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1. Introduction

Thermal phase transition in gauge theories including QCD has been important topic of research
in high energy physics. However, the precise definition of confinement and deconfinement has been
unclear in QCD, because a common definition based on the center symmetry does not hold due to
the quarks in the fundamental representation and the Polyakov loop is no longer an order parameter
associated with the center symmetry. Still, the Polyakov loop has been used as an “approximate"
order parameter.

An important observation which was not well appreciated in the past is that phase transition in
large-N theories without center symmetry, such as QCD in the Veneziano large-N limit (number
of flavor Nf increases with number of colors N as Nf/N is fixed) can be described by the Polyakov
loop. Furthermore, even in theories with center symmetry such as pure Yang-Mills, there is a phase
transition between two center-broken phases which is often called Gross-Witten-Wadia (GWW)
transition. These facts suggested that Polyakov loop has a meaning unrelated to center symmetry.

It turned out that Polyakov loop is related to the only “symmetry" shared by all examples
discussed in the past: gauge symmetry [1]. Specifically, each quantum state in the operator
formalism has different amount of gauge redundancy captured by the Polyakov loop. Confined
vacuum has no redundancy, while deconfined states have large redundancy that increases with N as
eN

2 . The amount of redundancy has important consequence that can easily be understood by noticing
a simple but deep connection between color confinement and Bose-Einstein condensation [1].

In this conference proceeding, we discuss how these findings can be generalized to finite-N
theories, following Refs. [2, 3] In Sec. 2, we review the findings for large-N theories. We will
also give some new results. In Sec. 3, we discuss real-world QCD. Sec. 4 is for conclusion and
discussion.

2. Thermal transition at N = ∞

Let us consider large-N QCD in the Veneziano limit with sufficiently light quark mass mim-
icking real-world QCD. It is not hard to imagine that we can avoid a first order transition. Then, do
we expect a crossover rather than a phase transition? In fact, with mild assumptions, we can say
there must be a phase transition.

Let θ and ρ(θ) be a phase of Polyakov line and its distribution, respectively. The distribution ρ(θ)
is defined at −π ≤ θ < π and normalized as

∫ π
−π

dθρ(θ) = 1. At zero temperature, the distribution
is constant: ρ(θ) = 1

2π . At infinitely high temperature, it is the delta function: ρ(θ) = δ(θ).
Suppose that the density changes continuously. Then, there must be a point where a gap is formed
in ρ(θ). The opening of a gap is typically a phase transition in the large-N limit, such as the
Gross-Witten-Wadia (GWW) transition. Below, we use the word ‘GWW transition’ to denote the
transition associated with the formation of a gap.

The GWW transition separates completely-deconfined phase and partially-deconfined phase [1,
4–6]. To understand it, we write thermal partition function in two different but equivalent ways:

Z(T) = TrHinve−Ĥ/T =
1

volG

∫
G

dgTrHext

(
ĝe−Ĥ/T

)
(1)
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whereG is the set of all gauge transformations (for the SU(N) gauge theory on a lattice,
∏
®x[SU(N)]®x

where ®x runs for all spatial lattice points),Hext is the extended Hilbert space that contains nonsinglet
states, Hinv is the gauge invariant Hilbert space, and the integral of g ∈ G is taken over the Haar
measure. A simple but crucial fact is that ĝ is the Polyakov line [1]. An energy eigenstate |Φ〉 ∈ Hext
contributes to partition function as

1
volG

∫
G

dg〈Φ|ĝ |Φ〉e−EΦ/T . (2)

Obviously, if
∫
G

dg〈Φ|ĝ |Φ〉 is large, contribution from such a state is enhanced. It turns out that
confined vaccuum has a large enhancement factor, while deconfined states do not. More generally,
SU(M)-deconfined states in the partially-deconfined phase (Fig. 1) has enhancement factor that
scales as e(N−M)

2×volume.

Figure 1: Partial deconfinement in SU(N) QCD with Nf fundamental quarks. [Left] Gauge field. M × M
sub-matrix is deconfined. [Right] Quarks. M components are deconfined. Any embeddings of SU(M) into
SU(N) are equivalent because of gauge symmetry. This figure is taken from Ref. [7].

