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the chiral order parameter, i.e., the chiral condensate, and the correlations among the energy levels
of quarks, i.e., the eigenspectra of the massless QCD Dirac operator. This relation elucidates how
the fluctuations of the chiral condensate arise from the correlations within the infrared part of the
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the cumulants of the chiral condensate. Then, through (2+1)-flavor lattice QCD calculations using
HISQ action with varying light quark masses around the chiral phase transition temperature, we
demonstrate that the correlations among the infrared part of the Dirac eigenvalue spectra exhibit
same universal scaling behaviors as expected of the cumulants of the chiral condensate. We find
that these universal scaling behaviors extend up to the physical values of the up and down quark

masses.

The 40th International Symposium on Lattice Field Theory (Lattice 2023)
July 31st - August 4th, 2023
Fermi National Accelerator Laboratory

*Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/


mailto:hengtong.ding@ccnu.edu.cn
mailto:huangweiping@mails.ccnu.edu.cn
mailto:swagato@bnl.gov
mailto:petreczk@bnl.gov
https://pos.sissa.it/

Microscopic Encoding of Macroscopic Universality Wei-Ping Huang

1. Introduction

Intensive efforts have been made to search for universal signatures of criticality in the phase
diagram of strong-interaction matter governed by quantum chromodynamics (QCD), both from
experimental side such as heavy-ion collisions [1] and theoretically from, e.g., ab-initio lattice
regularized QCD studies [2]. Experimental measurements of macroscopic observables, e.g., cu-
mulants of conserved charge distributions, did reveal certain universal behaviors in the vicinity of
critical region [1]; nevertheless, how such universality at macroscale arises from the fundamental
constituents and interactions of QCD remains unresolved.

It is well established that for physical values of the quark masses the strongly interacting matter
undergoes a rapid crossover from a hadronic phase to quark gluon plasma phase [3, 4]; while in
the limit of vanishing quark masses a true phase transition of QCD is believed to exist [5]. In the
massless limit of up and down quarks with a physical strange quark mass the QCD chiral transition is
expected to be a second order phase transition, belonging to the three-dimensional O (4) universality
class if axial U4 (1) anomaly remains manifested around chiral transition temperature [5-8]. A
peculiar feature of the second order phase transition is that around the transition region, macroscopic
quantities related to the order parameter follow certain power law scaling behaviors that are uniquely
characterized by the dimensionality and global symmetries of the system, irrespective of the details
of its microscopic degrees of freedom and interactions. Thus lattice QCD studies of chiral phase
transition using staggered fermion discretization [8—10] are expected to observe same macroscopic
scaling behaviors as that, for example, in the vicinity of the liquid to superfluid A transition in
“He [11], both of which belong to a 3-dimensional O(2) universality class; notwithstanding, the
microscopic degrees of freedom for QCD are quarks and gluons while for “He are electrons and
photons. Because of this universal feature, to understand and predict macroscopic properties of
a system close a second order phase transition one most often resorts to a simplified effective
theory possessing the same dimensionality and global symmetries of the original theory, ignoring
its microscopic complexities [11]. However, it is still unclear if and how the macroscopic universal
scaling properties of the strong interaction in the vicinity of the chiral phase transition are concealed
within the building blocks of QCD.

Some light on this question is shed by the Banks-Casher relation [12] that relates the macro-
scopic chiral order parameter, the chiral condensate, to the microscopic zero mode of Dirac eigen-
spectra in the chiral limit. Inspired by this, the goal of this work is lattice QCD-based understanding
of possible connections between the universal features at macroscale and microscopic scales of
QCD, i.e., the energy spectrum of quarks. An analogous goal for quantum electrodynamics will be
to comprehend how the macroscopic scaling properties near the A transition of “He arise from the
energy levels of electrons without resorting to an effective theory.

This proceeding is organized as follows. In section 2 theoretical relations between cumulants of
chiral condensate and correlations among eigenspectra of massless Dirac operator are established.
Section 3 shows lattice setup. Section 4 demonstrates how the O(2) scaling properties of the
cumulants of chiral condensate are reflected within the correlations of Dirac eigenspectra through the
state-of-the-art lattice QCD calculations in the staggered discretization scheme. Finally conclusions
are given in Section 5. The detailed information about this work can be found in Ref. [13].
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2. Theoretical developments

For (2+1)-flavor QCD with degenerate light up (1) and down (d) quarks having masses m; =
m,, = mg and a heavier strange quark with physical mass m, the strange part has negligible impact
on the discussion of the O(2) critical behaviors and thus the following main theoretical idea is
developed by just considering QCD with two degenerate light quarks.

