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1. Introduction

The droplets of strongly interacting quark-gluon plasma (QGP) with non-zero angular momen-
tum are routinely produced in the non-central heavy-ion collisions [1–3]. The measurements of
global polarization of created Λ, Λ̄-hyperons allow us to estimate an average vorticity of rotating
QGP as 𝜔 ≈ (9 ± 1) × 1021 s−1 ∼ 0.03 fm−1𝑐 ∼ 7 MeV [1]. Rotation may sufficiently affect the
properties of QGP, which is possible to observe experimentally [2, 3].

The effects of relativistic rotation in field-theoretical systems are actively investigated within
various theoretical approaches [4–31] and the base tool of these studies is an assumption of rigid
rotation. This assumption is not realized in QGP produced in heavy-ion collisions, but it drastically
simplifies analytical treatment and gives an opportunity to make predictions about effects in rotating
QCD.

At finite temperature, QCD exhibits a confinement-deconfinement transition and chiral tran-
sition. The results of lattice simulations show that the critical temperatures of both transitions in
rotating QCD increase with angular velocity [8, 29]. At the same time, the rotation in the fermionic
sector tends to decrease the critical temperatures, but the contribution from gluons overcomes [8].
It suggests that the gluon contribution is crucial for understanding the properties of rotating QCD.
Similar conclusions also follow from some phenomenological models [22, 31].

Due to these reasons, we continue the detailed analysis of the gluon sector in rotating QCD.
In this paper, we summarize the main lattice results of our recent study, devoted to the mechanical
properties and the equation of state of gluodynamics, presented in Refs. [32, 33].

2. Free energy of rotating system and moment of inertia

A mechanical response of a thermodynamic ensemble to rigid rotation with the angular velocity
𝛀 = Ω𝒆 is described in terms of conjugated variable, the total angular momentum 𝑱 = 𝐽𝒆, which
includes both spin and orbital contributions.1 In the co-rotating reference frame, the angular velocity
is a natural variable of the free energy 𝐹 of the system. So, the total angular momentum can be
expressed as follows

𝑱 = −
(
𝜕𝐹

𝝏𝛀

)
𝑇

, (1)

and the relation between the total angular momentum 𝑱 = 𝐼 (𝑇,Ω)𝛀 and the angular velocity 𝛀 is
given by the moment of inertia, which is the scalar quantity

𝐼 (𝑇,Ω) = 𝐽 (𝑇,Ω)
Ω

= − 1
Ω

(
𝜕𝐹

𝜕Ω

)
𝑇

. (2)

For a classical system, the moment of inertia is determined by the mass (energy) distribution
𝜌(𝑇, 𝑥⊥,Ω), where 𝑥⊥ is the distance to the rotational axis, and by the characteristic radius 𝑅 of
the system. Neglecting the effects of mass redistribution in the slowly rotating uniform system,
𝜌(𝑇, 𝑥⊥,Ω) ≈ 𝜌0(𝑇), we can obtain well-known non-relativistic formula

𝐼 (𝑇,Ω) =
∫
𝑉

𝑑3𝑥 𝑥2
⊥𝜌(𝑇, 𝑥⊥,Ω) ≃ 𝛼 𝜌0(𝑇)𝑉𝑅2 ≡ 𝐼 (𝑇,Ω = 0) , (3)

1The vectors 𝑱 and 𝛀 are parallel if the system rotates around one of its principal axes.
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where the factor 𝛼 depends on the geometry of the system.
The free energy of a rotating system may be represented as a series in angular velocity

𝐹 (𝑇,𝑉,Ω) = 𝐹0(𝑇,𝑉) −
𝐹2(𝑇,𝑉)

2
Ω2 + O(Ω4) , (4)

where 𝐹0(𝑇,𝑉) = −𝑝𝑉 < 0 is the free energy of non-rotating system. As it follows from Eq. (2),
the second coefficient 𝐹2 in this expansion may be associated with the moment of inertia of rotating
gluon plasma, 𝐹2(𝑇,𝑉) = 𝐼 (𝑇,𝑉,Ω = 0). The moment of inertia is an extensive quantity, and using
size-volume dependence of classical expression (3), we can rewrite Eq. (4) if the following form

𝐹 (𝑇,𝑉,Ω) = 𝐹0(𝑇,𝑉)
(
1 + 𝐾2

2
𝑣2
𝑅 + O(𝑣4

𝑅)
)
, (5)

where 𝑣𝑅 = Ω𝑅 is the linear velocity at some point at the boundary of the studied volume and the
dimensionless coefficient 𝐾2 ≡ −𝐼/(𝐹0𝑅

2) has a sense of a specific moment of inertia normalized
by the free energy in the static case and transversal system size (note that 𝐹0 < 0). From the structure
of Eq. (5), we can conclude that the free energy of the rotating system should depend on the product
Ω𝑅, but not on the radius of the system 𝑅 or angular velocity Ω itself. Our lattice study of the
critical temperature behavior in rotating gluodynamics shows that the prevail dependence of critical
temperature is indeed on the boundary velocity squared [5–8], what supports this expectation.

