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1. Introduction

The vacuum of QCD has a non-trivial structure, composed by a combination of different
topological sectors, which can be characterised by the topological charge

&top =

∫
34G @top, @top =

62

64c2 n
`adf�0`a�0,df , (1)

where @top is the topological charge density, 62 is the strong coupling constant, �0`a = m`�
0
a −

ma�
0
`− 5 012�1`�2a is the gluonic field strength, 5 012 are the structure constants of the su(3) algebra

and n`adf is the Levi-Civita symbol1. This CP-odd operator is an integer-valued function on su(3)
gauge fields, and acts as a label for the corresponding gauge field configuration. The different
vacuum topological sectors are distinct in the sense that one cannot change the value of their
topological charge by continuous transformations. Moreover the topological charge is invariant
under CPT, making it a perfectly valid interaction for QCD (the so-called \-term). Nevertheless,
no CP violation has been observed experimentally. The question of why this operator is highly
suppressed is the strong CP problem [1].

A possible solution to the strongCP problem are axions [2, 3]. Besides providing an explanation
for the absence of CP violations in QCD, axions are also dark matter candidates. They are subject
to active experimental searches, relying on their coupling to photons. Moreover, their mass (the
topological susceptibility jtop) is a source of cosmological information during the early universe.
In addition, the impact of magnetic fields on jtop (together with temperature effects) is expected to
be relevant in off-central heavy-ion collisions, especially in relation to the chiral magnetic effect,
which arises due to a combination of magnetic fields and topology [4].

This proceedings article is structured as follows: first, we give a brief introduction to the
topological susceptibility and the axion-photon coupling and how can they be computed on the
lattice. Then we describe our lattice setup for the simulations and present our preliminary results
for the continuum limits of both the axion-photon coupling and the magnetic response of the
susceptibility at low temperatures. Finally, we summarise our findings and give a brief outlook.

2. The topological susceptibility and the axion-photon coupling

2.1 The topological susceptibility

In the absence of a \-term in the QCD Lagrangian, the expectation value of &top vanishes.
This leads us to study the size of its fluctuations, which is an inherent property of the vacuum of
the theory. These are characterised by the topological susceptibility. It can be defined from the
Euclidean partition function of QCD with a \-term, /QCD+\ :

jtop = −
1
Ω

m2 ln /QCD+\

m\2

�����
\=0

=
〈&2

top〉QCD

Ω
, (2)

whereΩ is the space-time volume (an infiniteΩ limit is implicit). We also remark that by promoting
\ to a dynamical field, \ ≡ \ (G) = 0(G)/ 50, where 0(G) is the axion field and 50 the axion decay
constant2, we can associate jtop with the mass of the axion: jtop = <

2
0 5

2
0 .

1We use the convention n0123 = −1.
2This is a free parameter in axion models.

2



P
o
S
(
L
A
T
T
I
C
E
2
0
2
3
)
1
8
8

Electromagnetic effects on topological observables in QCD José Javier Hernández Hernández

We are interested in the combined temperature andmagnetic field dependence of jtop. The case
) ≠ 0, ®� = 0, has already been studied perturbatively with chiral perturbation theory (ChPT) [5]
and on the lattice [6–8]. In turn, the impact of magnetic fields on the susceptibility has only
been calculated within ChPT. It predicts a mild enhancement of jtop with the magnetic field at
zero temperature [9]. In fact, due to a relation between the topological susceptibility and the
chiral condensate that can be proven within leading-order ChPT at zero temperature [9], jtop should
depend on ®� in a parametrically similar way as the condensate. This leads to the interesting question,
whether a similar relation holds at nonzero temperature as well, i.e. whether jtop undergoes a type
of inverse magnetic catalysis around the QCD transition, just like the condensate [10]. In this
proceeding we demonstrate that the topological susceptibility is enhanced by the magnetic field at
low temperatures and that this behavior is compatible with the ChPT prediction.

