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using the dispersive approach, further effort is needed in order to pin down the cause for this
difference. Here we want to focus on the isospin breaking corrections to the leading order HVP.
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1. Introduction

The anomalous magnetic moment of the muon 𝑎𝜇 has been in the focus of the particle physics
community for many years now. Recently the experimental result reached an uncertainty at the
0.20 ppm level, see Ref. [1]. This result is in 5.0𝜎 tension with the theory result given in the 2020
White Paper, Ref. [2]. The uncertainty of this theory value is entirely dominated by the hadronic
contributions, with the hadronic vacuum polarization (HVP) making the largest contribution. There
are two different approaches to calculating of the HVP contribution 𝑎𝐻𝑉𝑃𝜇 : the dispersive approach
and lattice QCD. Recently it has been shown that there is a significant tension between the different
methods when calculating the intermediate window quantity 𝑎𝑊𝜇 , a partial contribution to the total
𝑎𝐻𝑉𝑃𝜇 that is easier to calculate on the lattice. Another problem came up with the new measurement
at CMD-3, see Ref. [3]: the measured (𝑒+𝑒− → 𝜋+𝜋−) cross-section, which is the single most
important data input for the dispersive approach, is not consistent with older measurements. These
tensions have to be resolved, before a combined theory value of 𝑎𝐻𝑉𝑃𝜇 can be quoted.

On the other hand, there is a full lattice QCD calculation of 𝑎𝐻𝑉𝑃𝜇 claiming sub-percent
precision, see Ref. [4]. It is important to have independent checks of this calculation in order to
fully resolve the (𝑔 − 2)𝜇 puzzle. In these calculations, QCD is treated non-perturbatively, but the
different contributions can be expanded in the fine-structure constant 𝛼. The leading contribution
to 𝑎𝐻𝑉𝑃𝜇 is of order 𝑂 (𝛼2). For a calculation of the HVP at sub-percent precision it is necessary
to investigate 𝑂 (𝛼3) corrections as well. These corrections to 𝑎𝐻𝑉𝑃𝜇 involve the same hadronic
four-point function as in the calculation of the hadronic light-by-light (Hlbl) contribution 𝑎𝐻𝑙𝑏𝑙𝜇 ,
see Refs. [5, 6], where QED is treated in the continuum and only the QCD four-point function is
calculated on the lattice. In this work, we propose a similar approach using a coordinate-space
method for calculating the HVP contribution at next-to leading order 𝑎𝐻𝑉𝑃,𝑁𝐿𝑂𝜇 . We explain the
basic formalism in Sect. 2. In the scope of these proceedings we will not cover all the diagrams
contributing to 𝑎𝐻𝑉𝑃,𝑁𝐿𝑂𝜇 at𝑂 (𝛼3), but focus on the (2+2) disconnected contribution. By analogy
with the Hlbl contribution, we expect that the (2+ 2) together with the fully-connected contribution
give the dominant part, when the photon propagator is regulated on hadronic distance scales. The
method for calculating these diagrams is given in Sect. 3. We then use a model, given in Sect. 4 to
describe the integrand of the UV-finite (2+2) diagram and compare the relative size of both (2+2)
contributions, see Sect. 5.

2. Covariant coordinate-space method

The covariant coordinate-space (CCS) method for evaluating 𝑎𝜇, first derived in Ref. [7] has
been successfully tested to reproduce the same result as the time-momentum representation (TMR)
for the intermediate window quantity at a pion mass of ∼ 350 MeV in Ref. [8]. By expanding
the QCD path integral to next-to-leading order in the electromagnetic coupling, one is able to
express the HVP at NLO in the CCS representation, as shown in Ref. [9]. In contrast to the Hlbl
contribution, the HVP at NLO is UV-divergent. To handle this divergence, we use a Pauli-Villars
regulated photon propagator, see Eq. (2), with photon mass Λ. In Feynman gauge we obtain

𝑎𝐻𝑉𝑃,𝑁𝐿𝑂𝜇 = −𝑒
2

2

∫
𝑥,𝑦,𝑧

𝐻𝜇𝜎 (𝑧)𝛿𝜈𝜌
[
𝐺0(𝑦 − 𝑥)

]
Λ
Π̃𝜇𝜈𝜌𝜎 (𝑥, 𝑦, 𝑧) (1)
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Figure 1: Diagrams that contribute to ⟨ 𝑗𝜇 (𝑧) 𝑗𝜈 (𝑦) 𝑗𝜌 (𝑥) 𝑗𝜎 (0)⟩𝑄𝐶𝐷 . We categorize the relevant diagrams
according to the number of vector currents (black dots) that are connected by valence quark propagators
(red-lines).

with [
𝐺0(𝑦 − 𝑥)

