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spatial momenta. Employing a bounding method, we present a preliminary result on the quantity
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1. Introduction
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Figure 1: Sources of photons in a relativistic heavy ion collision.

During a relativistic heavy-ion collision, photons can escape the quark-gluon plasma (QGP)
without scattering via the strong interaction, thus providing valuable insights into the complete
space-time evolution of the QGP.

The detected photons are divided into two categories, direct and decay photons [see Fig. 1].
The latter result from electromagnetic decays of long-lifetime final-state hadrons, while direct
photons are those produced at any stage in the collision before the final hadrons completely decouple.
Prompt photons are real photons directly produced in hard scattering processes between partons
during the initial stage of the collision, while pre-equilibrium photons stem from quarks and
gluons that have scattered off of one another only a few times and have not yet achieved a thermal
distribution, i.e. before the QGP has reached thermal equilibrium. At transverse momenta1

1 < 𝑝𝑇/GeV < 3, one expects a sizeable contribution from thermal photons, both from the QGP
and from the hadronic phase.

While data from the STAR experiment [1] appear to be in agreement with theoretical models,
the PHENIX and ALICE collaborations show a direct-photon excess at low transverse momenta
below a few GeV [2–5], corresponding to a region of phase space dominated by thermal photons.
Furthermore, these collaborations measure a photon anisotropy, 𝑣2, w.r.t. the reaction plane, which
is larger than models predict [6–8]. A possible explanation put forward for the large measured
anisotropy is that the photon emissivity around the crossover could be larger than assumed in
the hydrodynamics-based models of the collisions, since in the later stages of the collision the
photons would naturally ‘inherit’ the anisotropic flow of the strongly-interacting medium they are
emitted from. The inability of the majority of models to collectively account for the experimental
observations is commonly denoted as the direct photon puzzle [2, 9, 10].

These model computations depend on theoretical estimates of the thermal photon emissivity,
directly linked to the photon spectral function 𝜎(𝜔). Current phenomenological models have
incorporated these predictions, typically derived at leading order in QCD perturbation theory

1Our transverse momentum corresponds to 𝜔1 = 2𝜋𝑇 ≈ 1 GeV.
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Table 1: Parameters and lattice spacing of the ensemble analyzed in this work. The lattice spacing
determination is from Ref. [16]

𝛽/𝑎 𝐿/𝑎 6/𝑔2
0 𝜅𝑙 𝜅𝑠 𝑎 [fm]

20 96 3.55 0.137232867 0.136536633 0.06426(76)

[11, 12]. Additionally, for the low-temperature phase, relativistic kinetic theory calculations within
a hot meson gas have been employed [13, 14]. The precise method of connecting these predictions
near the pseudocritical temperature 𝑇𝑝𝑐 = 156.5(1.5) MeV [15] remains uncertain, leading to the
utilization of interpolations.

Employing a bounding method, we present preliminary results on the quantity 𝐻𝐸 (𝜔1), which
corresponds to the first energy-moment of the photon spectral function. 𝐻𝐸 (𝜔1) is directly acces-
sible in lattice QCD via spatially transverse Euclidean corrrelators evaluated at imaginary spatial
momentum 𝑘 = 𝑖𝜔1 in order to realize lightlike kinematics in Euclidean space. These correlators
have been measured on a newly generated physical-mass ensemble of size 20 × 963, corresponding
to a tempertaure 𝑇 = 153.5(1.8) MeV near the pseudocritical temperature.

2. Numerical setup

Our calculations are performed on an 𝑁f = 2 + 1 ensemble with tree-level O(𝑎2)-improved
Lüscher-Weisz gauge action and non-perturbatively O(𝑎)-improved Wilson fermions [17]. The
ensemble has been generated using version 2.0 of the openQCD package see, Ref. [18].

We employ a single gauge ensemble of size 20 × 963 of O(𝑎)-improved Wilson fermions with
physical quark masses at a temperature

𝑇 =
1
𝛽
=

1
20𝑎

= 153.5(1.8) MeV. (1)

The physical and algorithmic parameters are listed in Tab. (1). The measurements have been
performed with stochastic wall sources and a small momentum twist using the Witnesser code of
Renwick J. Hudspith.