2.2 The axion-photon coupling

The axion couples both directly and indirectly to photons, i.e. the coupling is of the form
60WW = 6

0
0WW + 6

QCD
0WW , where the first term is fixed by the details of the specific axion model (such

as KSVZ [11] or DFSZ [12]) and the second term depends exclusively on QCD. The QCD part
of the coupling has been computed in ChPT to next-to-leading order, giving 6QCD

0WW (NLO) 50/42 =

−0.0243(5), with 50 being the aforementioned axion decay constant and 42 the electron charge [13].
By looking at the form of the direct coupling between axions and photons, 60

0WW0
®� · ®�, we see

that the QCD corrections to the coupling can be computed through

6
QCD
0WW 50 =

8

Ω

m2

m\m ( ®� · ®�)
ln /QCD+\+bEM

�����
\= ®�= ®�=0

, (3)

where now the partition function includes background electromagnetic fields (bEM) such that
42 ®� · ®� ≠ 0. Note that ®� denotes the Euclidean (i.e. imaginary) electric field. Also, the functional
derivative associated to the axion field has been traded with a derivative with respect to \, since a
homogeneous axion field can be interpreted as a \ parameter.

Hence, we can extract the value of the coupling by taking one or two derivatives of the partition
function. This was already investigated in [14] where it was concluded that the optimal method for
this computation is to perform only one derivative with respect to \, giving us (for weak, static and
homogeneous bEM)

〈&top〉 ®�, ®�
Ω

= 6
QCD
0WW 50 ®� · ®�, (4)

where 〈〉 ®� · ®� indicates the expectation value in the presence of non-zero bEM. Hence, by studying
the response of the topological charge to ®� · ®�, the QCD corrections to the axion-photon coupling
can be extracted via numerical differentiation. Incidentally, a nonzero shift of 〈&top〉 due to ®� · ®� ≠ 0
can be explained through the index theorem [14]. We mention that the above coefficient was studied
on the lattice in [15]. Moreover, it also plays a role in the context of the chiral magnetic effect in
heavy-ion collisions [16, 17].

3. Zero mode reweighting

Previous lattice calculations have shown that the topological susceptibility suffers from sizeable
lattice artifacts that hinders taking a controlled continuum limit [7]. The main source of these lattice
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artifacts is the staggered discretisation used for the fermion fields. On a given gauge configuration
with topological charge &top, we expect the Dirac operator to have |&top | exact zero modes in the
continuum limit due to the index theorem. However, the staggered Dirac operator lacks these exact
zero modes. This means that the weight of a configuration – the Dirac determinant – is being
overestimated by a factor 〈,〉/, [7], where

, =
∏
5

2 |&top |∏
8=1

(
<2
5

_2
8
+ <2

5

)= 5 /4

, (5)

is what we will call the reweighting factor. Here = 5 is the number of quarks of flavour 5 , < 5 is
the mass of the corresponding flavour and _8 is the 8-th lowest eigenvalue of the staggered Dirac
operator. The exponent of 1/4 arises due to the rooting procedure and the product in 8 extends
up to the correct number of zero modes, which for the staggered operator is 4|&top | (we also
took into account that the eigenvalues come in complex conjugate pairs). By multiplying each
configuration by ,/〈,〉, we can obtain a new estimation of our observable sampled through an
improved probability distribution, which is expected to facilitate the continuum limit [7]. Hence,
we define expectation values of reweighted observables as 〈O〉rw ≡ 〈,O〉/〈,〉. Since the larger
the |&top |, the more the reweighting factor suppresses the corresponding configuration, such a
reweighting will reduce the topological susceptibility. Notice that at low temperatures, the physical
interpretation of the above reweighting is complicated by the mixing of would-be zero-modes of
topological origin and near-zero-modes building up the chiral condensate.

Regarding the topological susceptibility, we have found that the above reweighting is indis-
pensable to take a controlled continuum limit in the range of lattice spacings that are used in
our simulations. We will discuss the details of our simulations below in Subsec. 4.2. A similar
reweighting approach can also be applied to the axion-photon coupling. In that case, the main
difference is that the number of eigenvalues that one needs to reweight increases with 42 ®� · ®�,
due to the index theorem. This can become computationally challenging depending on the size
of the lattice and the respective values of the magnetic and (imaginary) electric fluxes3. Our first
investigations on small lattices showed furthermore that there is an overlap problem between the
simulated distribution and the reweighted one due to the high value of the overall topology. This
complicates the implementation of the above described reweighting. However, we observe that –
contrary to the case of jtop – a continuum estimate can be provided here without reweighting, too.
For details, see Subsec. 4.3.

