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Research on the QCD phase diagram with lattice field theory methods is dominated by the use
of rooted staggered fermions, as they are the computationally cheapest discretization available.
We show that rooted staggered fermions at a nonzero baryochemical potential 𝜇𝐵 predict a sharp
rise in the baryon density at low temperatures and 𝜇𝐵 ≳ 3𝑚𝜋/2, where 𝑚𝜋 is the Goldstone
pion mass. We elucidate the nature of the non-analyticity behind this sharp rise in the density by
a comparison of reweighting results with a Taylor expansion of high order. While at first sight
this non-analytic behavior becomes apparent at the same position where the pion condensation
transition takes place in the phase-quenched theory, but the nature of the non-analyticity in the
two theories appears to be quite different: While at nonzero isospin density the data are consistent
with a genuine thermodynamic (branch-point) singularity, the results at nonzero baryon density
point to an essential singularity at 𝜇𝐵 = 0. The effect is absent for four flavors of degenerate
quarks, where rooting is not used. For the two-flavor case, we show numerical evidence that the
magnitude of the effect diminishes on finer lattices. We discuss the implications of this technical
complication on future studies of the QCD phase diagram. This work is based on our publication
[1].
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Figure 1: Left: Illustration of the Dirac spectrum at finite baryo-chemical potential. The spectrum, obtained
with dense linear algebra, is based on one dynamical staggered lattice configuration of size 123 × 8 with
𝑚𝜋 = 135 MeV, using the 2stout action. The thick line shows the standard choice for the branch cut of
the complex square root. Right: A rapid rise in the light-quark density-to-chemical potential ratio as a
function of 𝜇𝑞 around 𝜇𝑞 = 𝑚𝜋/2 with rooted staggered fermions. Results were obtained with a lattice size
of 163 × 8. We use physical quark masses, using a tree-level improved gauge action and 2 steps of stout
smearing with smearing parameter 𝜌 = 0.15 applied to the links entering the staggered Dirac operator, which
we will call the 2stout action from now on. To better see the onset of this sharp increase, we also show the
8th-order Taylor expansion, as a smooth baseline. Different reweighting schemes agree with one another. The
Taylor expansions around 𝜇𝑞 = 0 are computed using the reduced matrix formalism [6], without employing
stochastic estimators.

1. Introduction

The determination of the phase diagram of QCD on the temperature (𝑇) – baryochemical
potential (𝜇𝐵) plane with first-principle lattice QCD calculations has been an unsolved problem for
decades due to the complex action problem. Several workarounds have been proposed and utilized
to obtain information at nonzero 𝜇𝐵. Examples include a Taylor expansion around 𝜇𝐵 = 0, analytic
continuation from imaginary chemical potentials, and different reweighting techniques. Details
can be found in literature reviews, e.g. Ref. [2]. Rooted staggered fermions are the most popular
fermion discretization in the literature for being the most computationally efficient. However, the
theoretical justification of the application of rooted staggered fermions at finite chemical potential
is not fully settled [3, 4]. Since the staggered determinant is complex at real chemical potential, one
must find a way to resolve the sign ambiguity in the complex square root function. The problems
caused by such ambiguity are expected to be severe at values of the chemical potential near a
complex zero of the (unrooted) staggered determinant, which dictates the branch point sinularities
of the complex square root function. At zero temperature, this is expected to happen for light-quark
chemical potentials 𝜇𝑞 =

𝜇𝐵

3 ≳
𝑚𝜋

2 [5]. See Fig. 1 for an illustration at a temperature in the confined
phase. The purpose of this work is to study how thermodynamic observables are affected by these
singularities.
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2. Rooted staggered quarks at finite 𝜇𝐵

In this study, we discuss the 2+1-flavor theory in which a chemical potential is only introduced
for degenerate light quarks and not for the strange quark. The phase reweighting scheme is adopted.
The partition function of the phase-quenched ensemble reads:

Z𝑃𝑄

2+1 (𝑇, 𝜇𝑞) =
∫

D𝑈 | det 𝑀1/2(𝑈, 𝑚𝑢, 𝜇𝑞) | det 𝑀1/4(𝑈, 𝑚𝑠, 0)𝑒−𝑆YM (𝑈) , (1)

and is identical to the partition function with a finite isospin chemical potential, with 𝜇𝑞 = 𝜇𝑢 =

−𝜇𝑑 . The partition function at finite baryochemical potential is obtained from the phase-quenched
ensemble as

Z2+1

Z𝑃𝑄

2+1

=

〈
det 𝑀1/2(𝑈, 𝑚𝑢, 𝜇𝑞)
| det 𝑀1/2(𝑈, 𝑚𝑢, 𝜇𝑞) |

〉
𝑃𝑄

, (2)

where ⟨. . . ⟩𝑃𝑄 denotes the expectation value in the phase-quenched theory, defined by Eq. (1).
Details of the method are explained in Ref. [7]. The prescription for rooting used here is to demand
the determinant to be a continuous function of the chemical potential along the real axis [8].