There exists a corresponding zero-temperature Coordinated Lattice Simulations (CLS) [19]
ensemble with identical parameters apart from its time extent. For reference we quote the pion
mass and the decay constant of this ensemble determined in Ref. [20],

𝑇 = 0 : 𝑚0
𝜋 = 128.1(1.3) (1.5) MeV, 𝑓 0

𝜋 = 87.4(0.4) (1.0) MeV , (2)

where the first error is from the corresponding quantity in lattice units, and the second is from the
lattice spacing determination of Ref. [16].

3. Preliminaries

3.1 The thermal photon rate

Let 𝜔 be the energy of a photon released from a fluid cell at rest and in thermal equilibrium.
The differential photon emissivity of the QGP in leading order of the electromagnetic coupling
constant 𝛼em, but to all orders of the strong coupling constant is given by [21]
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𝑑Γ𝛾

𝑑𝜔
=
𝛼em

𝜋

2𝜔
𝑒𝛽𝜔 − 1

𝜎(𝜔) + O(𝛼2
em) , (3)

where

𝜎(𝜔) ≡ 𝜌𝑇 (𝜔, 𝑘 = 𝜔) = 1
2

(
𝛿𝑖 𝑗 − 𝑘 𝑖𝑘 𝑗

𝑘2

)
𝜌𝑖 𝑗 (𝜔, k) (4)

is the transverse channel spectral function. It is linked to the spatially transverse Euclidean correlator
𝐻𝐸 (𝜔𝑛) with Matsubara frequency 𝜔𝑛 and imaginary spatial momentum 𝑘 = 𝑖𝜔𝑛 by the dispersion
relation [22]

𝐻𝐸 (𝜔𝑛) = −𝜔
2
𝑛

𝜋

∫ ∞

0

d𝜔
𝜔

𝜎(𝜔)
𝜔2 + 𝜔2

𝑛

, 𝜔𝑛 = 2𝑛𝜋𝑇 . (5)

It should be stressed that computing the full energy-differential photon emissivity of a medium
at thermal equilibrium from lattice QCD involves a numerically ill-posed inverse problem [23].
However, energy-integrated information on the photon emissivity can be obtained without con-
fronting an inverse problem.

3.2 Imaginary momentum correlators

Starting from the Euclidean vector screening correlators

𝐺𝐸,𝜇𝜈 (𝜔𝑛, 𝑝2, 𝑝3, 𝑥1) =
∫ 𝛽

0
d𝑥0𝑒

𝑖𝜔𝑛𝑥0

∫
d2𝑥⊥𝑒

𝑖 (𝑝2𝑥2+𝑝3𝑥3 ) ⟨𝐽𝜇 (𝑥)𝐽𝜈 (0)⟩ , 𝑥⊥ = (𝑥2, 𝑥3) , (6)

we restrict the following discussion to the transverse channel and the first Matsubara sector, defining

𝐺𝑇
𝐸 (𝜔1, 𝑝2, 𝑥1) ≡ 𝐺𝐸,33(𝜔1, 𝑝2, 0, 𝑥1)

= −
∫ 𝛽

0
d𝑥0𝑒

𝑖𝜔1𝑥0

∫
d2𝑥⊥𝑒

𝑖 𝑝2𝑥2 ⟨𝐽3(𝑥)𝐽3(0)⟩ , (7)

as well as two special cases of Eq. (7), the non-static (momentum inserted in time direction) and
static (momentum inserted in spatial direction) screening correlators,

𝐺𝑇
ns(𝜔1, 𝑥1) ≡ 𝐺𝑇

𝐸 (𝜔1, 𝑝2 = 0, 𝑥1) , (8)

𝐺𝑇
st (𝑝, 𝑥1) ≡ 𝐺𝑇

𝐸 (𝜔1 = 0, 𝑝2 = 𝑝, 𝑥1) . (9)

