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1. Introduction

In this contribution we examine the reconstructed-correlator technique [1–4] applied to baryonic
correlation functions. This technique is motivated by the spectral relation for fermionic correlators,

𝐺 (𝜏;𝑇) =
∫ ∞

−∞

𝑑𝜔

2𝜋
𝐾𝐹 (𝜏, 𝜔;𝑇) 𝜌(𝜔;𝑇) , (1)

where the kernel 𝐾𝐹 (𝜏, 𝜔;𝑇) has a known analytical form and temperature dependence, while
the spectral function 𝜌(𝜔;𝑇) is not known and is the item of interest, in particular its temperature
dependence. By using the reconstructed correlator, one can examine changes in the spectral function
𝜌(𝜔;𝑇) separate from the changes in the kernel 𝐾𝐹 (𝜏, 𝜔;𝑇) as the temperature is changed.

In particular we consider methods which enable the use of this technique for two (fixed-
scale) ensembles with different temporal extents 𝑁0,1 — and hence different temperatures 𝑇0,1 =

1/(𝑎𝜏𝑁0,1), with 𝑎𝜏 the temporal lattice spacing — which do not align with the odd factor of
𝑚 = 𝑁0/𝑁1 = 𝑇1/𝑇0 required [4]. Subsequently we compare this technique to the “double
correlator ratio” method used in Refs. [3, 4] using real lattice QCD data from the FASTSUM
thermal ensembles [3, 5]. The double ratio is defined as

𝑅(𝜏;𝑇,𝑇0) =
𝐺 (𝜏;𝑇)

𝐺model(𝜏;𝑇,𝑇0)

/
𝐺 (𝜏;𝑇0)

𝐺model(𝜏;𝑇0, 𝑇0)
, (2)

where 𝐺 (𝜏;𝑇) is the lattice correlator at temperature 𝑇 and 𝐺model(𝜏;𝑇,𝑇0) a model correlator at
temperature 𝑇 informed by the physics at a lower temperature 𝑇0, which in practice is the mass of
the ground state at the lowest temperature available.

2. Ensemble and correlator details

We use the anisotropic “Generation 2L” thermal ensembles of the FASTSUM collaboration [3,
5], consisting of 2 + 1 flavours of Wilson fermions and a Symanzik-improved anisotropic gauge
action, following the Hadron Spectrum Collaboration [6]. Full details of the action and parameter
values can be found in Refs. [3, 5]. Ensembles are generated using a fixed-scale approach, such that
the temperature is varied by changing 𝑁𝜏 , as 𝑇 = 1/(𝑎𝜏𝑁𝜏), see Table 1.

Baryon correlators are of the form

𝐺𝛼𝛼′ (𝑥) =
〈
O𝛼 (𝑥)O𝛼′

(0)
〉
, (3)

Table 1: FASTSUM Generation 2L ensembles. The lattice size is 323×𝑁𝜏 , with temperature𝑇 = 1/(𝑎𝜏𝑁𝜏).
The spatial lattice spacing is 𝑎𝑠 = 0.11208(31) fm, the renormalised anisotropy 𝜉 = 𝑎𝑠/𝑎𝜏 = 3.453(6) [5, 7]
and the pion mass 𝑚𝜋 = 239(1) MeV [8]. We use ∼ 1000 configurations and eight (random) sources for
a total of ∼ 8000 measurements at each temperature. The estimate for 𝑇pc comes from an analysis of the
renormalised chiral condensate and equals 𝑇pc = 167(2) (1) MeV [3, 5].

𝑁𝜏 128 64 56 48 40 36 32 28 24 20 16
𝑇 (MeV) 47 95 109 127 152 169 190 217 253 304 380
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where O = O†𝛾4 and𝛼, 𝛼′ are Dirac indices. The parity-projected correlation functions at vanishing
spatial momentum are [9–11] 𝐺±(𝜏) = tr 𝑃±𝐺 (𝜏), where 𝑃± = (1 ± 𝛾4)/2. These are related as
[10] 𝐺±(𝜏) = −𝐺∓(1/𝑇 − 𝜏), implying that the forward- (backward-) propagating states of 𝐺+(𝜏)
are states with positive (negative) parity. The three-quark operators used follow Refs. [12, 13] and
are described explicitly in Ref. [4]. In the following we focus upon the Ξ𝑐𝑐 (𝑐𝑐𝑢) as an example of
a heavy baryon and the nucleon 𝑁 (𝑢𝑢𝑑) as the lightest baryon.