During the work with the rotating system, we should respect causality, which can be ensured by
the appropriate maximal permissible value of boundary velocity 𝑣𝑅 in the used numerical setup.2
For the rotating system, we also have an ambiguity with boundary conditions in the directions
orthogonal to the rotational axis. Although the boundary is screened due to the finite correlation
length – as confirmed by lattice simulations [6] – a few types of boundary conditions may be used,
and this choice leads to a minor dependence of the results on boundary conditions. Both the moment
of inertia 𝐹2 and the free energy of non-rotating system 𝐹0 are affected by the boundaries, whereas
in the dimensionless moment of inertia 𝐾2, these dependencies are almost completely compensated.
In this paper, we focused on the results with periodic boundary conditions.

3. Lattice formulation of rotating QCD

To perform Monte Carlo simulations of rotating gluodynamics, we follow the same approach
as in Refs. [4–8]. The action 𝑆 of the studied system should be formulated in the curved background
of the co-rotating frame:

𝑔𝐸𝜇𝜈 =

©«
1 0 0 𝑥2Ω𝐼

0 1 0 −𝑥1Ω𝐼

0 0 1 0
𝑥2Ω𝐼 −𝑥1Ω𝐼 0 1 + 𝑥2

⊥Ω
2
𝐼

ª®®®®¬
, (6)

written in the Euclidean coordinates 𝑥𝜇 = (𝑥1, . . . , 𝑥4), where 𝑥4 = −𝑖𝑡 is the imaginary time
coordinate, and 𝑥2

⊥ = 𝑥2
1 + 𝑥2

2. The system rotates around the 𝑥3 axis. The angular velocity in

2This maximal value depends on the geometry of the system and choice of the boundary point, which rotates with
the linear velocity 𝑣𝑅 . In our case of the cylinder with square cross-section 𝐿𝑠 × 𝐿𝑠 and 𝑅 = 𝐿𝑠/2, we have a restriction
𝑣𝑅 < 1/

√
2.
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Eq. (6) is put in the purely imaginary form Ω𝐼 = −𝑖Ω to avoid the sign problem [4]. In particular,
the velocity 𝑣𝑅 = Ω𝑅 at the boundary point with the distance 𝑅 to the rotational axis becomes
imaginary 𝑣𝐼 = −𝑖𝑣𝑅. In the result, the Euclidean gluon action has the following form:

𝑆 =
1

4𝑔2
0

∫
𝑑4𝑥

√
𝑔𝐸 𝑔

𝜇𝜈

𝐸
𝑔
𝛼𝛽

𝐸
𝐹𝑎
𝜇𝛼𝐹

𝑎
𝜈𝛽 ≡ 𝑆0 + 𝑆1Ω𝐼 + 𝑆2

Ω2
𝐼

2
, (7)

where 𝑆0 is the action of gluons without rotation, and 𝑆1, 𝑆2 are some operators, the explicit form of
which can be found in Ref. [32]. In our lattice simulations, the last two terms of the action (7), which
are coupled with the rotation, are discretized following Refs. [4, 6], whereas for the non-rotating
part 𝑆0 we use the tree-level improved Symanzik gauge action [34].

4. Results of lattice simulations with imaginary angular velocity

We calculate the free energy density 𝑓 = 𝐹/𝑉 of the rotating system using the standard
relations [35]

𝑓 (𝑇)
𝑇4 = −𝑁4

𝑡

∫ 𝛽

𝛽0

𝑑𝛽′Δ𝑠(𝛽′) , (8a)

Δ𝑠(𝛽) = ⟨𝑠(𝛽)⟩𝑇=0 − ⟨𝑠(𝛽)⟩𝑇 , (8b)

where the SU(𝑁𝑐) lattice coupling 𝛽 = 2𝑁𝑐/𝑔2
0 is expressed in terms of the bare continuum coupling

constant 𝑔0, while 𝑠 = 𝑇/𝑉 · 𝑆 is the density of the lattice action 𝑆. The calculations are performed
on the lattices of size 𝑁𝑡 × 𝑁𝑧 × 𝑁2