Next, we define the Fourier transform of the non-static screening correlator,

𝐺̃𝑇
ns(𝜔1, 𝑘) =

∫
R

d𝑥1𝑒
𝑖𝑘𝑥1𝐺𝑇

ns(𝜔1, 𝑥1)
𝑘=𝑖𝜔1≡ 𝐻𝐸 (𝜔1) , (10)

evaluated at Matsubara frequency 𝜔1 and imaginary spatial momentum 𝑘 = 𝑖𝜔1.
Making use of Eq. (8), we finally define [22]

𝐻𝐸 (𝜔1) = −
∫ 𝛽

0
d𝑥0

∫
d3𝑥 𝑒𝑖𝜔1𝑥0𝑒−𝜔1𝑥1 ⟨𝐽3(𝑥)𝐽3(0)⟩ < 0 . (11)
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Within the continuum theory, 𝐻𝐸 (𝜔1) vanishes in the vacuum, but this property is lost at finite lattice
spacing due to the lack of Lorentz symmetry. However, the property can be restored by subtracting
a correlator with the same short-distance behavior and – in order to not to alter the continuum
limit –, that vanishes in the continuum. One can achieve this either by subtracting the vacuum
lattice correlator obtained at the same bare parameters or by subtracting a thermal lattice correlator
having the same momentum inserted into a spatial direction. Since the latter option does not require
additional simulations at 𝑇 = 0, we proceed by subtracting the static screening correlator evaluated
at momentum 𝑝2 equal to the first Matsubara mode, defining the lattice subtracted correlator

𝐻𝐸 (𝜔1) = −
∫ 𝛽

0
d𝑥0

∫
R3

d3𝑥
(
𝑒𝑖𝜔1𝑥0 − 𝑒𝑖𝜔1𝑥2

)
𝑒−𝜔1𝑥1 ⟨𝐽3(𝑥)𝐽3(0)⟩

= 2
∫ ∞

0
d𝑥1 cosh(𝜔1𝑥1) ·

[
𝐺𝑇

ns(𝜔1, 𝑥1) − 𝐺𝑇
st (𝜔1, 𝑥1)

]
. (12)

We emphasize that the spatial momentum is inserted in 𝑥2−direction, i.e. transverse to the decay
direction 𝑥1 as well as the direction of the Lorentz index.

The statistical precision of the screening correlators encounters two issues. First, the cosh-
kernel multiplying the correlator difference in Eq. (12) results in an enhancement of the integrand
for large 𝑥1. Furthermore, we stress that the inserted momenta are of O(1 GeV). Thus, we suffer
from a severe signal-to-noise problem, resulting in exponentially amplifying uncertainties for large
source-sink seperations [see l.h.s. of Fig. 4]. In addressing this issue, we have modeled the tail of
the integrand by employing infinite-volume variants of two-state fits2 of the form

𝐺𝑇
𝑖 (𝜔1, 𝑥1) =

2∑︁
𝑛=1

|𝐴𝑛
𝑖 |2𝑒−𝑚𝑛𝑥1 , 𝑖 ∈ {st, ns} , (13)

to the screening correlators. Another possibility to deal with this issue – the bounding method – is
introduced in the next section.

4. Bounding method

The screening correlators have a representation in terms of energies and amplitudes of screening
states in the following form

𝐺𝑇
𝑖 (𝜔𝑟 , 𝑥1)

𝑥1≠0
=

∞∑︁
𝑛=0

|𝐴(𝑟 )
𝑖,𝑛

|2𝑒−𝐸
(𝑟 )
𝑖,𝑛

|𝑥1 | , 𝑖 ∈ {st, ns} , 𝜔𝑟 = 2𝑟𝜋𝑇 , (14)

where the index 𝑖 labels static and non-static correlators and 𝜔𝑟 denotes the 𝑟 − 𝑡ℎ Matsubara
mode. As has been proposed for the (𝑔−2) [24–26], exploiting the positivity of the amplitudes and
energies, we can bound the screening correlators from above and below for different values of 𝑥cut,

0 ≤ 𝐺𝑇
𝑖 (𝜔1, 𝑥cut)𝑒−𝑚eff (𝑥cut ) · (𝑥1−𝑥cut )

≤ 𝐺𝑇
𝑖 (𝜔1, 𝑥1) ≤ 𝐺𝑇

𝑖 (𝜔1, 𝑥cut)𝑒−𝐸
(1)
𝑖,0 · (𝑥1−𝑥cut ) , 𝑥1 ≥ 𝑥cut .