Typical Polyakov lines dominating the path integral are the ones that contribute to the enhance-
ment factor

∫
G

dg〈Φ|ĝ |Φ〉 for a typical state |Φ〉. For the confined vacuum, typical Polyakov lines
are slowly varying Haar random [2], as explained below. If we look at one-point function, we
simply see the Haar random distribution. Note that the constant distribution ρ(θ) = 1

2π is the Haar
random distribution of SU(∞). Furthermore, SU(N) Haar randomness is a stronger condition than
ZN center symmetry; this is the reason that expectation value of the Polyakov loop vanishes at low
temperature even in QCD. The Polyakov loop has a meaning not related to center symmetry!

In the extended-Hilbert space picture, the confined ground state in or sufficiently close to the
continuum limit is a wave packet localized aroundU®n,µ = 1N up to gauge transformation. Any wave
packets connected to this wave packet by a gauge transformation 1N → Ω

−1
®n
Ω®n+µ (Ω ∈ SU(N))

are equivalent. Let us consider the action of Polyakov loop P®n ≡ Ω−1
®n

V®nΩ®n on such a vacuum
configuration. (Or, we could fix the gauge such that the ground state is a wave packet around 1N

and drop Ω from the discussion below.) It is straightforward to see that

P−1
®n
(Ω−1
®n
Ω®n+µ̂)P®n+µ̂ = Ω

−1
®n

V−1
®n
Ω®n(Ω

−1
®n
Ω®n+µ̂)Ω

−1
®n+µ̂

V®n+µ̂Ω®n+µ̂ = Ω
−1
®n
(V−1
®n

V®n+µ̂)Ω®n+µ̂ . (3)

Therefore, the vacuum is invariant if V®n is constant, and approximately invariant if V®n is slowly
varying. There is no constraint otherwise, so the statistical distribution is Haar random. Such an ap-
proximate invariance under the slowly varyingHaar random transformation leads to an enhancement
as in the BEC case, but with much larger enhancement factor ∼ eN

2 .
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For partially-deconfined states shown in Fig. 1, V®n =

(
1M 0
0 Ṽ®n

)
with slowly varying Ṽ®n ∈

SU(N − M), leads to the enhancement factor ∼ e(N−M)
2 . Because of this enhancement factor, at

intermediate energy scale, the deconfined sector curls up to the SU(M)-subgroup of SU(N).

Continuum limit and renormalization

The discussion above used bare Polyakov loop. The symmetry of wave function on each spatial
link is captured by bare Polyakov loop, but if lattice spacing is sent to zero, symmetry at the UV
cutoff scale does not necessarily capture the low-energy physics we are interested. Indeed, in the
continuum limit, the expectation value of the bare Polyakov loop in any nontrivial representation
vanishes even in the deconfined phase and the bare Polyakov line becomes Haar random. Through
the character expansion, Haar randomness of the Polyakov line follows. From the symmetry point
of view, this is because the wave function on each link cannot be distinguished from the ground
state when we zoom in to ultraviolet. Still, nontrivial low-energy properties at low energy appears
because the number of links grows. Properly renormalized [8, 9] or smeared [10, 11] Polyakov line
captures sensible low-energy physics.

In the current study, we do not expect that the renormalization affects the analyses because the
configuration set we use has only one lattice spacing and temperature is varied by changing the
lattice size.

3. Thermal transition at N = 3

The notion of the size of deconfinement sector M could be subtle for N = 3, because the
1/N correction could be as large as M itself. Still, M = 0 does not have ambiguity. The confined
vacuum is invariant under SU(N), and the Polyakov lines are Haar-random distributed. (Here we
consider only the one-point functions.) In particular, the distribution of the phases should be

ρHaar(θ) =
1

2π

(
1 − (−1)N ·

2
N

cos(Nθ)
)
. (4)

Complete confinement is characterized by slowly varyingHaar random distribution of Polyakov
line up to small corrections. Specifically, expectation value of a Polyakov loop in an irreducible
representation r is expected to behave as e−mr/T , where mr ≥ 0 is the mass of the lightest excitation
in this representation. Note that exact Haar randomness means vanishing expectation values of all
loops in any representation r. For QCD, because of the mass gap, all mrs should be positive and
the corrections to Haar randomness should be parametrically small at low temperature, possibly
consistent with zero in our resolution.