3. Reconstructed Correlator

Here we give a brief recap of the method [4]. The spectral relation for baryonic correlators is
given in Eq. (1) and the fermionic kernel reads [10]

𝐾𝐹 (𝜏, 𝜔;𝑇) = 𝑒−𝜔𝜏

1 + 𝑒−𝜔/𝑇 . (4)

We wish to arrive at an expression relating the correlator at a higher temperature 𝑇 to one at a lower
temperature 𝑇0. To do so, we temporarily switch to lattice units, such that 𝑇 = 1/𝑁𝜏 , 𝑇0 = 1/𝑁0

and 𝑁0/𝑁𝜏 = 𝑚 > 1, and introduce the identity, relevant for the fermionic case,

1 + e−𝜔𝑚𝑁𝜏 =

(
1 + e−𝜔𝑁𝜏

) (
𝑚−1∑︁
𝑛=0

(−1)𝑛 e−𝑛𝜔𝑁𝜏

)
. (5)

This identity requires that 𝑚 is integer and odd. The fermionic kernel can hence be expressed as

𝐾𝐹 (𝜏, 𝜔; 1/𝑁𝜏) =
e−𝜔𝜏

1 + e−𝜔𝑁𝜏
=

𝑚−1∑︁
𝑛=0

(−1)𝑛 e−𝜔(𝜏+𝑛 𝑁𝜏 )

1 + e−𝜔𝑚𝑁𝜏

=

𝑚−1∑︁
𝑛=0

(−1)𝑛 𝐾𝐹 (𝜏 + 𝑛 𝑁𝜏 , 𝜔; 1/(𝑚𝑁𝜏)) , (6)

The kernel has therefore been expressed as a summation over a kernel with a longer time extent
𝑚𝑁𝜏 > 𝑁𝜏 .

Inserting this resummation into the spectral relation (1) relates a correlator at 𝑇 = 1/𝑁𝜏 to
one at a lower temperature 𝑇0 = 1/𝑁0 = 1/(𝑚 𝑁𝜏), assuming that the spectral content, i.e. 𝜌(𝜔), is
unchanged. This yields the reconstructed correlator for fermions

𝐺rec(𝜏; 1/𝑁𝜏 , 1/𝑁0) =
𝑚−1∑︁
𝑛=0

(−1)𝑛 𝐺 (𝜏 + 𝑛 𝑁𝜏 ; 1/𝑁0) . (7)

If we now switch back to denoting the temperatures with 𝑇 and 𝑇0, the relationship becomes
explicitly

𝐺rec(𝜏;𝑇,𝑇0) =
𝑚−1∑︁
𝑛=0

(−1)𝑛 𝐺 (𝜏 + 𝑛/𝑇 ;𝑇0) . (8)

As 𝑚 = 𝑁0/𝑁𝜏 = 𝑇/𝑇0 must be an odd integer, the lattice sizes where this technique can be
used are limited in principle. In fact, none of the ensembles in Table 1 have this odd integer relation
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with respect to the ensemble at the lowest temperature (𝑁0 = 128). To get around this limitation,
we may consider adding or removing points from the zero-temperature correlator to ensure such
an odd-integer ratio. This should be done in such a way to not affect the physics encoded in the
correlator. One may consider “padding” the correlator at the minimum of the correlator, with
either zeroes or with the minimum value of the correlator. This is done in analogy to the mesonic
case [3]. An alternative is removing points from the correlator, again done symmetrically at the
minimum of the correlator. In contrast to the padding method, removing points can only be done
when 𝑁0 > 3𝑁𝜏 , which corresponds to 𝑁𝜏 ≤ 40 for our ensembles.

To test these methods, we first apply them to a model correlator

𝐺model(𝜏;𝑇,𝑇0) = 𝐴+𝐾𝐹

(
𝜏, 𝑀+

0
)
+ 𝐴−𝐾𝐹

(
𝜏,−𝑀−

0
)
=

𝐴+e−𝑀+
0 𝜏

1 + e−𝑀+
0 /𝑇

+ 𝐴−e𝑀−
0 𝜏

1 + e𝑀−
0 /𝑇 , (9)

where 𝐴± is some normalisation chosen to be 1 and 𝑀±
0 are the zero-temperature positive and

negative parity masses of the Ξ𝑐𝑐 (𝑐𝑐𝑢) and the 𝑁 (𝑢𝑢𝑑) ground states as determined by us in
Ref. [4] at temperature 𝑇0 = 47 MeV (𝑁0 = 128). In units of 𝑎𝜏 , these are

𝑎𝜏𝑀
+
0 (𝑐𝑐𝑢) = 0.59642(85), 𝑎𝜏𝑀

+
0 (𝑢𝑢𝑑) = 0.1740(17),

𝑎𝜏𝑀
−
0 (𝑐𝑐𝑢) = 0.6575(24), 𝑎𝜏𝑀

−
0 (𝑢𝑢𝑑) = 0.2501(65). (10)

Note that we neglect the uncertainties when constructing the model in Eq. (9). The key assumption
in this model is that the width of the state is negligible.

Next, we consider the correlators at 𝑁𝜏 = 40 and 𝑁0 = 128. These temporal extents are
chosen as they allow us to consider both adding and removing points. Note that for the doubly-
charmed baryon the correlator is exponentially suppressed around the centre of the lattice, 𝐺 (𝜏 =

20𝑎𝜏)/𝐺 (𝜏 = 0) ∼ 10−5, whereas this is less so for the nucleon, with 𝐺 (𝜏 = 20𝑎𝜏)/𝐺 (𝜏 = 0) ∼
10−2. Padding with zeroes or with the minimum value are therefore expected to produce quite
similar results for the heavier state while somewhat more distinct results can be expected for the
lighter nucleon.