(15)

2This corresponds to a truncation of Eq. (14) for 𝑛 > 2.
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Here 𝑚eff denotes the effective mass of the corresponding correlator. In contrast to the (𝑔 − 2),
Eq. (12) involves a correlator difference. Therefore, in order to get the true upper and lower bound
of 𝐻𝐸 one has to build

𝐻𝐸 (𝜔1) |ub ∝ 𝐺𝑇
ns(𝜔1, 𝑥1)

��
ub − 𝐺𝑇

st (𝜔1, 𝑥1)
��
lb , (16)

𝐻𝐸 (𝜔1) |lb ∝ 𝐺𝑇
ns(𝜔1, 𝑥1)

��
lb − 𝐺𝑇

st (𝜔1, 𝑥1)
��
ub . (17)

Next, we motivate the ground state energies of both, the static, and non-static screening correlators
that are used for the bounding method. Assuming two-pion ground states in both cases, for the
static correlator we are dealing with two pions with back-to-back momenta,

𝐸
(1)
st,0(𝑝) = 2

√︄( 𝑝
2

)2
+ 𝑚2

𝜋 +
(
2𝜋
𝐿

)2
, (18)

each carrying momentum 𝑝/2 = 𝜋𝑇 in the direction transverse to the decay direction and to the
vector-index of the vector currents. The static pion-mass at zero-momentum is denoted by 𝑚𝜋 and
the momentum 2𝜋/𝐿 is in direction of the vector-index.

In the non-static sector, we have one pion at rest and the other carrying momentum equal to
the first Matsubara mode in time direction, resulting in

𝐸
(1)
ns,0(𝜔1) =

√︄
𝑚2

𝜋 +
(
2𝜋
𝐿

)2
+

√︄
𝐸𝜋 (𝜔1)2 +

(
2𝜋
𝐿

)2
. (19)

5. Dealing with outliers

The ensemble analyzed in this work was generated in a parameter range that is difficult to
access with Wilson fermions, namely physical up, down and strange quark masses right in the
vicinity of the pseudocritical temperature. Therefore, additionally to the signal-to-noise problem
already mentioned in Sec. 3.2, we encounter outliers that exceed the ensemble average significantly,
and accurately estimating errors becomes a challenging endeavor.

Given the sensitivity of the mean value of correlators to extreme values, we aim for a more
robust statistical approach. Instead of relying on the mean and standard deviation of the sam-
pling distribution, we utilize the robust median and median absolute deviation (MAD) to identify
exceptional configurations [27]. The latter can be related to the standard deviation via

𝜎 = 1.4826 · MAD . (20)

We primarily seek significant deviations from the central position of the sampling distribution on
each time slice and for every source-sink separation. Whenever we encounter a value that deviates
by approximately more than 6𝜎, we declare the configuration in question as exceptional. Following
this method, we have removed five out of 1000 configurations from our analysis. In Fig. 2 this
procedure is shown for one outlier of the static screening correlator.

Another indicator warranting careful consideration on this ensemble is the partially conserved
axial current (PCAC) mass. This quantity, based on an operator identity, should be independent of

6
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x1/a
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103 Jackknife sample excluding config id101n3 
Median ± 6 MAD 1.4826 Ncon

Figure 2: The blue points denote the jackknife sample of the static correlator 𝐺𝑇
st (𝜔1, 𝑥1) obtained by

removing one of the outlier configurations. The green points represent the median and median absolute
deviation scaled by appropriate factors described in the text.

the temperature. However, in lattice units we obtain [28]

𝑎 · 𝑚𝑣𝑎𝑐
PCAC = 0.001428(16) ,

𝑎 · 𝑚𝑁𝑡24
PCAC = 0.001482(39) ,

𝑎 · 𝑚𝑁𝑡20
PCAC = 0.001026(66) ,

𝑎 · 𝑚𝑁𝑡16
PCAC = 0.001451(89) .

