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1. Introduction

Quantum Chromodynamics (QCD) is the fundamental field theory describing the interaction
among quarks and gluons. Its thermal state from the deconfinement temperature 150-200 MeV up to
the electroweak scale ∼ 100 GeV, the so-called Quark-Gluon Plasma (QGP), is of great interest for
instance in cosmology and high energy physics. Indeed the Big Bang model describes the Universe
in some of its early stages as a plasma of quarks and gluons. Moreover, the QGP is currently under
investigation in heavy-ion collision experiments. On the theoretical side, many physical properties
of the QGP are encoded by the correlation functions of the energy-momentum tensor (EMT) of QCD,
see Ref. [1] for a recent review. They can be computed from first principles on the lattice once the
discretized EMT has been properly renormalized. We propose a numerical strategy to determine the
renormalization constants of the EMT non-perturbatively, based on considering QCD with shifted
and twisted boundary conditions [7, 8]. The very same framework allows for the determination of
the Equation of State (EoS) of QCD up to very high temperatures. At present the EoS is known
non-perturbatively for temperatures below 1 GeV [2, 3] because of some technical limitations of the
state of the art techniques, which are overcome by our alternative strategy. An analogous approach
has been exploited for the SU(3) Yang-Mills theory in Ref. [6], where perturbation theory was
shown to be unreliable up to very high temperatures.

2. The energy-momentum tensor in the continuum

We consider the symmetric and gauge-invariant definition of the QCD EMT [4, 5]. In the
continuum the latter splits into a singlet and a 9-dimensional representation of the SO(4) group.
Under renormalization, the singlet component mixes with the identity operator, while there are no
other fields of mass dimension ≤ 4 which may mix with the non-singlet representation. Moreover,
the bare and renormalized non-singlet EMT coincide because the latter is a conserved current
associated to the invariance of the theory under the group of space-time translations. This property
becomes manifest if we formulate QCD at finite temperature 𝑇 , in a moving reference frame at
Euclidean speed 𝝃 and with an imaginary chemical potential 𝜇𝐼 [7, 8]. This setup is realized with
the following boundary conditions in the (compact) temporal direction for the gauge and quark
fields [8]:

𝐴𝜇 (𝑥0 + 𝐿0, 𝒙) = 𝐴𝜇 (𝑥0, 𝒙 − 𝐿0𝝃) ,

𝜓(𝑥0 + 𝐿0, 𝒙) = −𝑒𝑖 𝜃0 𝜓(𝑥0, 𝒙 − 𝐿0𝝃) , (2.1)

�̄�(𝑥0 + 𝐿0, 𝒙) = −𝑒−𝑖 𝜃0 �̄�(𝑥0, 𝒙 − 𝐿0𝝃) .

The Euclidean boost is encoded by the 𝐿0𝝃 shift (𝐿0 is the temporal extension) in the spatial
directions at the temporal boundary. The usual relation between the temperature and 𝐿0 is modified
by the Euclidean Lorentz factor in 𝑇 = 𝐿−1

0 (1 + 𝝃2)−1/2, and the twist phase 𝜃0 = −𝐿0𝜇𝐼 for the
fermions is related to the imaginary chemical potential. The space-time components of the EMT
satisfy the following identity [8],

⟨𝑇0𝑘⟩𝝃, 𝜃0
= −

𝜕 𝑓𝝃, 𝜃0

𝜕𝜉𝑘
, 𝑓𝝃, 𝜃0

= − 1
𝐿0𝐿3 lnZ (𝐿0, 𝐿, 𝝃, 𝜃0) , (2.2)
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where 𝑓𝝃, 𝜃0
is the free-energy density of thermal QCD and Z its partition function. The free-

energy density is a spectral quantity with an additive power-divergent term. Its derivative with
respect to the shift 𝝃 is thus finite, once the bare parameters of the theory have been renormalized.
Therefore 𝑇0𝑘 and all the other non-singlet components of the EMT are finite too. The traceless
diagonal components of the EMT are related to the space-time components by means of Lorentz
transformations [7, 8]:

⟨𝑇0𝑘⟩𝝃, 𝜃0
= 𝜉𝑘

(
⟨𝑇00⟩𝝃, 𝜃0

− ⟨𝑇𝑗 𝑗⟩𝝃, 𝜃0

)
( 𝑗 ≠ 𝑘, 𝜉 𝑗 = 0) . (2.3)

Finally, the dependence of ⟨𝑇0𝑘⟩𝝃, 𝜃0
on the twist phase 𝜃0 can be written as [8]

⟨𝑇0𝑘⟩𝝃, 𝜃𝐴0 − ⟨𝑇0𝑘⟩𝝃, 𝜃𝐵0 =
𝑖

𝐿0

∫ 𝜃𝐵
0

𝜃𝐴
0

𝑑𝜃0
𝜕

𝜕𝜉𝑘
⟨𝑉0⟩𝝃, 𝜃0

≡ −V𝐴𝐵
0,𝑘 , (2.4)

where 𝑉𝜇 is the flavour-singlet vector current. We will take advantage of these relations in our
lattice calculations.

3. Renormalization of the energy-momentum tensor on the lattice

The lattice regularization breaks the SO(4) symmetry down to its discrete hypercubic subgroup
SW4. The non-singlet EMT components split into the sextet and triplet representations of this
discrete group [5]. These two representations renormalize separately, and no other lattice field is
involved in their renormalization. Since only discrete space-time translations are allowed, the bare
non-singlet EMT is not a conserved current. As a consequence, the renormalization constants of
the operators in each representation are finite functions of the bare coupling 𝑔0 and independent
from the external states, up to discretization effects. We focus on the non-perturbative definition of
the sextet and triplet representations of the lattice EMT, which follow the renormalization pattern

𝑇
𝑅,{𝑖}
𝜇𝜈 = 𝑍

{𝑖}
𝐺

𝑇
𝐺,{𝑖}
𝜇𝜈 + 𝑍

{𝑖}
𝐹

𝑇
𝐹,{𝑖}
𝜇𝜈 , 𝑖 = 3, 6 . (3.1)

𝑇
𝐺,{𝑖}
𝜇𝜈 and 𝑇𝐹,{𝑖}

𝜇𝜈 are the dimension-4 gauge-invariant lattice operators in the 𝑖−dimensional repre-
sentation of the hypercubic group [5, 8].

The lattice shifted and twisted boundary conditions are analogous to the continuum ones (2.1),
but with the gauge potential 𝐴𝜇 (𝑥) replaced by the link field 𝑈𝜇 (𝑥). In addition, we consider the
usual periodic boundary conditions for the three compact spatial directions of the lattice box, each
of size 𝐿.

Using the definition (3.1) together with equation (2.2) at two values of the twist phase, 𝜃𝐴0
and 𝜃𝐵0 , and exploiting equation (2.4), we can write our master formula for the computation of the
renormalization constants of the sextet representation:

©«
⟨𝑇𝐺,{6}

0𝑘 ⟩𝝃, 𝜃𝐴0 ⟨𝑇𝐹,{6}
0𝑘 ⟩𝝃, 𝜃𝐴0

⟨𝑇𝐺,{6}
0𝑘 ⟩𝝃, 𝜃𝐵0 ⟨𝑇𝐹,{6}

0𝑘 ⟩𝝃, 𝜃𝐵0

ª®®®®¬
©«
𝑍
{6}
𝐺

𝑍
{6}
𝐹

ª®®®®¬
=

©«
−
Δ 𝑓𝝃, 𝜃𝐴0

Δ𝜉𝑘

−
Δ 𝑓𝝃, 𝜃𝐴0

Δ𝜉𝑘
+ V𝐴𝐵

0,𝑘

ª®®®®®®¬
+ O(𝑎2) . (3.2)
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The partial derivative has been replaced by finite differences up to discretization effects. Then, the
lattice counterpart of the Ward Identity (2.3)

