDirac equation can be accelerated
by inexact inversions followed by a bias correction step [45–47].

The combination of some or all of the above techniques has enabled the community to compute
the isovector contribution to ahvp

µ , the largest source of statistical uncertainty, with a precision of a
few per-mil at physical pion mass. We conclude this section by pointing out that new simulation
paradigms such as multi-level integration [48, 49] offer promising solutions to the signal-to-noise
problem, as demonstrated in [50] but not yet applied at large scales.

4.2 Finite-volume effects

The numerically largest contributions to the finite-volume effects of ahvp
µ enter in the long-

distance regime of the light-connected channel which is dominated by ππ states. A significant
effect is also present for the quark-disconnected contribution, see section 6.1, and isospin breaking
effects, cf. section 6.2. At the physical value of the pion mass and a conventional value of
mπL = 4, the finite volume shifts ahvp

µ by about 3% compared to its infinite-volume counterpart.
Any calculation aiming for sub-percent or even few per-mil precision therefore has to control the
correction for finite-size effects at the 10% level or use volumes which are significantly larger than
(6 fm)4.

Several approaches have been worked out to perform a correction for finite-size effects based
on effective field theories. It has been found that next-to-leading (NLO) computations in chiral
perturbation theory (χPT) can not fully describe finite-volume effects that are found in the data
[27, 51] and that NNLO effects are significant [52–54]. An extension of the framework incorporates
the ρ meson and photons [55–57].

The relation between the two-pion spectrum in finite volume and the timelike pion form factor
can be used to compute the difference between finite and infinite-volume isovector correlation

8
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functions based on a spectral decomposition [58–60]. This ansatz is expected to be particularly
successful at large distances where only a few states contribute to the finite-volume correlation
function. If no direct lattice calculation of the timelike pion form factor on the lattice is available,
a Gounaris-Sakurai parametrization [61] of the form factor can be employed for the finite-volume
correction [29, 35, 51, 62].

A generic, relativistic effective field theory of pions has been employed to compute finite-size
and thermal effects on ahvp

µ in [63, 64]. It was suggested to approximate the forward Compton
amplitude by the pion pole term which is determined by the electromagnetic pion form factor in the
spacelike region.

Simulations in large volumes with spatial extents L > 10 fm [27, 30], followed by a small,
model-dependent, correction to infinite volume can be used to minimize the model dependence of
finite-volume corrections. Figure 5 shows the integrand of the light-connected contribution to ahvp

µ

for two spatial volumes of (5.4 fm)3 and (10.8 fm)3 from [27]. A clear difference between the two
can be resolved, already in the intermediate-distance region. While simulations with L > 10 fm are
prohibitively expensive at fine lattice spacing, they may be carried out for coarser lattices, together
with an assumption on the size of the cutoff effects for the finite-volume correction. This approach
has been used by the BMWcollaboration in [30] to correct from a reference volume with L ≈ 6.3 fm
and T = 3

2 L to a volume of (10.75 fm)4. The latter has been simulated at a single lattice spacing
using an action with reduced taste-breaking effects.

4.3 The continuum limit

The systematic uncertainty associated with the continuum extrapolation can easily be the
dominant source of uncertainty, as it is the case in the most precise calculation to date [30].
Whereas all of the lattice results in Figure 1 employ a setup where cutoff effects of O(a) are absent,
higher-order cutoff effects and modifications of the leading a2 behavior may induce significant
systematic uncertainties since they may be difficult to constrain. The use of at least four values of
the lattice spacing and a sufficiently large range of resolutions is mandatory to claim control over
the continuum extrapolation in high-precision calculations of ahvp

µ .
As pointed out in [65, 66], cutoff effects of O(a2 log(a)) can be expected already at the classical

level of Symanzik effective theory (SymEFT) from the integration at very short distances in the
TMR integral in eq. (8) and the interplay between correlation function and kernel function K̃(t).
These may be efficiently eliminated from the computation by using perturbative QCD at these short
distances, as already suggested in [34].

Moreworrisome in terms of potentially large corrections to a2 scaling thatmight not be resolved
at present-day lattice spacings are logarithmic modifications of the form a2 → a2[ḡ2(1/a)]γ̂i with
the renormalized coupling ḡ2(1/a) and one-loop anomalous dimensions γ̂i. These effects are
induced by quantum corrections in SymEFT. The dominantly contributing anomalous dimensions
fromWilson-type and Domain Wall fermion actions have been computed in [67, 68] with the result
that negative powers, which would slow down the approach to the continuum limit, have not been
found. An extension to quark bilinears has been presented at this conference [69]. In view of the
target precision it is mandatory to include this information in continuum extrapolations of precision
observables, such as ahvp

µ , or to test a generous range of anomalous dimensions if no information is
available, as it is the case for staggered fermions.

