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Improved Fermion Hamiltonians for Quantum Simulation

1. Introduction

Improved actions were important for the accurate calculation of static quantities in Euclidean
lattice gauge theories [1]. These improvements allowed for calculations to be performed at larger
lattice spacings than unimproved actions would allow. These developments typically followed the
Symanzik improvement program which systematically adds terms to the Hamiltonian to cancel
lattice errors at various orders. Two important actions that were developed for the simulation of
Euclidean lattice gauge theories including dynamical staggered quarks were the ASQTAD and
highly improved staggered quark (HISQ) actions [2–5].

While Symanzik improvement offers many benefits to lattice calculations, it cannot offer
solutions to sign problems that occur at finite density and with real-time evolution. Quantum
computing offers a way to circumvent these sign problems entirely by using a Hamiltonian formalism
for computation. While the Kogut-Susskind Hamiltonian has been primarily used for recent quantum
simulations, see [6] and references therein, study of improved Hamiltonians for quantum simulations
has been sparser [7–11].

In this work we develop a method for quantum simulation of improved lattice gauge theories in a
representation agnostic manner for ASQTAD and HISQ fermions. The Hamiltonians are developed
in Sec. 2 and 3. The gate costs in terms of the primitive operations for gauge matter evolution
(U𝐺.𝑀), link inversion (U−1), link multiplication (U×), electric field evolution (Uphase), link trace
phasing (U𝑇𝑟 ), electric-magnetic field basis transformations (U𝐹), and link reunitarization (U𝑅) are
provided in Sec. 4. A demonstration of the improved Hamiltonian for the model spectrum of the
1 + 1𝑑 one flavor Schwinger model is provided in Sec. 5.

2. ASQTAD

Staggered fermions naively have lattice discretization errors of order O(𝑎2). The first step
toward Symanzik improvement of the Hamiltonian is identifying which operators can be introduced
to reduce the O(𝑎2) effects. The most straight forward term to incorporate is the “Naik" term [12]
which corrects for tree level errors in the derivative operator. This involves adding a correction
term to the derivative operator of the form,

Δ𝑚 [𝑈] → Δ𝑚 [𝑈] −
1
6
Δ3
𝑚 [𝑢] . (1)

The second source of O(𝑎2) errors comes from “taste" exchange interactions [3–5, 13, 14] that
couple low momentum gauge bosons to high momentum gauge bosons near the corners of the
Brillouin zone. These taste exchange interactions can be removed by adding in four fermion contact
terms [3–5] or by smearing the gauge links [15]. Adding additional four quark operators to the
Hamiltonian is non-trivial and involves designing many new primitive gates for time evolution.
These operators will also change the lattice spacing discretization effects from Trotterization.
Therefore, a quantum smearing algorithm is desirable to circumvent this problem, such as in Ref.
[16].

In order to write down the ASQTAD Hamiltonian it is worth following a parallel derivation
of the ASQTAD action from Ref. [2]. In the action formalism, one first averages the target link 𝑈
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appearing in the single link hopping term with the neighboring staples containing 3, 5, and 7 links
such that the O(𝑎2) effects are suppressed. In the Hamiltonian picture this corresponds to the link
transformation

𝑈̂𝑚(®𝑟) →
(
F (1) + F (2)

)
𝑈̂𝑚(®𝑟) = F ASQTAD [𝑈̂𝑚(®𝑟)] . (2)

The operators, F (1) and F (2) are defined as

F (1) =

( ∏
𝑛≠𝑚

(1 + 𝑎
2Δ

(2)
𝑛

4

)
|symm. and F (2) = −𝑎

2

4

∑︁
𝑛≠𝑚

(Δ𝑛)2, (3)

where the symmetrization indicates the derivatives are taken across all possible permutations. The
operators Δ𝑛 and Δ

(2)
𝑛 correspond first and second order covariant derivatives and are defind as

follows:

Δ𝑛𝑈̂𝑚(®𝑟) =
1
𝑎

(
𝑈̂𝑛 (®𝑟)𝑈̂𝑚(®𝑟 + 𝑛̂)𝑈̂†(®𝑟 + 𝑚̂) − 𝑈̂†

𝑛 (®𝑟 − 𝑛̂)𝑈̂𝑚(®𝑟 − 𝑛̂)𝑈̂ (®𝑟 + 𝑚̂ − 𝑛̂)
)

(4)

and

Δ
(2)
𝑛 𝑈̂𝑚(®𝑟) =

1
𝑎
(𝑈̂𝑛 (®𝑟)𝑈̂𝑚(®𝑟 + 𝑛̂)𝑈̂†(®𝑟 + 𝑚̂) − 2𝑈̂𝑚(®𝑟) + 𝑈̂†

𝑛 (®𝑟 − 𝑛̂)𝑈̂𝑚(®𝑟 − 𝑛̂)𝑈̂ (®𝑟 + 𝑚̂ − 𝑛̂). (5)

An explicit evaluation of the smearing proceedure for gauge links in Eq. (2) is omitted but can
be derived with a modicum of algebra. An important aspect for quantum computation is that the
link must be reunitarized, with the operation denoted by the functional R[𝑈̂]. This reunitarization
is important because a linear combination of states is not equivalent to a state corresponding to
the average of the linear combination of elements. Reunitarization involves projecting the linear
combination of links back onto a group element such as was developed in [16]. Now we are free to
write down the AQSTAD portion of the Hamiltonian corresponding to the matter terms:

𝐻
𝐴𝑆𝑄𝑇𝐴𝐷

kinetic =
1
2𝑎

∑︁
®𝑟

∑︁
𝑛

{
𝜉𝑚(®𝑟)𝜙†(®𝑟)

(
R[F 𝐴𝑆𝑄𝑇𝐴𝐷 [𝑈𝑚(®𝑟)]]𝜙(®𝑟 + 𝑚̂)

− 1
24
𝑈̂𝑚(®𝑟)𝑈̂𝑚(®𝑟 + 𝑚̂)𝑈̂𝑚(®𝑟 + 2𝑚̂)𝜙(®𝑟 + 3𝑚̂)

)
+ ℎ.𝑐.

}
,

(6)

where 𝜙(®𝑟) denotes the fermionic field and 𝜉𝑚(®𝑟) denotes the appropriate prefactor for the Kogut-
Susskind fermions at a given point in space, ®𝑟 , and direction, 𝑚.

3. HISQ

The ASQTAD action and Hamiltonian address the tree level O(𝑎2) effects but do not address
the loop O(𝛼𝑠𝑎2) errors which can be non-negligible. In the action formalism this was addressed
by implementing a second level of ASQTAD smearing on the one link terms and a first round of
ASQTAD smearing on the “Naik" term. This resulted in the HISQ action [2]. Following the same
method as the ASQTAD derivation, the HISQ Hamiltonians kinetic term will be

𝐻
𝐻𝐼𝑆𝑄

𝑘𝑖𝑛𝑒𝑡𝑖𝑐
=

1
2𝑎

∑︁
®𝑟 ,𝑚

{
𝜉𝑚(®𝑟)𝜙†(®𝑟)

(
𝑊̂𝑚(®𝑟)𝜙(®𝑟 + 𝑚̂)

− 1
24
𝑋̂𝑚(®𝑟) 𝑋̂𝑚(®𝑟 + 𝑚̂) 𝑋̂𝑚(®𝑟 + 2𝑚̂)𝜙(®𝑟 + 3𝑚̂)

)
+ ℎ.𝑐.