In Fig. 2, we plot the distribution of Polyakov line phases obtained from the configurations
created by theWHOT-QCD collaboration [12]. We can see larger deviations from the Haar-random
distribution at higher temperatures. To see the deviations quantitatively, we plot the expectation
values of characters in Fig. 3. The Haar-random distribution is equivalent to vanishing expectation
value for all irreducible representations. We can see that the onset of the departure from Haar-
random around the lowest temperature in our configuration set, T = 174 MeV. This implies that
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Figure 2: Distributions of Polyakov line phases obtained from the WHOT-QCD collaboration’s configu-
rations [12]. Lattice size Nt × 323 (Nt = 6,8,12 and correspondingly T = 464, 348, and 232 MeV.), 599
configurations for each temperature. Although the agreement with Haar-random distribution seems to be
good at T = 232 MeV, more careful investigation shows the small deviation and hence the onset of partial
deconfinement; see Fig. 3.

Figure 3: The expectation values of characters vs. temperature for the fundamental, adjoint, and rank-2
symmetric representations, obtained from WHOT-QCD configurations. Note that the expectation values are
real.

T = 174 MeV is the completely-confined or partially-deconfined phase, and T ≥ 199 MeV should
be partially deconfined.

Can we identify the counterpart of the GWW transition at finite N? The GWW transition
at large N is associated with the condensation of Polyakov loops in large representations. For
SU(3) QCD, we can see that the fundamental Polyakov loop starts to increase at T ∼ 174MeV
while adjoint, rank-2 symmetric and rank-3 symmetric representations grow at T & 300MeV. This
observation suggest that complete deconfinement sets in at T ∼ 300MeV.

When quarks are massless, the matching of ’t Hooft anomaly requires the breaking of chiral
symmetry in the confined phase. Combining it with partial deconfinement, we expect the chiral
symmetry breaking below the GWW point, i.e., quarks in the confined sector should contribute to
nonzero chiral condensate [13]. Given the lack of another characteristic energy scale, it is natural
to expect that chiral symmetry breaking takes place at or near the GWW point. Numerical study
of large-N strong-coupling lattice gauge theory supports this conjecture [14]. Chiral symmetry is
explicitly broken when quarks are massive. Still, it would be natural to expect nontrivial signals
at the GWW point. Our hypothesis is that instanton condenses below the GWW point. Hence we
can pose a nontrivial conjecture: the condensation of Polyakov loops in large representations and
instanton condensation should give us the same transition temperature.

To detect the instanton condensation, we use the topological charge computed by the WHOT-
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QCD collaboration [15].1 To remove the UV-sensitivity of lattice configurations, they are smeared
with the gradient flow [16]. After smearing, the histogram of the topological charge has peaks at
integer values as shown in Fig. 4. At T ≤ 279 MeV, multiple peaks are observed, signaling the
instanton condensation. We can see wider distributions at lower temperatures. Peaks at Q , 0
disappear T & 348 MeV. Therefore, we estimate that T . 348 MeV is the partially- or completely-
confined phase. In this way, two different observables — Polyakov loops in higher representations
and topological charge – give us the same estimate for the transition temperature.

Figure 4: Histogram of the topological charge taken from Ref. [15]. The parameter t is the flow time. After
sufficient smearing, charges peak at integer values. At T = 232 MeV, peaks at nonzero values signal the
condensation of instantons. Flow time t1/2 is defined in Ref. [15] and chosen in such a way that unphysical
effects from too much smearing can be avoided. For other temperatures, see Ref. [2].

4. Conclusion and discussion

We proposed finite-N counterpart of partial deconfinement and provided some evidence based
on lattice QCD data. We claimed there are three phases (completely confined, partially deconfined
and completely deconfined), although more analyses are needed in order to see these phases are
separated by non-analyticity in partition function.

On theoretical side, we used only universal properties applicable to any confining gauge theory.
Therefore, we expect similar phase structure for other theories, and it is interesting to confirm such
a phase structure by lattice simulations. Given the simplicity and universality of the underlying
mechanism, we could expect some other universal features of confining gauge theories are explained
based on the same idea. As an example, we note that the Casimir scaling of string tension is an
almost immediate consequence of slowly varying Haar randomness [17].
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