9
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Figure 6: Continuum extrapolations of the isovector contribution to (ahvp
µ )

ID. Each data set and the
corresponding extrapolation is based on a specific choice to define the observable at finite lattice spacing.
Left: At the SU(3) symmetric point from [70]. Right: At physical quark mass from [71].

For staggered quarks, another significant source of discretization effects is present in calcula-
tions of ahvp

µ , namely taste-breaking effects that distort the pion spectrum at finite lattice spacing.
Since non-linearities in the continuum extrapolation are introduced by the taste-breaking effects
[32], a correction is conventionally applied prior to the continuum extrapolation, based on staggered
χPT [28, 30, 32, 52]. On the right hand side of Figure 5 we show an example from a recent calcula-
tion [32] where the data is shown prior to the correction (lower data points) and after the correction.
Care has to be taken in this step to ensure that all possible model dependence is appropriately
accounted for in the estimation of the systematic uncertainty.

Various definitions of the observable at finite lattice spacing, differing by O(a2), have been
applied when computing window observables. This approach serves a dual purpose: either as a
cross-check ensuring that extrapolations coincide in the continuum limit [70] or through combined
extrapolations that are constrained to be consistent in the continuum [71, 72]. Two of these
extrapolations for the isovector contribution to the intermediate-distance window observable are
shown in Figure 6. While this approach constrains cutoff effects in the valence sector, cutoff effects
from the sea that are common to all data points are not better constrained.

4.4 Scale setting

Although aµ is a dimensionless quantity it inherits a scale dependence from the conversion of
the muon mass to lattice units in the QED kernel function K̃ . Denoting the scale setting quantity
by Λ, we can write

∂ahvp
µ

∂Λ
=

(α
π

)2
∫ ∞

0
dt G(t)

(
∂

∂Λ
K̃(t)

)
, (14)

and, as pointed out in [35], a relative uncertainty ∆Λ/Λ on the scale setting quantity leads to a
contribution of ∆ahvp

µ /a
hvp
µ ≈ 1.8 (∆Λ/Λ) to the uncertainty of ahvp

µ . Ultimately, a scale determi-
nation at the per-mil level has to be performed to be able to reach the precision goal for ahvp

µ . The
spread of results for (ratios of) gradient flow scales reported in the recent FLAG report [73] is an
indication that the control over all sources of uncertainty may not be sufficient, at present. Aiming
at a complete calculation of ahvp

µ with sub-percent precision, the effect of isospin breaking has to be

10
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Muon g − 2: Lattice calculations of the hadronic vacuum polarization

included in the scale setting. TheΩ baryon, not being affected at leading order by the effect of strong
isospin breaking, has emerged as the preferred scale setting quantity for many collaborations. Here,
the main difficulty is the reliable extraction of the ground state mass from the baryon correlation
function.

Incorporating a generic scale dependent window function wX(t) into eq. (14) leads to

∂(ahvp
µ )

X

∂Λ
=

(α
π

)2
∫ ∞

0
dt G(t)

[(
∂

∂Λ
wX(t)

)
K̃(t) + wX(t)

(
∂

∂Λ
K̃(t)

)]
. (15)

An analysis of the interplay of the window functions of eq. (11) with K̃ shows that the short-distance
window has barely any scale dependence. For the intermediate-distance window observable one
finds ∆(ahvp

µ )
id/(ahvp

µ )
id ≈ 0.5 (∆Λ/Λ). The significantly reduced scale dependence of (ahvp

µ )
ID

further facilitates the precise computation of this quantity from lattice QCD. Consequently, an
enhanced scale dependence with respect to ahvp

µ is found for the long-distance window observable.
We note that high-precision comparisons and consistency checks between lattice QCD results

can be performed if the same, appropriate scale setting quantity is used throughout. Since the lattice
uncertainty on an experimentally known dimensionful quantity does not enter in this case, gradient
flow scales seem to be best suited for these comparisons as they can be computed with negligible
uncertainty at finite lattice spacing (as opposed to baryon masses or decay constants).

5. Euclidean time windows in the time-momentum representation

The threewindow quantities defined in eq. (11) are the ideal testbed to verify the control over the
systematic effects, which have been outlined in the previous section, by comparison among lattice
results. Whereas finite-size effects contribute significantly in the long-distance window, where also
the loss of signal plays an important role, a computation of the short distancewindow observablewill
be mostly affected by the systematic uncertainty from taking the continuum limit. The intermediate
distance window observable on the other hand is designed such that these systematic effects are
suppressed and therefore allows to compute and compare lattice results with high precision.