To probe a system in the chiral limit m; — 0, a probe operator Yy (€) = 2Tr(IP[U] + €)'
is introduced, where the valance quark mass, € > 0, is used to facilitate the evaluation of the
operator. Here U is a background SU(3) gauge field distributed according to exp{—S[U, 0]} with
S[U,my] = Sg[U] +yD[ULY + mppy the Euclidean QCD action, where Y = Y,y + Yaa
and S, [U] is the pure gauge action; I} [U] is the massless QCD Dirac operator for a given U; Tr
denotes traces over the color, spin and space-time indices.

By defining a generating functional expressed as

G(my;€) = In (exp {-my(e)}), » (1)
the n™ order cumulant, K,,, of the order parameter 1 (m;) for the chiral phase transition can be
obtained

_ T 0"G(my; €)
K, [gy] = = (=1)" ———= : 2
\% Gm? c=m;

Here T is the temperature and V is the spatial volume of the system, and (-),, denotes expectation value
with respect to the QCD partition function in the chiral limit, Z(0) = f exp{-S[U,0]}D[U]. With
() the expectation value with respect to the QCD partition function Z (m;) = f exp{=S[U,m;]}D[U]
and recognizing (O) = (O exp{—mu[n,h(mﬁ})o /(exp{—mngW(ml)})O and consequent Z (m;)/Z(0) =
(exp{-mppy(m)}),. it is evident that K, are the standard cumulants of Jy (m;); e.g.. K [dy] =
T (mn)) V. o [0] = T (mp) = (m)) 1) 1V, K [G] = T Gmp)~ (o () ) V.

Energy levels of a massless quark in the background of U are given by the eigenvalues, A ;[ U],
of I[U]. In terms of A;[U] the probe operator can be formulated as Yy (€) = 2Tr(IP[U] +€)~' =
23004+ €)~!. Thus, Eq. | becomes

G(my;e) =In <exp {—ml ‘/O;)"U(/l;e)d/l}> , 3)
0 0
where
4epy (1)
Pu(ﬁ;6)=ﬂz—i62, ande(l)zgé(/l—/lj). 4)

From Eq. 2 it is straightforward to obtain

il = [ P, )
where Pi(1) = K{[Py(A;m;)] forn =1, and forn > 2
P (1) =/0 Ki|Pu(Asmy), Pu(Azsmy), ..., Pu(dn;my)| ndﬂi- (6)
i=2
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Here K denotes the 1% order joint cumulant of n variables (X;) defined as

T 9" In ([T, e™X)
Ki(X1,-,X,) = — (=1)" =
1(X1 ) (-1) T

v (N

Eq. 5 is our main theoretical result connecting the cumulants of the order parameter to the
n-point correlations of the quark energy levels p;;(4). The cumulants of the light quark chiral
condensate K, [¢y/] are explicitly expressed in terms of py; (1), e.g., for n < 3, as follows:

_ ® 4 A
K [J] =§/0 dﬂ%‘%»,
e (dmy)?
Ko [yy] = V/o dA;da; i +m12)(l/1% o) [{pu () pu(2)) = (pu (1)) {pu(2))] ,
(4my)? ®)

K3[yy] = é./o dA;dAzdAas (pu (A1) pu(A2)pu(A3))

(/l% + mlz)(/l% + ml2)(/l% + mlz)
= (pu () pu(12)) (pu(A3)) = (pu (A1) pu(13)) (pu(12))

— (v (12)pu(13)) (pu (1)) + 2 {pu (1)) {pu(12)) {pu(13)) ] .

The chiral phase transition in the staggered lattice QCD at nonvanishing lattice spacings is
expected to be in the 3-dimensional O(2) universality class. Following the expectations for a
3-dimensional O(2) spin model in the vicinity of the phase transition [14] the n'" order cumulant
of chiral condensate can be expressed as follows

K, [gy] = / Pp()dd ~m)" ™ 1.(2). 9)
0

Here the scaling variable z « zOml_l/ s (T —T,)/T., where T, is the chiral phase transition temper-
ature and 7 is a scale parameter; both are non-universal but system (QCD) specific. 8 and § are the
universal critical exponents, and f,,+1(z) = (1/6 —n+1) f,,(z) —zf,.(z) /B0 are the universal scaling
functions of 3-dimensional O(2) universality class. Here, n > 1 and the superscript prime denotes
derivative with respective to z !. In our work we adopted 8 = 0.349, § = 4.78 and for consistency
the scaling functions f;,(z) of the O(2) universality class determined from Refs. [8, 14].