(21)

Therefore, the PCAC mass on this ensemble is off by a factor of ≈ 1.39 relative to PCAC mass
extracted from the corresponding vacuum box. Currently, we are initiating the production of another
chain with much finer integration to address and control these issues.

6. Results

Finally, we present our preliminary results. As discussed in Secs. 3.2 and 4, the effective
masses of the screening correlators are pivotal. They play a crucial role in estimating the lower
bound in the bounding method and are essential for modelling the tails of the correlators. In Fig. 3,
the l.h.s. illustrates the effective mass in the non-static sector, while the r.h.s. depicts the effective
mass of the static sector. Expressed in temperature units we obtain,

𝐸
(1)
ns,0/𝑇 ≡ 𝑚ns

eff/𝑇 = 10.0(3) , (22)

𝐸
(1)
st,0/𝑇 ≡ 𝑚st

eff/𝑇 = 8.9(3) . (23)

7
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Figure 3: Effective log-masses of the non-static (left) and static (right) screening correlators.

From Eq. (5) we know that 𝐻𝐸 (𝜔1) is a measure of the integrated photon emissivity. The l.h. s.
of Figure 4 shows the integrand of Eq. (12) together with the result from modelling the tail. As
a result of the exponential signal-to-noise problem, we start to loose the signal for source-sink
seperations greater than 𝑥1/𝑎 ≈ 20. The short-distance contribution of 𝐻𝐸 (𝜔1) is determined using
the trapezoidal formula, while the long-distance contribution is integrated analytically using the fit
parameters of the infinite volume fit ansatz given in Eq. (13). The transition to the modeled tail
has been seamlessly incorporated by employing a smooth step function [29]. Opting for different
switching points introduces a systematic error that is negligible in comparison to the substantial
statistical error. We quote

𝐻𝐸 (𝜔1)
𝑇2

����
model

= −0.54(5) , (24)

as our preliminary result.
A second estimator can be obtained using the bounding method. The result is shown in the

right panel of Fig. 4. The correlators are bounded from below with the aid of the effective masses
and from above with the energies assuming two-pion ground states. For 𝑥𝑐𝑢𝑡 → ∞ lower and upper
bound should converge to the true value of 𝐻𝐸 (𝜔1). As a preliminary result, we quote the average
value of upper and lower bound,

𝐻𝐸 (𝜔1)
𝑇2

����
bound

= −0.62(13) , (25)

obtained for 𝑥𝑐𝑢𝑡/𝑎 = 22.

7. Conclusion

To assess the collective characteristics of the hadronic phase as the temperature rises, com-
monly the hadron resonance gas (HRG) model [30] is employed. This model characterizes the
thermodynamic properties of the system through the summation of individual contributions from
non-interacting hadron species up to a specific cut-off mass. Comparing our lattice estimate of the
quark number susceptibility (QNS) 𝜒𝑞/𝑇2 = 0.73(1) to the value obtained using the HRG-model
𝜒𝑞/𝑇2

��
HRG = 0.70 suggests the assumtion that the QNS can still be described approximately using

hadronic degress of freedom.
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10 12 14 16 18 20 22 24
xcut/a

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00 upper bound on HE

lower bound on HE

"average bound" on HE

Figure 4: Left: Plot of the 𝑥1-symmetrized integrand of Eq. (12) together with the result from modelling
the tail. Right: Lower and upper bounds on 𝐻𝐸 (𝜔1) that converge toward that quantity for 𝑥𝑐𝑢𝑡 → ∞.

However, in temperature units the 𝐻𝐸-quantity near the pseudocritical temperature is in the
same ballpark as our result [29, 31]

𝐻𝐸 (𝜔1)
𝑇2

����
high T

= −0.670(6) , (26)

in the high-temperature phase at 𝑇 ≈ 250 MeV (𝜒𝑞/𝑇2 = 0.88(1)), despite there being fewer charge
degrees of freedom around the crossover.
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of our (derived) observables we use the Γ method in the implementation of the pyerrors package
introduced in Ref. [32].
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