The windows in Euclidean time of eq. (11) can be translated to momentum space, allowing for
a calculation of the window observables from the R-ratio [30, 74] and a comparison with lattice
results. Since the localized windows in Euclidean time are non-local in momentum space, it is
non-trivial to ascribe possible discrepancies between the two approaches to a certain interval in
momentum space. Different window observables than the ones of eq. (11) have been suggested in
[32, 74, 75] to allow for a more detailed comparison with dispersive methods . The combination
of several observables can also help to disentangle contributions from different energy regions, as
outlined in [76, 77].

A complementary path for a direct comparison between lattice results and the experimentally
determined R-ratio has been taken in [78] where the smeared R-ratio has been obtained from the
lattice using reconstruction methods and compared to its experimental counter part. The authors
report a three sigma tension in the ρ region with respect to the R-ratio evaluation of [20].

11
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5.1 The intermediate-distance window

Significant progress has been made in the computation of the intermediate distance window
observable in the past years. Four collaborations [30, 70–72] have performed a complete calcu-
lation of (ahvp

µ )
ID with uncertainties between 0.6% and 0.35% which are dominated by systematic

uncertainties in all cases.1 The four results agree with each other and thus provide a confirmation
of the result of [30] in the intermediate distance region that makes up for about one third of ahvp

µ .
The results are denoted by filled colored symbols on the left hand side of Figure 7 together with an
evaluation of the same quantity from the R-ratio [74].2

If the four lattice results are averaged, assuming a very conservative 100% correlation, a 3.8σ
discrepancy with respect to the dispersive result is found [80]. This points towards underestimated
systematic uncertainties in either of the two approaches. Since the finite-volume corrections for
(ahvp
µ )

ID are smaller than the final uncertainties and four different quark actions have been used, it is
challenging to find an explanation for a potential effect that would affect all lattice results similarly
and lead to a shift of about 3.5%. We note that the inclusion of the recent result of the CMD-3
collaboration for the e+e− → π+π− cross section at low energies in the data-driven evaluation of
(ahvp
µ )

ID would lead to a larger value that would be better compatible with lattice QCD [22]. A
similar observation is made when τ spectral functions are used instead of e+e− results [81–83].
The current 3.8σ discrepancy in (ahvp

µ )
ID is about half of the difference between the White Paper

average and the result of [30] for ahvp
µ .

A recent result for the light-connected contribution to the intermediate distance window ob-
servable, (ahvp

µ )
ID,l, from the R-ratio [84] can be compared to a larger number of lattice results for

this dominant contribution to (ahvp
µ )

ID, as shown on the right-hand side of Figure 7. We note that
only one further independent set of gauge ensemble is added when including the additional results.
The two most recent results are based on blinded analyses to prevent a human bias in view of the
large number of previous results. The discrepancy between lattice and R-ratio is even larger for
(ahvp
µ )

ID,l due to smaller uncertainties and the fact that no significant deviation is found in the sum
of strange-connected and disconnected contributions [84]. This can be taken as indication that
an insufficient description of lattice artefacts cannot be responsible for the large discrepancy as it
would affect light-connected and strange-connected contributions in a similar manner.

All of the results shown inFigure 7 use the time-momentum representation to compute (ahvp
µ )

ID,l.
A calculation based on the Lorentz-covariant coordinate-space representation [85] has confirmed
the result of [70] at a pion mass of 350MeV [86]. It is expected that this representation is especially
well suited for the combination with simulations in the master-field paradigm [87].

5.2 The short-distance window

The control of cutoff effects from small Euclidean distances is the main challenge in any
computation of the short-distance window observable (ahvp

µ )
SD. Therefore, a successful comparison

of lattice results can provide an indication that these cutoff effects are fully under control. From

1The estimate for isospin breaking effects in the result of [72] is taken from [30].
2 The open symbols denote the results from [25, 79] which are superseded by the recent results of the RBC/UKQCD

and ETM collaborations. The differences with respect to their recent results are understood to be due to long continuum
or chiral extrapolations, respectively.
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Figure 7: Left: Evaluations of (ahvp
µ )

ID from lattice QCD (colored points) [25, 30, 70–72, 79] and the R-ratio
[74]. Right: Evaluations of (ahvp