𝑠 = 𝑁𝑡 × 40 × 412 with 𝑁𝑡 = 5, 6, 7, 8 and 𝑁𝑡 = 40 for the zero
temperature subtraction in Eq. (8b). The imaginary velocity at the boundary is identified with the
velocity at the middle of the boundary side, 𝑣𝐼 = Ω𝐼𝑅, where 𝑅 = 𝑎(𝑁𝑠 − 1)/2 is the distance from
the boundary to the rotational axis. Along the integration path in Eq. (8a), the velocity 𝑣𝐼 remains
fixed, corresponding to the lines of constant physics (5). In this study, the linear velocity takes the
following values: 𝑣2

𝐼
= 0.000, 0.015, 0.030, 0.045, 0.060, 0.075, 0.090, i.e., 𝑣2

𝐼
≪ 1.

In the inset of Fig. 1(a), we show the normalized difference of lattice action densities Δ𝑠,
Eq. (8b), which enters the free energy density (8a). At zero velocity of the rotation, we recover the
known result for gluodynamics [35]. As the imaginary velocity 𝑣𝐼 increases, the transition shifts
towards smaller lattice couplings 𝛽, signaling that the critical temperature 𝑇𝑐 = 𝑇𝑐 (𝑣𝐼 ) decreases
as the imaginary angular frequency Ω𝐼 (the velocity 𝑣𝐼 of the rotation) raises. This result is in
agreement with previous lattice calculations [5–8].

The normalized free energy density in the co-rotating frame, − 𝑓 /𝑇4, calculated via Eq. (8a),
is shown in Fig. 1(a). This quantity is a monotonically raising function of the temperature 𝑇 at all
imaginary velocities 𝑣𝐼 , indicating the presence of a plateau at large 𝑇 for each fixed 𝑣𝐼 . One can
see from Fig. 1(a) that the free energy density 𝑓 is a rising (diminishing) function of 𝑣2

𝐼
at fixed

temperature 𝑇 < 𝑇𝑠 (𝑇 > 𝑇𝑠). We fit the free energy density with a parabolic function of 𝑣𝐼 :

𝑓 (𝑇, 𝑣𝐼 ) = 𝑓0(𝑇)
(
1 − 1

2
𝐾2(𝑇)𝑣2

𝐼

)
, (9)

where 𝑓0 and 𝐾2 serve as fit parameters (with 𝑓0 < 0). This ansatz corresponds to Eq. (5) after
the analytic continuation procedure 𝑣2

𝐼
= −𝑣2

𝑅
. The results for a dimensionless specific moment
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Figure 1: (a): The free energy density 𝑓 in the co-rotating frame as a function of the temperature 𝑇 for the
𝑁𝑡 = 6 lattice. The vertical line shows the supervortical temperature 𝑇𝑠 for this lattice. The inset shows the
expectation value of the lattice action density Δ𝑠 as a function of the lattice gauge coupling 𝛽. Both plots
are given for several imaginary velocities squared 𝑣2

𝐼
at the boundary of the system. (b): The dimensionless

specific moment of inertia 𝐾2 of the gluon plasma as a function of the temperature 𝑇 . The red-shaded region,
with the central values marked by the red solid line, denotes the continuum extrapolation. The position of
the supervortical temperature 𝑇𝑠 in the continuum limit is marked by the vertical line, which separates the
unstable (𝑇 < 𝑇𝑠) and stable (𝑇 > 𝑇𝑠) regimes of rigid plasma rotation. The figures are from Ref. [33].

of inertia 𝐾2 are shown in Fig. 1(b) for the used lattices and in the continuum limit (𝑎 → 0, or,
equivalently, 1/𝑁𝑡 → 0 at a fixed temperature 𝑇).

A striking feature of the free energy, Fig. 1(a), is that the curves corresponding to different
𝑣𝐼 intersect at the same “supervortical” temperature 𝑇𝑠. It signalizes that at this temperature, the
free energy (9) loses, at least for slow rotation 𝑣2

𝐼
≪ 1, the dependence on the rotational frequency.

Therefore, the rigidly rotating gluon plasma loses its moment of inertia at 𝑇 = 𝑇𝑠. We use the
𝐾2(𝑇𝑠) = 0 property as a definition of the supervortical temperature, and show its continuum limit
value 𝑇𝑠 = 1.50(10) 𝑇𝑐 in Fig. 1(b) using the vertical line.3

The continuum limit of the dimensionless moment of inertia 𝐾2 can be well reproduced by
a rational function 𝐾 (fit)

2 (𝑇) = 𝐾
(∞)
2 − 𝑐/(𝑇/𝑇𝑐 − 1), where the best-fit parameters include the

high-temperature asymptotic value 𝐾 (∞)
2 = 2.23(39). Note that the high-𝑇 limit of the moment of

inertia is a non-universal quantity that may depend on the geometry of the system.