⟨𝑇𝑅,{6}
0𝑘 ⟩𝝃, 𝜃0

= 𝜉𝑘 ⟨𝑇𝑅,{3}
0 𝑗 ⟩𝝃, 𝜃0

( 𝑗 ≠ 𝑘, 𝜉 𝑗 = 0) (3.3)

gives access to the renormalization constants of the triplet representation. By dimensional argu-
ments, the leading lattice artifacts of the renormalization constants when 𝑎 → 0 are

𝑍

(
𝑔2

0, 𝑎𝑇
)
= 𝑍 (𝑔2

0) + 𝐶1 · (𝑎𝑇)2 + 𝐶2 · (𝑎ΛQCD)𝑎𝑇 + 𝐶3 · (𝑎ΛQCD)2 + ... , (3.4)

where 𝑍 is a shorthand for any of the renormalization constants in equation (3.1). We include
a 𝑇 → 0 limit at fixed 𝑔2

0 in the definition of the renormalization constants, so that the leading
discretization effects 𝐶1, 𝐶2 are suppressed. All the residual lattice artifacts will disappear when a
renormalized correlator of the lattice EMT will be extrapolated to the continuum limit.

4. Renormalization strategy at work

This procedure proved to be effective in the non-perturbative renormalization of the energy-
momentum tensor in the SU(3) Yang-Mills theory on the lattice [9], and of the flavour-singlet local
vector current [10] in lattice QCD. In the following we give some details on the lattice determination
of the quantities appearing in the master equation (3.2). Although the strategy is general, we choose
the Wilson formulation of lattice QCD with 𝑁 𝑓 = 3 flavours of massless O(𝑎)-improved Wilson
fermions.

4.1 Shift derivative of the free-energy density

In order to estimate the shift derivative of the free-energy from a lattice calculation we add and
subtract inside the discrete differential operator, at fixed 𝑔2

0 and 𝐿0/𝑎, the free-energy density 𝑓∞𝝃, 𝜃0

of QCD with quarks at infinite mass:

Δ 𝑓𝝃, 𝜃0

Δ𝜉𝑘
=

Δ

Δ𝜉𝑘

(
𝑓∞𝝃, 𝜃0

−
∫ ∞

0
𝑑𝑚𝑞

𝜕 𝑓𝝃, 𝜃0

𝜕𝑚𝑞

)
=

Δ

Δ𝜉𝑘

(
𝑓∞𝝃, 𝜃0

−
∫ ∞

0
𝑑𝑚𝑞 ⟨�̄�𝜓⟩𝝃, 𝜃0

)
. (4.1)

We also replace 𝑓𝝃, 𝜃0
− 𝑓∞𝝃, 𝜃0

with an integral in the bare subtracted quark mass 𝑚𝑞 = 𝑚0 − 𝑚𝑐 (𝑚𝑐

is the critical mass) of the derivative in 𝑚𝑞 of 𝑓𝝃, 𝜃0
. This derivative is the chiral condensate, as

we write in the last step. The integral in the mass is a well defined quantity because the additive
divergences of the chiral condensate are canceled by the overall differentiation in the shift, while
its multiplicative renormalization drops together with the renormalization of the quark mass in the
integration measure.

Quarks at infinite mass decouple from QCD, therefore the shift derivative of 𝑓∞𝝃, 𝜃0
can be

computed in the 𝑁 𝑓 = 0 theory as described in [9]. We estimate the integral in the quark mass in
lattice QCD, and the left panel of Figure 1 shows a preliminary plot of the integrand function coming
from lattice simulations on a 6 × 963 volume and at 𝛽 = 8.8727. The integral is estimated with
two Gauss quadratures, one for the peak (5 points) and one for the tail (10 points). The integration
interval is cut when the remainder of the integral is expected to be negligible compared with the
target accuracy. Using this strategy we obtain the area below the curve with a relative precision of
a few permille.
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Figure 1: Left: integrand function of eq. (4.1) sampled at the mass values prescribed by the Gauss
quadratures for peak and tail. Right: integrand function of eq. (4.2) sampled at the values of the twist phase
𝜃0 prescribed by the Gauss quadrature.