3. A rise in the density at 𝜇𝐵 ≳ 3𝑚𝜋/2
We have recently shown that for the equation of state of the quark gluon plasma in the range

𝜇𝐵/𝑇 ≤ 3, reweighting gives compatible results with analytic continuation from purely imaginary
chemical potentials [9]. Thus, in the currently experimentally accessible range (the range of the
RHIC Beam Energy Scan, phase two) the equation of state of the quark-gluon plasma is under
control. The lowest temperature studied in Ref. [9] was 145 MeV. In an attempt extending these
reweighting studies to lower temperatures, a sharp rise in the density as a function of the chemical
potential at around 𝜇𝐵 = 3𝑚𝜋/2 is observed, as shown for a temperature of 𝑇 = 130 MeV in
Fig. 1. Such strong deviation of the reweighted results from the Taylor expansion in Fig. 1 prompts
for cross-checks. To show that this effect is not the manifestation of the overlap problem of the
reweighting procedure we reproduced the same result wuth the sign and phase reweighting schemes
that are free from the overlap problem.

4. The four-flavor theory
If the observed sharp rise in the quark density is due to staggered rooting, it should be absent in

the four-flavor theory in which all flavors of fermions have degenerate quark mass 𝑚 and at identical
chemical potentials 𝜇1 = 𝜇2 = 𝜇3 = 𝜇4 = 𝜇𝑞. The results can be contrasted with that of the same
theory with two of the chemical potentials set at 0. The latter requires rooting and the sharp rise
should occur, if rooting is the cause. Fig. 2 shows such comparison with a simulation at a pion mass
of 𝑚𝜋 = 260 MeV, a temperature 𝑇 = 100 MeV and a lattice volume of 123 × 8. The scale was set
using the 𝑤0 scale of Ref. [10]. In the four-flavor case the Taylor expansion and the full reweighting
match within errors. In the case of 𝜇1 = 𝜇2 = 𝜇𝑞 with 𝜇3 = 𝜇4 = 0, the reweighted curve rises
sharply near 𝜇𝑞 = 𝑚𝜋/2, and there is a very clear deviation between the Taylor and reweighted
curves, resembling the sharp rise in the quark density that we observed in the 2 + 1-flavor case.
The statistical errors for the (unrooted) four-flavor case are admittedly large at large 𝜇𝑞. The error
grows large precisely at the chemical potential where the rooted case takes a sharp turn, indicating
large cancellations. Note that the four-flavor theory is expected to be noisier then the two-flavour
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Figure 2: The density to chemical potential ratio for four flavors of quarks. Left: all quarks having the same
chemical potential (this choice requires no rooting) Right: the chemical potential is introduced only for
two of the four flavors, while the other two flavors remain at zero chemical potential (this choice requires
rooting). Both cases where calculated using the same 𝜇𝑞 = 0 ensemble. The vertical line corresponds to
𝜇𝑞 = 𝑚𝜋/2.

Figure 3: The full reweighted results for the light-quark density compared with several high orders of the
Taylor expansion for the case of a baryon (left) and isospin (right) chemical potential for two different values
of the pion mass. While the density itself looks very similar in the two cases, with a rapid rise for 𝜇𝑞 ≳ 𝑚𝜋/2,
the two singularities appear to be very different: At a finite isospin chemical potential - where the singularity
of the free energy is due to a true phase transition - the Taylor expansion converges to the full reweighting
result below 𝜇𝑞 ≈ 𝑚𝜋/2, and diverges above. On the other hand, at a finite baryon chemical potential, the
Taylor expansion appears to converge, but above 𝜇𝑞 ≈ 𝑚𝜋/2 it converges to a different curve than the full
reweighting one. This hints at a very different analytic structure.

theory, since the exponential severity of the sign problem has a factor of 𝑁2
𝑓

in the exponent [7], i.e.

log
Z𝑁𝑓

Z𝑃𝑄

𝑁𝑓

∝ 𝑁2
𝑓
. These findings are in line with our assumption that the sharp rise in the light-quark

density for 𝜇𝐵 ≳ 3𝑚𝜋/2 is caused by staggered rooting.

5. Analytic structure and pion mass dependence
The observed rise looks similar to the way the isospin density behaves at the pion condensation

transition [11], a transition that happens in the phase-quenched theory around the same value
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Figure 4: Left: The difference between the full reweighted result and the 8th-order Taylor expansion (which
is assumed to be a good proxy for the analytic part of the density) for the light-quark density in units of the
dimensionless quark chemical potential for the 4HEX action with 6,8 and 10 timeslices respectively. For
comparison, results with the 2stout action with 8 timeslices are also shown. We also show fits of the form
𝐴𝜇𝛼

𝑞 𝑒
−Λ2/𝜇2

𝑞 . The fits were performed in the chemical potential range up to 85 MeV. Right: Geometric
matching vs standard rooting on the 123 × 8 2stout ensemble at a temperature 𝑇 = 130 MeV. We show both
full reweighting and Taylor expansion results. The sharp rise around 𝜇𝑞 = 𝑚𝜋/2 is not observed with the
geometric matching procedure.