4. Preliminary results

4.1 Lattice setup

For the simulations in this work we have used the following discretisations: the tree-level
improved Symanzik action for the gluon fields and the staggered action with stout-improvement for
the quarks. The background electromagnetic fields were introduced as* (1) phases multiplying the
(* (3) links of QCD. Both the electric and the magnetic field are parallel and point in the positive

3On the lattice, 42 ®� · ®� = 36c2=4=1/Ω, where =4, =1 ∈ Z and Ω = 04#3
B#C .
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I direction. We have chosen the electric field to be imaginary in order to avoid the sign problem.
The effect of this analytic continuation is trivial for the coupling, being encoded in the behaviour
around zero electromagnetic fields. For our fundamental observable, the topological charge, we
have selected two different discretisations with 02 [18] and 04 [19] improvements, which we will
refer to as ‘regular’ and ‘improved’, respectively. The simulations were carried out using 2 + 1
flavours with physical masses and with electric charges @D = 2/3, @3 = @B = −1/3.

In order to renormalise the gluon fields and to obtain close-to-integer values for the discretised
topological charge, we have employed the gradient flow technique [20]. Since the topological charge
must be independent of the flow time g 5 , plateaus as a function of g 5 are expected. We have always
made sure that such plateaus are reached in order to extract the value of the operator.

4.2 The topological susceptibility

For our study of the topological susceptibility we have generated ensembles for three different
magnetic fields, 4� = 0, 0.5 and 0.8 GeV2; in a range of temperatures around the crossover region,
) = 113 − 300 MeV. In order to approach the continuum limit, we employed four ensembles with
different lattice spacings, of geometry 243 × 6, 243 × 8, 283 × 10 and 363 × 12. In this proceeding
we present results for the susceptibility at zero and intermediate magnetic fields and for the lowest
temperature.

We begin by noticing that at zero magnetic field, a continuum extrapolation of the unreweighted
data is not possible, as the results are an order of magnitude larger than the ChPT prediction, see the
left panel in Fig. 1. The impact of the reweighting is substantial: it renders the results comparable
to the expected continuum value. Still, our lattices are not sufficiently fine to perform a reliable
continuum extrapolation, see the right panel of Fig. 1. Here the ChPT prediction [9] and the result
of previous lattice calculations [7] is included as well.
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Figure 1: Effect of the reweighting on the topological susceptibility at zero magnetic field for both discretisa-
tions of&top. Left panel: comparison of the reweighted (circles) and unreweighted (squares) susceptibility
as a function of the lattice spacing. Right panel: Comparison between the reweighted susceptibility
(circles), ChPT [9] (red square), and the lattice calculation of Ref. [7] (black square).
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Figure 2: Ratio of susceptibilities at finite to zero magnetic field for both discretisations of &top. Open
circles correspond to the lattice results, whereas the red square denotes the ChPT prediction [9] (displaced
to the left for visualisation purposes). The black triangle represents continuum extrapolated lattice results
for the ratio of chiral condensates at finite to zero magnetic field [10]. For comparison, we include two
different combinations of ratios of chiral condensates: one where both numerator and denominator are at the
same temperature ) = 113 MeV (purple triangle) and one where the denominator is at ) = 0 (black triangle;
displaced to the right for visualisation purposes). The green circle is the result of the fit performed in this
study.

Since we are only interested in the magnetic field dependence of jtop, a strategy to further
reduce lattice artifacts is to take the ratio of susceptibilities at finite and zero magnetic field. We
find that magnetic field-independent artefacts indeed largely cancel in jtop(�)/jtop(0). We present
the preliminary result for the continuum limit of the ratio of susceptibilities at 4� = 0.5 GeV2 and
) = 113 MeV in Fig. 2. The errors of the lattice data for the individual susceptibilities contain
the error associated to the topological charge not being an exact integer on the lattice added in
quadrature. We can observe how the continuum limit is under control for both discretisations of the
topological charge. We have fitted the ratios with a linear function in 02 and taken the intercept with
zero lattice spacing of the fit on the improved definition as our central value for the continuum result.
The difference with the fit for the regular definition has been added in quadrature as a systematic
error. Our result is compared to the ChPT prediction for the ratio of susceptibilities.