4.2 Integral in the twist phase

We move to the determination of the integral V𝐴𝐵
0,𝑘 in equation (3.2), defined in equation (2.4).

On the lattice we have

V𝐴𝐵
0,𝑘 = − 𝑖

𝐿0

∫ 𝜃𝐵
0

𝜃𝐴
0

𝑑𝜃0
Δ

Δ𝜉𝑘
⟨𝑉𝑅

0 ⟩𝝃, 𝜃0
= − 𝑖

𝐿0

∫ (𝜃𝐵
0 )2

(𝜃𝐴
0 )2

𝑑𝜃2
0

1
2𝜃0

Δ

Δ𝜉𝑘
⟨𝑉𝑅

0 ⟩𝝃, 𝜃0
, (4.2)

and in place of 𝑉𝑅
0 we may use the conserved current 𝑉𝑐

0 , or the renormalized local current 𝑍𝑉𝑉 𝑙
0.

For this study, we choose the former. As a last technical step, we perform a change of variable
from 𝜃0 to 𝜃2

0, and we estimate the resulting integral with a 𝑛 = 3 Gauss quadrature. The change
of variable is convenient because the integrand function is odd in 𝜃0, meaning that a polynomial
representation of it, like the Gauss quadrature, would contain odd powers of 𝜃0 only. With the
change to 𝜃2

0 we effectively halve the degree of the polynomial, so that with a 3-point quadrature
we obtain the same accuracy that we would get with a 6-point quadrature of the original integral.
The interplay of the twist phase with the Z3 center symmetry of the gauge group SU(3) makes
the free-energy density effectively periodic in 𝜃0, with period 2𝜋/3 [11]. The choice 𝜃𝐴0 = 0 and
𝜃𝐵0 = 3𝜋/10 covers the most of the allowed interval and thus maximizes the signal. The right panel
of Figure 1 shows the integrand function, compared with its 1-loop result at finite 𝐿0/𝑎. The lattice
setup is the same as for the integral in the mass, and as in that case we obtain a relative error of a
few permille on the integral.

4.3 1-point functions of the bare EMT

The last missing ingredients in equation (3.2) are the 1-point functions of the bare EMT
appearing in the matrix on the left-hand side. Table 1 shows some preliminary numerical results
at the usual bare parameters. Data at 𝜃0 = 0 come from ensembles with 𝐿/𝑎 = 288 while
data at 𝜃0 = 3𝜋/10 from ensembles with 𝐿/𝑎 = 96. Finite volume effects are expected to be
negligible because exponentially suppressed with the mass of the lightest screening state [7], which
is proportional to the temperature. The 1-point functions are averaged over the volume, and the

5
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𝜃𝐴0 = 0
⟨𝑇𝐹,{6}

01 ⟩/𝑇4 -6.343(9) 0.15%

⟨𝑇𝐺,{6}
01 ⟩/𝑇4 -2.822(24) 0.85%

⟨𝑇𝐹,{3}
02 ⟩/𝑇4 -6.846(11) 0.17%

⟨𝑇𝐺,{3}
02 ⟩/𝑇4 -3.13(4) 1.20%

𝐿/𝑎 = 288, 𝑛trj = 100

𝜃𝐵0 = 3𝜋/10
⟨𝑇𝐹,{6}

01 ⟩/𝑇4 -4.053(9) 0.21%

⟨𝑇𝐺,{6}
01 ⟩/𝑇4 -2.677(27) 1.00%

⟨𝑇𝐹,{3}
02 ⟩/𝑇4 -4.375(15) 0.34%

⟨𝑇𝐺,{3}
02 ⟩/𝑇4 -2.86(4) 1.53%

𝐿/𝑎 = 96, 𝑛trj = 2000

Table 1: Preliminary results for the 1-point functions of the sextet and triplet bare EMT. The bare parameters
are 𝐿0/𝑎 = 6, 𝛽 = 8.8727.