} (7)
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where
𝑊̂𝑚(®𝑟) = R[F HISQ [𝑈̂𝑚(®𝑟)]] and 𝑋̂𝑚(®𝑟) = R[F (1) [𝑈̂𝑚(®𝑟)]], (8)

with
F 𝐻𝐼𝑆𝑄 [𝑈̂𝑚(®𝑟)] =

(
F (1) [R[F (1) [𝑈̂𝑚(®𝑟)]]] − 2F (2) [R[F (1) [𝑈̂𝑚(®𝑟)]]]

)
. (9)

4. Implementation and Gate Costs

Now that we have the ASQTAD and HISQ Hamiltonians, we need to express how these
operations are implemented in an algorithm for Trotterization. We first discuss the ASQTAD
Hamiltonian and follow with a summary for the HISQ Hamiltonian.

For the ASQTAD Hamiltonian, we first multiply the 3 links together that correspond to the
“Naik" term. Then the primitive gauge kinetic hopping evolution operator is applied on this “Naik"
term including appropriate antisymmetrization rules for the fermions. The next step is to calculate
the staples 𝑆 (3)𝑛,𝑚(®𝑟), 𝑆 (5)𝑙,𝑛,𝑚

(®𝑟), and 𝑆
(5)
𝑛,𝑛,𝑚(®𝑟) onto scratch link registers. One then follows the

proceedure in Ref. [16] to calculate R[F ASQTAD [𝑈̂𝑚(®𝑟)]] using the previously calculated staples.
Next, we apply the primitive hopping term using the smeared link. Finally all the reunitarized gauge
link and staples are uncomputed.

The HISQ evolution term follows similarly. First we calculate the staples 𝑆 (3)𝑛,𝑚 and 𝑆 (5)
𝑙,𝑛,𝑚

onto scratch registers and then compute R[F (1) [𝑈̂𝑚]] onto a new lattice worth of qubits denoted
Λ𝑋, these are the 𝑋̂𝑚(®𝑟) onto an additional set of scratch registers we compute 𝑆 (3)𝑛,𝑚,𝑆 (5)

𝑙,𝑛,𝑚
(®𝑟),

and 𝑆 (5)𝑛,𝑛,𝑚(®𝑟) from Λ𝑋. One now computes R[F (1) [𝑋̂𝑚(®𝑟)] − 2F (2) [𝑋̂𝑚(®𝑟)]] onto a new set of
scratch registers denoted Λ𝑊 . The one link kinetic operators are implemented using the Λ𝑊 links,
while the “Naik" term operation is applied using the Λ𝑋 links. Finally one computes Λ𝑊 , Λ𝑋 and
its corresponding staples, and the staples from the original lattice. The total gate costs in terms of
primitive group operations are provided in Tab. 1

Table 1: Number of primitive group operations per link register per Trotter step for the Fermionic terms.
𝐾.𝑆. is the Kogut-Susskind costs, 𝑁𝑅 indicates the cost of not reunitarizing the gauge links, and 𝑅𝐸 indicates
the cost of reunitarizing the gauge links.

Gate Naive K.S. 𝑂 (𝑎2) gauge ASQTAD NR Asqtad RE HISQ
U𝐺.𝑀. 1 0 14(𝑑 − 1) − 11 2 2
U−1 3(𝑑 − 1) 2 + 8(𝑑 − 1) 52(𝑑 − 1) − 48 52(𝑑 − 1) − 48 104(𝑑 − 1) − 96
U× 6(𝑑 − 1) 4 + 20(𝑑 − 1) 132𝑑 − 256 132𝑑 − 256 264𝑑 − 512

Uphase 1 1 0 0 0
U𝑇𝑟

𝑑−1
2 𝑑 − 1 0 0 0

U𝐹 2 2 0 0 0
U𝑈 0 0 0 2 4

5. Example case: the Schwinger model

While the greatest effects from the ASQTAD and HISQ Hamiltonians will be seen in 2 and 3
spacial dimensions as this is where taste splitting will be apparent, certain effects of the improved
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Hamiltonian will be visible in 1 spacial dimension. For this reason we pick the Schwinger model
as a test bed and examine the low lying spectrum. For brevity the Hamiltonian is written after the
gauge fields have been integrated out, and a Jordan-Wigner transformation has been performed to
write the Hamiltonian in terms of spin operators. The naive Kogut-Susskind, 𝐻𝑘.𝑠., and ASQTAD,
𝐻𝑖𝑚𝑝., Hamiltonians respectively are