Eg. 9 indicates that universal scaling properties of the macroscopic observables, K, [y],
arise from the correlations among the microscopic energy levels, P, (). To elucidate this point,
we consider the case as m; — 0. From Eq. 4 one finds Py(1;e — 0) = 2mpy(2)6(A), giving
limy, 0 P1(2) = 27K [py(1)]16(2) and lim,, o Pr(d) = 27)"K1[pu(4), (pu(0))*116(2) for
n > 2 (from Eq. 6). Noting that K; of n identical variables is equivalent to K, in the chiral limit
Eq. 5 thus becomes a generalization of the Banks-Casher relation [12] expressed as follows

Wlllir_r}O Kn[gy] = (27)"Knlpu (0)] - (10)

To the best of our knowledge this generalized relation between the higher order cumulants of chiral
condensate in the chiral limit and density of the deep infrared energies of quarks is new in literature.

!According to the notation in the literature f1(z) = fG(z) and f>(z) = f (2).
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In the chiral limit and close to 7., K, [¥¢] should manifest universal scaling, e.g., K [y/] ~
(T =T.)/T.|P and Ka[y] ~ |(T =T.)/T.[P1=%) . According to Eq. 10 this must arise from
the universal behaviors of the A-independent K, [py/(0)]. Thus, it is natural to expect for small
m; within the scaling window the critical scaling of K, [¢y] in Eq. 9 arises from the universal
behaviors of the amplitudes of P, (1) at the infrared, and not from its system-specific A dependence;
ie., P,(1) = mll/ o-n+l Jfn(2)gn (), where g,, (1) are nonuniversal functions encoding the properties
of the specific system under consideration.

3. Lattice setup

To numerically establish our conjecture for P, (1), lattice QCD calculations were carried out
between T = 135 — 176 MeV for (2+1)-flavor QCD using HISQ action [13]. The m, was fixed
to its physical value with a varying m; = my /27, mg /40, m, /80, m/160, which correspond to the
Goldstone pion masses m, ~ 140, 110, 80, 55 MeV, respectively. The temporal extent of the
lattices were N, = 8, and spatial extents were chosen to be N, = (4 — 7)N,. Observables were
calculated on gauge configurations from every 10" molecular dynamics trajectory of unit length,
after skipping at least first 800 trajectories for thermalization. py(A) and P, () forn = 1,2,3
over the entire range of A were computed using the Chebysheyv filtering technique combined with
the stochastic estimate method [7, 15-19] on about 3000 configurations. Orders of the Chebyshev
polynomials were set to 2 x 10 and 24 — 96 Gaussian stochastic sources were used. K,, for n < 3
were also directly computed via the inversion of the light fermion matrix on each of these ensembles
using 50 Gaussian random sources.

4. Results

Owing to Eq. 10 we expect the relevant infrared energy scale is 4 ~ m; for small values of
my. It is thus natural to express all quantities as functions of the dimensionless and renormalization
group invariant 1/m;, and following notations are used hereafter:

A=A/my, iy =mfmg,z=z9m; "PO(T - T)/T.,
o o ] “ . an
BaCl) = m™ i Pa(O/T, and B[] = mEo [0 /T = / Ba(Ddd.

0

The system-specific parameters 7, = 144.2(6) MeV and zo = 1.83(9) needed below to obtain f;,(z)
were taken from Ref. [10], where 3-dimensional O(2) scaling fits were carried out for the same
lattice ensembles but using an entirely different macroscopic observable, namely the m; dependence
of the static quark free energy.

Due to the explicit quark mass dependence of the order parameter in the chiral phase transition,
the n'" order derivative of chiral condensate with respect to quark mass (i.e., the symmetry breaking
field) always consists of two contributions: one of which is a disconnected part, i.e., K, [;ﬁw]
defined in Eq. 2, corresponding to the fluctuation of quark condensate and has a direct counterpart
in a spin model; the other is connected part specific to QCD. Thus strictly speaking the right
hand side of Eq. 9, i.e., n%ll [6=n+l fu(2), only describes the scaling of the full derivatives of chiral
condensate containing both disconnected and connected parts in the vicinity of the chiral transition.
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To test if K,, for n > 2 as merely a disconnected part can still be described by aforementioned
scaling, Fig. 1 shows the ratio of Kn to its value at T, as a function z/z¢. It can be observed that
for |z/z0| < 0.2, K,,(z)/K,.(z = 0) obtained from pion masses ranging from 140 MeV to 55 MeV

overlap with each other and can be well described by the curves of f,(z)/f.(z = 0) irrespective
of various values of zg in the range of [0.8,2.24]. In the inserts K, rescaled by n%ll/ o=+ shows
again the quark mass independence in the range of |z/zg| < 0.2, except for chiral condensate K
due to remanent mass contribution from its ultraviolet part. These two observations suggest that
K, o mll/‘s_"ﬂfn(z) within the critical region |z/z0| < 0.2.

The inserts of Fig. 1 also show that integrals over the relevant nonvanishing infrared regions
of P, (1) (cf. Eq. 5) reproduce K, independently calculated through inversions of the fermion
matrices, for n < 3. The consistency of K, given by the two different methods verifies the
reliability of the numerical results of 2, (1) with n = 1,2 and 3.