5. Results of lattice simulations at zero angular velocity

Using Eqs. (2), (4), (7), we can represent the moment of inertia in the following form

𝐼 = 𝐹2 = 𝑇
𝜕2log 𝑍
𝜕Ω2

����
Ω=0

= 𝑇

(
⟪𝑆2

1⟫𝑇 − ⟪𝑆1⟫2
𝑇 + ⟪𝑆2⟫𝑇

)
, (10)

where ⟪O⟫𝑇 = ⟨O⟩𝑇 − ⟨O⟩𝑇=0 denotes the thermal part of the expectation value of an operator O.
The moment of inertia may be independently computed on the lattice directly by Eq. (10), and only

3The results for the system with open boundary conditions give a consistent value 𝑇𝑠 = 1.53(15) 𝑇𝑐 .
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the simulation at zero angular velocity is needed in this case. The simulation may be conducted
with convenient periodic boundary conditions in all directions, allowing us to make an additional
averaging over the position of the rotational axis during the calculation of the operators in Eq. (10).

In order to keep under control the finite spacing effects and take the continuum extrapolation of
the results, we perform the calculations on the lattices 4×16×212, 5×20×252, 6×24×312.4 For the
zero-temperature subtraction in Eq. (10), we also compute the same operators on the lattices with
large temporal extension 𝑁𝑡 = 𝑁𝑧 . In the Fig. 2(a) we present the temperature dependence of the
ratio 𝑓2/(𝑇4𝐿2

𝑠), where we introduce the notations 𝑓2 = 𝐹2/𝑉 and 𝐿𝑠 = 𝑎𝑁𝑠, for different 𝑁𝑡 . This
ratio has a sense of the specific moment of inertia (compare Eqs. (3), (10)), like 𝐾2, but normalized
by the temperature in fourth power 𝑇4.
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−0.75

−0.50

−0.25

0.00

0.25

0.50

f 2
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(a)
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5× 20× 252

5× 20× 312

5× 24× 252

(b)

Figure 2: The ratio 𝑓2/(𝑇4𝐿2
𝑠) as a function of temperature (in units of the deconfinement critical temperature)

for the lattices with different lattice spacing (a) and different spatial extensions in 𝑥𝑦- and 𝑧- directions (b).
The figures are from Ref. [32].

The specific moment of inertia is a non-extensive quantity, and it should be independent of
the system sizes. To check this property, we make the simulations on the lattices with different
extensions in 𝑥𝑦- and 𝑧- directions (i.e., orthogonal to and along the rotational axis). The results
are presented in Fig. 2(b). From Fig. 2, one can see that the moment of inertia of gluon plasma
is close to zero in the confinement phase, it is negative in the temperature region 𝑇𝑐 ≲ 𝑇 < 𝑇𝑠,
where 𝑇𝑠 ∼ 1.5𝑇𝑐, and it is positive at the higher temperatures 𝑇 > 𝑇𝑠, where the results should be
consistent with the Stefan–Boltzmann limit and perturbative calculations.

Using the data from Fig. 2, we can take continuum extrapolation results for the dimensionless
moment of inertia 𝐾2 from static lattices and compare it with the results from Sec. 4, obtained
from the simulations with imaginary angular velocity. The continuum limit results of these two
independent approaches (see Fig. 3) show a good agreement with each other. This coincidence
supports the validity of our analytic continuation procedure and reinforces the main claim about the
negativity of the moment of inertia made in our papers [32, 33, 36].

4Due to the structure of studied operators, statistical errors grow quite fast with the volume of the system, forcing us
to abandon lattices with larger 𝑁𝑡 in this study.
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Figure 3: The dimensionless specific moment of inertia 𝐾2 of the gluon plasma as a function of the
temperature 𝑇 , obtained after the analytic continuation procedure (the blue-shaded region, from Ref. [33]),
and independent results of the direct computation on the non-rotating lattices (the red points, from Ref. [32]).