Z
{6}
G

3.86%

Z
{6}
F

2.18%

〈TG〉
〈T F 〉

m-integral

θ-integral

f YM

cov

Z
{3}
G

6.16%

Z
{3}
F

4.12%

Figure 2: Breakdown of the contributions to the variance of the renormalization constants.

number of measurements is tuned so as to reach a comparable statistical precision in the two
ensembles. The relative error on the ⟨𝑇𝐹⟩ components is a few permille, while on the ⟨𝑇𝐺⟩
components is about 1%.

4.4 Renormalization constants

Using the results described so far in equation (3.2) we obtain a first estimation of the renor-
malization constants of the sextet energy-momentum tensor. Then, equation (3.3) leads to the
renormalization constants of the triplet representation. Figure 2 shows the relative errors on the
four renormalization constants, and the pie charts give the breakdown of the contributions to the
variances. The error is largely dominated by the one of the 1-point functions ⟨𝑇𝐺⟩. The reason
can be traced back to the fact that the solution of the master equation (3.2) depends on differences
like ⟨𝑇𝐺⟩𝝃, 𝜃𝐵0 − ⟨𝑇𝐺⟩𝝃, 𝜃𝐴0 . These 1-point functions are weakly dependent on 𝜃0, therefore the signal
mostly cancels while the errors, which are basically independent from the value of 𝜃0, sum in
quadrature.
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5. Entropy density

The numerical determination of the shift derivative of the free-energy density is closely related
to the computation of the entropy density of QCD [7, 8]:

𝑠

𝑇3 =
1 + 𝝃2

𝜉𝑘

1
𝑇4

Δ 𝑓𝝃

Δ𝜉𝑘
=

1 + 𝝃2

𝜉𝑘

1
𝑇4

(
Δ 𝑓∞𝝃
Δ𝜉𝑘

−
∫ ∞

0
𝑑𝑚𝑞

Δ⟨�̄�𝜓⟩𝝃
Δ𝜉𝑘

)
. (5.1)

The free-energy is expressed in terms of the infinite quark mass case and of an integral in the quark
mass of the shift derivative of the chiral condensate, similarly to what described in Subsection 4.1.
Using these formulas, and the lattice data at 𝐿0/𝑎 = 6, 𝛽 = 8.8727 (corresponding to a temperature
of about 140 GeV [12]) we estimate the entropy density with a relative error of half a percent. After
the tree-level improvement of the lattice data (which is expected to remove the leading discretization
effects at small 𝑔2

0) we observe a deviation of a few percent with respect to the Stefan-Boltzmann
limit.

6. Conclusions

In these proceedings we described our ongoing work on the non-perturbative renormalization
of the QCD energy-momentum tensor, and on the first principle determination of the Equation
of State of the Quark-Gluon Plasma at high temperature. We carry out our computations in the
framework of QCD in a moving reference frame and with an imaginary chemical potential, where
some convenient Ward Identities can be employed to constrain the renormalization constants of
the energy-momentum tensor, and to compute the entropy density. We showed some preliminary
non-perturbative results from a lattice setup of temporal extension 𝐿0/𝑎 = 6 and 𝛽 = 8.8727, where
we obtained a final accuracy of ∼ 3% on the renormalization constants 𝑍

{3,6}
𝐹

, and of ∼ 5% on
𝑍
{3,6}
𝐺

. On the same ensembles, the entropy density is determined with a relative error of ∼ 0.5%.
These results are encouraging for the extension of this computation to the temperature range 1 GeV
- 100 GeV considered in Ref. [12].
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