To compare the results of the reconstructed correlator, Eq. (8), at 𝑁𝜏 = 40 with the actual
(model) correlator at the same temperature, we consider the ratio

𝑟 (𝜏;𝑇,𝑇0) = 𝐺rec(𝜏;𝑇,𝑇0) /𝐺model(𝜏;𝑇,𝑇0) . (11)

Note that both correlators in the ratio are evaluated at 𝑁𝜏 = 40, but one using the reconstruction
method starting from the 𝑁0 = 128 correlator and one using the model parameters 𝑀±

0 determined
at 𝑁0 = 128.

In Fig. 1 the ratio is shown using three methods to determine the reconstructed correlator: by
padding the 𝑁0 = 128 correlator with the minimal value (Min_Model), with zeroes (Zero_Model),
and with points removed (Sub_Model). Note that what is shown is (1 − 𝐺rec/𝐺model) × 10𝛼, with
𝛼 = 5 for the nucleon and 𝛼 = 12 for the charmed baryon, to highlight the very small difference
between the reconstructed and model correlators, on the order of 10−𝛼. The “padding with zeroes”
method behaves in an opposite manner to the other two approaches, due to the addition of points
with value ‘0’ rather than simply exponentially small.
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Figure 1: Ratio of reconstructed correlator to model correlator, (1 − 𝐺rec/𝐺model) × 10𝛼, with 𝛼 = 5 for
the nucleon (left) and 𝛼 = 12 for the Ξ𝑐𝑐 (right). The three methods (padding with the ‘Min’imum value,
‘Sub’traction and padding with ‘Zero’es) are explained in the main text.
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Figure 2: Left: Ratio of reconstructed correlator at 𝑁𝜏 = 40 to lattice correlator at 𝑁𝜏 = 40 as well as the
double ratio (2). A deviation from 1 shows changes in the spectral content. Right: Ratios of the reconstructed
correlator ratio with the double ratio. A deviation from 1 shows differences between the two methods. All
correlators are normalised to be equal to one at the source.

4. Lattice Data

Following Ref. [4], we now apply these methods to the correlator data from the FASTSUM
ensembles, considering in particular the Ξ𝑐𝑐 (𝑐𝑐𝑢) and 𝑁 (𝑢𝑢𝑑) correlators. We compare the
reconstructed correlator methods discussed above with the double ratio introduced in Refs. [3, 4]
and written in Eq. (2). As stated, both the ratio with the reconstructed correlator and the double ratio
aim to examine whether changes due to the increase in temperature are present. When constructing
the double ratio, the statistical uncertainty comes from the statistical uncertainty in the mass fit
parameters in Eq. (10) as well as from the statistical uncertainty in the correlators.

We explicitly compare these two methods in Fig. 2 at 𝑁𝜏 = 40, i.e. just below the pseudocritical
temperature. The left hand plot shows the reconstructed and double ratios. For the heavier Ξ𝑐𝑐,
the results agree within uncertainty. For the lighter 𝑁 there is a visible difference at later times
between the double ratio and each of the reconstructed correlator ratios. The qualitative behaviour
of interest is, however, still the same. To further highlight any differences we take ratios of the

5
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ratios of correlators shown in the left hand plot. The results are shown in the right hand plot. Here
we have removed any uncertainties normally used in the mass parameter which would otherwise
obscure any interesting behaviour. This shows that the differences between the three reconstructed
correlator methods are indeed very small. Note that this test is different from the one in Fig. 1,
as the reconstructed correlator now uses real lattice data as input rather than a model. Finally, the
reconstructed and double ratios are in very good agreement as well.

5. Summary

In this work, the reconstructed correlator method for baryons was considered. In the “fixed-
scale” approach to thermal lattice QCD, this allows a baryon correlator at a higher temperature to
be reconstructed from one at a lower temperature, assuming that the spectral content is unchanged.
Hence reconstructed correlators can be used to examine the presence of thermal effects in baryon
spectral functions [4].

To use the technique for two ensembles with temporal extents 𝑁0 and 𝑁𝜏 , the ratio 𝑚 =

𝑁0/𝑁𝜏 = 𝑇/𝑇0 should be an odd integer. As this is usually not the case, some form of alteration of
the correlator at the lowest temperature should be performed. Here we considered three approaches:

• Removing data points symmetrically from the minimum of the correlator;

• Adding data points symmetrically at the minimum of the correlator, by

– Adding zeroes;

– Adding the minimum value of the correlator.

No significant difference is observed between these methods for both real and synthetic test data.
Since the correlator is exponentially suppressed in the region where data points are added or
removed, this is not unexpected. This is in contrast to the case of light mesons, where artefacts
due to padding with zeroes can be observed [14], and more sophisticated methods must be applied
[15]. Padding with data points can be done at all temperatures in contrast to removing points where
𝑁0 > 3𝑁𝜏 is required.

Next we compared the ratio of the actual and the reconstructed correlator with the double ratio
introduced in Refs. [3, 4]. For the latter, no padding or subtraction is required. We found that
both methods give comparable insight into the possible temperature of the spectral content in the
correlator.
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