𝐻𝑘.𝑠 = 𝐻𝑚.𝑔. + 𝐻𝐸 + 𝐻𝑚 and 𝐻𝑖𝑚𝑝. = 𝐻𝑚.𝑔. + 𝐻𝑁𝑎𝑖𝑘 +
5
6
𝐻𝐸 + 1

6
𝐻

(2)
𝐸

+ 𝐻𝑚 (10)

where

𝐻𝑚.𝑔. =
1
4𝑎

∑︁
𝑣

(𝑋𝑣𝑋𝑣+1 + 𝑌𝑣𝑌𝑣+1), 𝐻𝐸 =
𝑔2

8

𝑁−2∑︁
𝑛=0

𝑛∑︁
𝑣,𝑤=1

(
𝑍𝑣𝑍𝑤 + (−1)𝑣+1𝑍𝑤 + (−1)𝑤+1𝑍𝑣

)
,

𝐻𝑚 =
𝑚𝑙𝑎𝑡

2

∑︁
𝑣

(−1)𝑣𝑍𝑣 , 𝐻 (2)
𝐸

=
1
4

𝑁−3∑︁
𝑛=0

𝑛∑︁
𝑣=0

𝑛+1∑︁
𝑤=0

𝑍𝑣𝑍𝑤 + (−1)𝑣+1𝑍𝑤 + (−1)𝑤+1𝑍 + (−1)𝑣+𝑤 ,

𝐻𝑁𝑎𝑖𝑘 =
1
48

(𝑋0𝑋1 + 𝑌0𝑌1 + 𝑋𝑁−2𝑋𝑁−1 + 𝑌𝑁−2𝑌𝑁−1) +
3
96

𝑁−3∑︁
𝑣=1

(𝑋𝑛𝑋𝑛+1 + 𝑌𝑛𝑌𝑛+1)

+ −1
96

𝑁−4∑︁
𝑣=0

(𝑋𝑛𝑍𝑛+1𝑍𝑛+2𝑋𝑛+3 + 𝑌𝑛𝑍𝑛+1𝑍𝑛+2𝑌𝑛+3),

𝑁 is the number of lattice sites, 𝑔2 is the gauge field coupling, 𝑎 the lattice spacing which is set to
1, and 𝑚𝑙𝑎𝑡 is the bare fermion mass.

Figure 1: Continuum Limit extrapolation for the Vector mass using the
improved and Naive Kogut-Susskind Hamiltonian

We show the continuum
limit extrapolation for the vec-
tor excitation of the Schwinger
model in Fig. 1. The lattice
spacing 𝑎 is determined by us-
ing the chiral condensate as a
reference point. A striking re-
sult is that the slope of the vec-
tor mass is shallower indicat-
ing substantial portions of the
Tree-level errors have been re-
moved however there still ap-
pear to be non trivial effects
present. In particular there
could be effects related to the
electric field in the gauge mat-
ter term, non-negligible ef-
fects from one loop correc-
tions, and additive renormal-
ization of the fermion mass
[17]. Each of these effects are planned studies for further investigations.
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6. Outlook

In this work we have demonstrated a method to construct a ASQTAD and HISQ Hamiltonian
suitable for the simulation of lattice gauge theories. These Hamiltonians in principle should reduce
the effects of lattice discretization and in the future allow for calculations of dynamical quantities
in quantum field theories with fewer quantum resources than the Kogut-Susskind Hamiltonian
alone on fault-tolerant quantum computing hardware. As improved quantum hardware becomes
available, it will be important to test aspects of these Hamiltonians with toy models such as Z𝑛 and
nonabelian gauge theories in 2 and 3 spacial dimensions where the effects of taste splitting will
become important.
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