µ )
ID,l from lattice QCD (colored points) [25, 30–32, 52, 70–72, 79, 88, 89] and

the R-ratio [84]. chiQCD 22 [88] used overlap fermions in the valence sector and domain wall or staggered
quarks in the sea. Superseded results are denoted by open symbols.

the phenomenological point of view, the comparison with an R-ratio evaluation might give further
information concerning the origin of the current discrepancies.3

To date, one complete calculation [72] and one calculation of the light-connected part to
(ahvp
µ )

SD [71] have been published. Both works employ three values of the lattice spacing in their
combined continuum extrapolations of observables that have to agree in the continuum limit. The
subtraction of tree-level cutoff effects [72] and the use of perturbation theory at order α4

s at very
short distances [71] are used to tame or remove the potentially dangerous O(a2 log(a)) cutoff effects
from the TMR integral. Whereas the two lattice results for (ahvp

µ )
SD,l agree, [72] finds a slight 1.4σ

or 1.3% shift compared to the R-ratio evaluation of [74].

6. Subleading contributions

In addition to the dominant sources of uncertainty in lattice computations of ahvp
µ , which

primarily affect the light-connected contribution, two further significant sources of uncertainty
can be identified on the right hand side of Figure 2, namely the one from the quark-disconnected
contribution and from the inclusion of isospin breaking effects.

6.1 The quark-disconnected contribution

Neglecting charm quark contributions that have been shown to be small [72, 90], the quark-
disconnected contribution can be formulated from differences of light and strange quark loops [91].

3An analysis of a phenomenological model for the R-ratio [34] suggests that, if the discrepancy in (ahvp
µ )

ID is due to
an underestimate of the experimentally determined R-ratio in the region between 600MeV and 900MeV, a corresponding
discrepancy of more than one percent would be expected in (ahvp

µ )
SD [70].
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Therefore, this contribution vanishes at the SU(3) symmetric point of QCD, where it is a double
zero in the quark mass difference (ml − ms) [29].

The estimation of this contribution is complicated by the fact that the noise of the quark-
disconnected correlation function is constant whereas the correlation function falls off exponentially.
At very long distances, it can be expected that the ratio of quark-disconnected and isovector
correlation function approaches the asymptotic ratio −1

9 [62, 92]. Hence, the quark-disconnected
contribution is foreseen to exhibit significant finite-volume effects, approximately 1

9 those observed
in the isovector channel. A cancellation of these effects is obtained in the isoscalar contribution,
see eq. (10).

All-to-all propagators have to be computed in order to calculate the noisy quark-disconnected
contribution. Several advanced algorithmic techniques are applied in this calculation, in addition
to stochastic sources. As for the isovector correlation function, low modes of the Dirac operator
and truncated solves [45] are used by many collaborations. Hierarchical probing [93], randomized
sparse grids [94] or the hopping parameter expansion [95] for heavy quark contributions may lead
to further improvements. Exploiting the structure of the correlation function by using the same
set of sources for light and strange quark inversions has a significant impact on the quality of the
signal [91]. The cancellation of noise in differences is further exploited in frequency-splitting
estimators [96, 97]. A variant of the bounding method for the quark-disconnected [90] or the
isoscalar contribution [98] can be used to enhance the precision of the TMR integral.

The precision of published evaluations of the disconnected contribution to ahvp
µ is approaching

the level of 10% [25, 28–30], not far from the target that is needed to reach per-mil precision for
ahvp
µ .

6.2 Isospin breaking effects

As soon as the precision of a Standard Model prediction has reached the 1% level, it is
not sufficient to work in isospin symmetric QCD. Effects from strong-isospin breaking of order
(md − mu)/ΛQCD and from the inclusion of QED at order α, have to be considered, see, e.g.,
[99, 100].

Whereas simulations with dynamical QCD+QED [101, 102] and non-degenerate up and down
quarks [103] are pursued in the context of computations of ahvp

µ , most calculations of isospin breaking
effects in ahvp

µ are performed via a perturbative expansion in the isospin breaking parameters
∆m f = m f − m̄ and α around isospin symmetric QCD on isospin symmetric gauge ensembles
[104, 105]. The benefit of being able to reuse existing gauge fields comes at the cost of having to
compute a number of additional correlation functions. The combination of infinite-volume QED
with finite-volume QCD has been proposed as alternative [25, 106, 107], similar to calculations of
ahlbl
µ [108, 109].