𝜇𝑞 = 𝑚𝜋/2 of the quark chemical potential. The difference or similarity in analytic structure
between the two is studied in Fig. 3. We performed high statistics simulations on 123 × 8 lattices
with the 2stout action at physical quark mass and at four times physical quark mass, and measured
Taylor coefficients of the pressure to 12th order in the chemical potential in both scenarios. For the
case of an isospin chemical potential the rapid rise in the density is due to a second order phase
transition [12] at 𝜇𝑞 ≈ 𝑚𝜋/2. At orders up to 12th, the Taylor expansion should converge to the full
result until the transition point, above which it should diverge. This is exactly what is seen in the
right panel of Fig. 3, at both of the simulated pion masses. The one important difference is that for
the larger pion mass, the Taylor expansion seems to converge more slowly. This is not surprising,
as the expansion parameter is 𝜇𝑞/𝑇 , which is larger at the transition point for a heavier pion. Such
divergent behavior is typical for phase transitions. It is very different from the behavior we observe
at nonzero baryon density, seen in the left panel of Fig. 3. Here, the Taylor expansion appears to
converge, but it converges to a different curve from the one obtained with full reweighting. Let
us emphasize that the Taylor coefficients and the reweighting curve were obtained using the same
gauge ensembles, and so the Taylor coefficients are exactly the Taylor coefficients of the reweighted
curve at 𝜇𝑞 = 0. Also note that while the point of divergence between the reweighting and Taylor
curves does seem to scale with the pion mass, the two curves actually start to diverge already
somewhat below 𝜇𝑞 = 𝑚𝜋/2. This points to quite different non-analytic behavior, compared to the
case of a nonzero isospin density. The singularity responsible for the behavior is likely an essential
singularity. Details can be found in Ref. [1].

6. Continuum scaling with an action with strongly suppressed taste breaking
A natural question that arises is whether the observed non-analytic behavior of the free energy

of rooted staggered fermions vanishes in the continuum limit, or not. To study this question, we
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used a discretization with strongly suppressed taste breaking: the DBW2 gauge action and 4 steps
of hex smearing, which we will call the 4HEX action. For this simulation we used physical quark
masses at temperature 𝑇 = 130 MeV, an aspect ratio 𝐿𝑇 = 2, and three different lattice spacings
corresponding to 𝑁𝜏 = 6, 8 and 10 time-slices each. In Fig. 4 we show the difference between full
reweighting and an 8th-order Taylor expansion for the ratio �̂�𝐿/�̂�. For comparison, we also show
results with the 2stout action at 𝑁𝜏 = 8. One can see that the magnitude of the difference decreases
rapidly with the lattice spacing. We did not manage to find a good fit ansatz to extrapolate this
difference to the continuum, however. In particular, we do not observe the O(𝑎) scaling which is
the expectation from the naive counting argument given in [3]. This might be due to the coarsest
lattice (𝑁𝜏 = 6) being too coarse for seeing the asymptotic behavior. Notice, however, that if one
assumes that the difference extrapolates to zero, then the observed decrease is not slower than the
expected O(𝑎), but faster: rescaling the 𝑁𝜏 = 8 data by a factor of 8/10 gives numbers that are
significantly above the lattice data at 𝑁𝜏 = 10. Even rescaling the 𝑁𝜏 = 8 data by (8/10)2, the data
on the 𝑁𝜏 = 10 lattices is significantly below. Comparison with the 2stout results shows that at the
same number of timeslices, the 4HEX action has a smaller non-analytic term. This is consistent
with the expectation that reduced taste breaking (and thus the splitting of the taste multiplets in the
spectrum) reduces this non-physical effect in the quark density.

7. Conclusion
We have shown that at nonzero baryochemical potential with rooted staggered fermions, where

rooting ambiguity exists, the prescription of requiring continuity for the real values of chemical
potential leads to a non-analytic contribution in the free energy. It manifests itself as a rapid
rise of the light-quark density at low temperatures and baryochemical potential 𝜇𝐵 = 3𝜇𝑞 ≳
3𝑚𝜋/2. This is at the same values of the quark chemical potential 𝜇𝑞 where the phase-quenched
ensemble has a pion condensation transition. We showed that the non-analyticity is very different
from a true thermodynamic phase transition by comparing with the case of an isospin chemical
potential.Although the behavior of the light-quark density as a function of the chemical potential
looks very similar in the two cases, the phase transition at nonzero isospin density leads to a branch-
point singularity at some nonzero 𝜇, while rooting leads to an essential singularity at 𝜇𝐵 = 0.
There are several possible approaches to resolve this issue. An example is geometric matching that
identifies eigenpairs and replaces them with their geometric mean [4]. Another is to adopt a different
discretization formulation other than staggered, such as the Karsten-Wilczek formulation[13, 14] .
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