6. Moment of inertia and magnetic gluon condensate

The expression for the moment of inertia (10) may be rewritten in a form that has a more
transparent physical meaning. Using the exact form of the operators 𝑆1, 𝑆2, we get [33]

𝐼 = 𝐼mech + 𝐼magn . (11)

The “mechanical” term 𝐼mech in Eq. (11) describes the fluctuations of the total angular momentum
of gluons at Ω = 0 via a standard linear-response form

𝐼mech =
1
𝑇

(
⟪(𝐽3)2⟫

𝑇
− ⟪𝐽3⟫2

𝑇

)
, 𝐽𝑖 =

1
2

∫
𝑉

𝑑3𝑥 𝜖 𝑖 𝑗𝑘𝑀
𝑗𝑘

0 (𝒙) , (12)

where 𝑀 𝑖 𝑗

0 (𝒙) = 𝑥𝑖𝑇 𝑗0(𝒙) − 𝑥 𝑗𝑇 𝑖0(𝒙), and 𝑇 𝜇𝜈 is the gluon stress-energy tensor. This contribution
to the moment of inertia is strictly positive 𝐼mech > 0. The second term in Eq. (11), “magnetic”
term, is closely related to the magnetic part of thermal gluon condensate [33]:

𝐼magn =
1
3

∫
𝑉

𝑑3𝑥 𝑥2
⊥ ⟪(𝐹𝑎

𝑖 𝑗)2⟫
𝑇
=
𝛼

3
𝑉𝑅2 ⟪(𝐹𝑎

𝑖 𝑗)2⟫
𝑇
. (13)

This formula has the same form as the classical expression for the moment of inertia (3), where
the mass density is 𝜌0 = ⟪(𝐹𝑎

𝑖 𝑗
)2⟫𝑇/3. The total thermal gluon condensate ⟪(𝐹𝑎

𝜇𝜈)2⟫𝑇 , which is
negative at any temperature, is related to the scale anomaly: ⟨𝑇 𝜇

𝜇 ⟩ = −⟪(𝐹𝑎
𝜇𝜈)2⟫𝑇 > 0. But its

magnetic part ⟪(𝐹𝑎
𝑖 𝑗
)2⟫𝑇 reverses the sign at 𝑇 ∼ 2𝑇𝑐, and becomes positive at higher tempera-

tures [35]. Collecting both contributions in Eq. (11) we obtain the negative values of the moment of
inertia below “supervortical” temperature 𝑇𝑠 = 1.50(10)𝑇𝑐 < 2𝑇𝑐, which agrees with the behavior
of magnetic gluon condensate.

The division of the moment of inertia into two parts will also be valid in QCD. Fermionic
action in a rotating reference frame contains terms that are coupled with angular velocity, but they
are only linear by Ω [4, 8], so, they should be added to 𝑆1 in Eq. (10). These fermionic terms
have a sense of orbital momentum and spin of quarks, and they make a positive contribution to the
mechanical part 𝐼mech, while the gluomagnetic part 𝐼magn stays negative in QCD. Thus, we believe
that the moment of inertia of quark-gluon plasma is also negative in a region near 𝑇𝑐.
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7. Discussion and conclusions

Using numerical lattice simulations, we analyze the effects of rigid rotation on the equation of
state of gluodynamics. We calculate the free energy of a rotating system for a set of fixed (imaginary)
velocities of rotation, as well as the quadratic coefficient 𝐹2 of the free energy expansion into a
series of powers of angular velocity. This coefficient is associated with the isothermal moment of
inertia of gluon plasma. We also calculate the moment of inertia using the direct derivative method
at zero angular velocity and observe a good agreement with the results of the first method, which is
based on the analytic continuation procedure.

The moment of inertia unexpectedly takes a negative value below the “supervortical” temper-
ature 𝑇𝑠 = 1.50(10) 𝑇𝑐, vanishes at 𝑇 = 𝑇𝑠, and becomes a positive quantity at higher temperatures.
The negative moment of inertia originates from the thermal part of magnetic gluon condensate,
which also takes negative values in the vicinity of the critical temperature. The results indicate a
thermodynamic instability of gluon plasma with respect to rigid rotation below the “supervortical”
temperature (see discussion in Ref. [33]). The possible reason for this instability may lie in the
peculiarities of the spin-orbital coupling for gluons in this temperature range, which causes the
negative Barnett effect implying a negative spin-vorticity coupling [36].

We argue that these features of the gluon sector should also change the properties of quark-
gluon plasma in the same way. Our results also suggest that the puzzling discrepancy between
lattice [5–8, 29] and analytical [12–21, 23–28] predictions for the critical temperature of rotating
(quark-)gluon plasma might originate from the scale anomaly which should be taken into account
appropriately, because the magnetic gluon condensate plays a key role in rotating QCD.
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