When QEDL [110] is used to formulate QED inside a finite box with periodic boundary
conditions in the spatial directions, as it is the case in many calculations, the finite volume effects
scale with 1/L3 [111], where L is the spatial extent. Given the conventionally used lattice sizes,
this is sufficient in view of the precision targets since the finite-volume corrections affect a small
contribution to ahvp

µ . We note that the corrections are reduced to order 1/L4 when using QEDC

[112, 113] or QEDr [100].
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When comparing results for the isospin breaking effects in ahvp
µ or results for ahvp

µ in isopin
symmetric QCD, care has to be taken since the separation of strong and QED isospin breaking
effects is scheme dependent, as is the definition of the physical point in isosymmetric QCD.
Whereas the differences between commonly used schemes are expected to be small, a common
scheme prescription for the lattice community would significantly facilitate such comparisons in
view of shrinking uncertainties [114]. The definition of the physical point in full QCD+QED is
unambiguous.

No new results for isospin breaking effects in ahvp
µ have been published since the review in

[115]. The effect of strong isospin breaking on the quark-connected contribution to ahvp
µ has been

computed in [25, 26, 30, 31, 103]. The BMW collaboration found a large cancellation with the
corresponding effect in the quark-disconnected contribution [30]. QED effects in the valence sector
of quark-connected [25, 26, 30] and quark-disconnected [25, 30] have been computed by several
collaborations, however, partly with 100% uncertainties. Only the calculation in [30] includes the
effects of isospin breaking on sea quarks by computing diagrams that are suppressed by SU(3) f or
1/Nc on boxes with spatial sizes of about 3 fm.

The complete calculation of [30] finds significant cancellations between different contributions
to isospin breaking effects. Their final result of 0.5(1.4) · 10−10 amounts to a sub per-mil effect
on ahvp

µ . In view of the difficulty of obtaining precise results for the isospin breaking effects,
the smallness of the contribution is encouraging. However, more independent and precise results
for the QED effects on valence and sea quarks are required before definite conclusions can be
drawn. Progress in this direction has been made by several collaborations in the last years, see e.g.
[70, 116, 117].

7. Conclusions

The upcoming decrease of experimental uncertainties for the anomalous magnetic moment of
the muon after the analysis of the Run-4-6 data of the Fermilab Muon g − 2 experiment calls for a
reduction of theory uncertainties, especially for the HVP contribution. However, the disagreement
between the data-driven results that were included in the White Paper average [14] and the most
precise result from lattice QCD [30] has posed new questions concerning the SM prediction. A
recent result [22] for the e+e− → π+π− cross-section at low energies that is incompatible with the
two most precise previous results calls into question the control of systematic uncertainties of the
data-driven calculation.

Lattice QCD computations have reached the stage where they are able to provide precise and
reliable SM predictions for hadronic contributions to aµ. Several independent results for ahvp

µ with
sub-percent precision are needed to confirm that all sources of uncertainty are under control. Thanks
to algorithmic advances, a deeper theoretical understanding of finite-volume and lattice spacing
effects and a significant amount of invested computing resources, this goal is in reach.

For the intermediate distancewindow observable, the high degree of agreement between several
independent results, as shown in Figure 7, leads to the conclusion that the discrepancy with respect
to data-driven evaluations is firmly established. Given various cross-checks, a common systematic
effect that affects all lattice results seems very unlikely.
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It is desirable to obtain a similar level of agreement of lattice results for ahvp
µ . With the

ongoing reduction of statistical uncertainties, control of systematics becomes even more important.
Calculations in very large boxes play an important role to reduce a possible model dependence of
the finite-size correction. For upcoming results, the systematic uncertainty from the continuum
extrapolation will likely become the dominant source of uncertainty. Since the accessible range
of lattice spacings is limited, mostly due to critical slowing down towards the continuum limit
[118], further significant improvements in the control of cutoff effects are difficult to achieve with
simulations based on the Hybrid Monte Carlo algorithm. Better informed extrapolations based
on SymEFT may help to reduce systematic uncertainties. In the meantime, combined continuum
extrapolations of data from different fermion discretizations, having significantly different lattice
artefacts, could constrain the approach to the continuum limit and thus lead to reduced systematic
uncertainties.

Existing results indicate that isospin breaking effects in ahvp
µ are significantly smaller than

1%. More independent results are needed to confirm this conclusion. If a common scheme for
QCD+QED is used in upcoming calculations, averages of sub-quantities, such as the light-connected
contribution to ahvp

µ , could be used to improve the global precision of ahvp
µ from lattice QCD.

Given the various tensions, blinded analyses have become standard to reduce the human bias
in the analysis. We expect several new results for ahvp

µ and (ahvp
µ )

LD to be published in the next year.
The outcome will be decisive in scrutinizing current tensions between Standard Model predictions
and between theory and experiment.
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