3.5 25 1

3t Ry(2)/Ky(2 = 0) 1 90l Ko(2)/Ka(z=0) 3.5F Ka(2)/Ka(z = 0) B ith 2 = 224- - -

2.5 my =140 MeVis~ | 3Fm, = 140 MeVro B .
m, = 110 MeV+-5+ 1L.9r m, = 140 MeVi-g- 5t my = 110 MeVr-5
L 1 my = 110 MeVS~ VA

1 L6F m =80 MeVian

of Mz =55 MeVig
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Figure 1: Comparisons of ratio K, (z)/K,(z = 0) as a function of z/zo and corresponding ratio of scaling

function f,,(z)/f.(z = 0) for n = 1 (left), 2 (middle) and 3 (right) with different values of zy. The inserts

show K,, normalized by ﬁzll/ o=+l Where filled points (slightly shifted horizontally for visibility) denote K,

obtained from py (A) using Eq. 8 while open points are those computed via the inversion of fermion matrix.

In Fig. 2 we show P, (1) for n < 3 as a function of A in the proximity of T,.. P, (1) rapidly
vanishes for A > 1, and the regions where P, (1) # 0 get smaller with increasing n. This reinforces
that the relevant infrared energy scale turns out to be A ~ 1. In this infrared region P, (1) at a
fixed T shows clear dependence on m;, which becomes stronger for increasing n. The form of m;
dependence of P, (1) also changes with varying T. As expected our results become increasingly
noisy with increasing n and decreasing m;. With our present statistics we cannot access correlation
functions n > 3, particularly for smaller m;.

Figure 2: P (1) (left), P>(1) (middle) and P3(A) (right) for 135 MeV < T < 145 MeV and 55 MeV <
my < 140 MeV.

The m; and T dependence of P, (1) shown in Fig. 2 can be understood in terms of the 3-

A

dimensional O(2) scaling properties. Once the P, (1) are rescaled with respective 7 ll [6+1-n fn(2)
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the data in Fig. 2 magically collapse onto each other, see Fig. 3. Thus, our expectations for P, (1)
are clearly borne out in Fig. 3, namely

Po() =) ° T fu(2)8a (), (12)

where g,, (1) characterize the system specific of the nth order energy-level correlations. To satisfy our
generalized Banks-Casher relations of Eq. 10 the g, (/i) must also satisfy limy_, lim, 0 lim,,, 0
8n(1) = (1), such that K, [y] has the correct scaling behavior in (T — T,.)/T..

Pofri/'!*7  fy(2) T By f(2)
6
3 T 37 5 - 3
i Lo ol iecaly @ oby 4 o
1 ’ 3B &
t 2| :
3 1 3 i &

Figure 3: £,,(1) in Fig. 2 rescaled by )/ **' ™" f,,(2) for n = 1 (left), n = 2 (middle) and n = 3 (right).

The values of zp and 7, used to demonstrate the universal scaling in Fig. 3 were obtained
by fitting lattice results for m; dependence of the static quark free energy only for 55 MeV <
m, <110 MeV [10]. It is noteworthy that the physical QCD with m, ~ 140 MeV also shows the
same universal scaling for 135 MeV < T < 145 MeV. Outside this temperature window we do not
observe scaling as shown in the Supplemental Material of Ref. [13].

As mentioned in Ref. [10], {7, zo} are not very well determined at present. By using other
values for {T,, zo} quoted in Ref. [10] we checked that the scaling of Fig. 3 is fairly insensitive to
the exact values of {T,, zo} as shown in the Supplemental Material of Ref. [13]. Presumably, this
is because P, (1) are sensitive only to the deep infrared physics A ~ m;. This is in contrast to many
other macroscopic quantities used for detailed scaling studies, that contain large contributions from
the ultraviolet energy scale [6, 8, 20-23]. This suggests that it even might be advantageous to use
P,,(1) for future detailed scaling studies to determine the QCD specific parameters, such as 7, and
20-

5. Conclusions

In this work we investigate how the universal critical scaling of macroscopic observables near
the QCD chiral transition arises from the microscopic degrees of freedom. We have presented a
theoretical connection between the n'" order cumulant of the chiral order parameter and the n-point
correlations of the quark energy spectra. This connection led us to a generalized Banks-Casher
relation, equating the n'™ order cumulant of chiral condensate to the n™ order cumulant of the zero
mode of the quark energy in the chiral limit. These new theoretical developments establish a direct
connection between the universal scaling observed at the macroscale and the microscopic energy
levels of the system. Through staggered lattice QCD calculations in the vicinity of the chiral phase
transition with a series of light quark masses we have discovered the hidden universality within the
correlations among the quark energy spectra. We have found that these universal behaviors are also
imprinted within the microscopic energy levels of QCD with physical light quark masses.
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