Within leading-order ChPT at ) = 0, the magnetic field-dependence of the susceptibility ratio
coincides with that of the ratio of chiral condensatesΣ(�)/Σ(0)4 due to a Gell-Mann-Oakes-Renner
type relation [9]. To assess the validity of this equivalence, we also compare to the continuum
extrapolated lattice results for this ratio [10] and indeed find good agreement.

4.3 The axion-photon coupling

For our study of the axion-photon coupling we have generated ensembles at approximately zero
temperature, for three different lattices of geometry 243×32 (two different lattice spacings), 323×48
and 403 × 48 and with finite background electromagnetic fields, such that 42 ®� · ®� = 42�I�I ≠ 0.

4Σ(�) is the average of the condensates of the D and the 3 quarks at finite magnetic field.

6
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We fixed the magnitude of the EM fields approximately within the linear response region of the
topological charge. In this proceedingwe present the continuum limit for the axion-photon coupling.

As discussed above, the axion-photon coupling can be determined by studying the dependence
of 〈&top〉 on 42 ®� · ®� and performing a numerical derivative. In each of our lattices, we observe the
approximate linear behaviour (4) for sufficiently small fields. This is demonstrated for our finest
lattice in Fig. 3.

0 2 4 6 8 10 12
e2E · B × 10 3

175

150

125

100

75

50

25

0
〈 Q
〉

regular
improved

Figure 3: Expectation value of &top as a function of ®� · ®� for both discretisations of the topological charge.
We observe an approximate linear behaviour in the studied region.

We present the preliminary result for the continuum limit of the axion-photon coupling at zero
temperature in Fig. 4. The error of the lattice results contains, besides the statistical error, the
uncertainty from the numerical derivative and that associated to the topological charge not being
an exact integer. In order to take the continuum limit, we have fitted our lattice points with a
quadratic function in 02. We have taken the fit result for the improved definition as our central
value and we have added as an error in quadrature the difference with the result of the fit for the
regular definition. ChPT provides a prediction for the value of the coupling, which is compatible
with our non-perturbative calculation. We notice that, contrary to the case of the susceptibility, the
reweighting of the would-be zero modes of the fermion determinant does not seem indispensable
for taking the continuum limit.

Our simulations were performed with degenerate light quarks at the physical point. This is
on the basis that isospin effects, associated to the masses of the D and 3 quarks not being exactly
equal, are usually very small. However, certain observables are sensitive to small deviations from
this symmetry, like the topological susceptibility. Leading order ChPT calculations show that for
the case of symmetric masses, jtop is approximately 12% larger than at the asymmetric physical
point [7, 13]. The axion-photon coupling faces a similar issue. ChPT predicts that, to leading order,
the coupling with non-degenerate masses is larger by a factor [13]

2
5
<D + 4<3
<D + <3

≈ 1.21. (6)

In order to include the effect of asymmetric masses into our analysis, we rescale the value of the
coupling obtained through our simulations with degenerate masses by the above factor. Hence, we

7
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Figure 4: 60WW 50/42 as a function of the lattice spacing for both discretisations of &top. Open circles
correspond to the lattice data, whereas the red square denotes the prediction of ChPT. Our continuum
extrapolation (green circle) is compatible with the latter.

quote that the preliminary result for the first non-perturbative calculation in full QCD of the model
independent part of the axion-photon coupling at the physical point is

6
QCD
0WW 50/42 = −0.023(2). (7)

5. Summary and further work

In this proceeding we have investigated the impact of background electromagnetic fields on
topological observables in QCD. In particular, we discussed the continuum extrapolations of two
specific observables: the ratio of topological susceptibilities at nonzero to zero magnetic field,
as well as the axion-photon coupling. We have demonstrated that the topological susceptibility is
enhanced by themagnetic field at low temperatures, compatible with the prediction of ChPT. Finally,
we have presented the results of the first non-perturbative calculation of the QCD corrections to the
axion-photon coupling at the physical point.

We are currently working towards increasing the precision in our computation of 6QCD
0WW and

in taking the continuum limit for the ratio of susceptibilities at higher magnetic fields and higher
temperatures.
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