]
Λ
=

1
4𝜋2 |𝑦 − 𝑥 |2

− Λ𝐾1(Λ|𝑦 − 𝑥 |)
4𝜋2 |𝑦 − 𝑥 |

, (2)

the QCD four-point function Π̃𝜇𝜈𝜌𝜎 (𝑥, 𝑦, 𝑧) = ⟨ 𝑗𝜇 (𝑧) 𝑗𝜈 (𝑦) 𝑗𝜌 (𝑥) 𝑗𝜎 (0)⟩𝑄𝐶𝐷 , the CCS kernel
𝐻𝜇𝜎 (𝑧) = −𝛿𝜇𝜎H1( |𝑧 |) +

𝑧𝜇𝑧𝜎

|𝑧 |2 H2( |𝑧 |) and the modified Bessel function of the second kind 𝐾1(𝑥).
The QCD vacuum expectation value ⟨. . . ⟩𝑄𝐶𝐷 implies that gluon interactions between all valence
quark lines are taken into account. Since the electromagnetic vector current 𝑗𝜇 (𝑧) is conserved, we
can add a total derivative to the kernel without changing the continuum result in infinite volume.
Thus we can define the ’TL’ (traceless) and ’XX’ kernel

𝐻TL
𝜇𝜈 (𝑧) =

(
−𝛿𝜇𝜈 + 4

𝑧𝜇𝑧𝜈

|𝑧 |2

)
H2( |𝑧 |) , 𝐻XX

𝜇𝜈 (𝑧) =
𝑧𝜇𝑧𝜈

|𝑧 |2
(
H2( |𝑧 |) + |𝑧 | 𝑑

𝑑 |𝑧 |H1( |𝑧 |)
)
. (3)

Evaluating Eq. (1) for both kernels serves as a consistency check. Analogously to Eq. (1) one
can write down an expression for the window quantity 𝑎𝑊𝜇 and the subtracted vacuum polarization
Π̂(𝑄2) in the CCS representation, where only the weight functions H1 and H2 need to be changed.
These functions are given in Ref. [7] for 𝑎𝜇 and Π̂(𝑄2). The weight functions for the window
quantity are derived in [8].

3. Computing the (2+2) disconnected contributions

In order to calculate Eq. (1) it is important to inspect the different diagrams that contribute to
the QCD four-point function. These are depicted in Fig. (1). By analogy with the Hlbl contribution,
we expect the fully-connected and the (2+2) disconnected to give the dominant part of 𝑎𝐻𝑉𝑃,𝑁𝐿𝑂𝜇 .
Furthermore we note that all diagrams containing a self-contracted propagator are suppressed by the
difference between the strange and the light quark masses due to the property

∑
𝑓 =𝑢,𝑑,𝑠 𝑄 𝑓 = 0. In

these proceedings we will only focus on the (2+2) disconnected contributions with mass degenerate
up and down (light) masses. Performing the Wick-contractions, the four-point functions for the
(2 + 2)𝑎 and (2 + 2)𝑏 read

Π̃
(2+2)𝑎
𝜇𝜈𝜌𝜎 (𝑥, 𝑦, 𝑧) = 𝐶𝑍̂4

𝑉2⟨Π̂𝜇𝜈 (𝑧, 𝑥)Π̂𝜌𝜎 (𝑦, 0)⟩𝐺 , (4)
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Π̃
(2+2)𝑏
𝜇𝜈𝜌𝜎 (𝑥, 𝑦, 𝑧) = 𝐶𝑍̂4

𝑉 ⟨Π̂𝜇𝜎 (𝑧, 0)Π̂𝜌𝜈 (𝑦, 𝑥)⟩𝐺 , (5)

where the charge factor 𝐶 is given by 25
81 for the light contribution, 𝑍̂𝑉 is the renormalization factor

for the electromagnetic vector current and ⟨. . . ⟩𝐺 denotes the average over gauge configurations. In
this notation the photon propagator connects the 𝑥 and the 𝑦 vertex and 𝑧 is the argument of the CCS
kernel, see Eq. (1). The contributions are expressed through the two-point correlation function

Π𝜇𝜈 (𝑥, 𝑦) = −𝑅𝑒
(
𝑇𝑟

[
𝑆(𝑦, 𝑥)𝛾𝜇𝑆(𝑥, 𝑦)𝛾𝜈

] )
, (6)

where the vacuum expectation value needs to be subtracted in order to avoid double counting of the
contribution where the two QCD ’blobs’ are not interconnected,

Π̂𝜇𝜈 (𝑥, 𝑦) = Π𝜇𝜈 (𝑥, 𝑦) − ⟨Π𝜇𝜈 (𝑥, 𝑦)⟩𝐺 . (7)

Inserting Eqs. (4) and (5) into Eq. (1). the integrals over 𝑦 and 𝑧 factorize and the final integral over
𝑥 only depends on its norm |𝑥 |. In the continuum and infinite-volume limit the (2+ 2) contributions
to 𝑎𝐻𝑉𝑃,𝑁𝐿𝑂𝜇 now take the form

𝑎
(2+2)𝑎
𝜇 = −𝑒

2

2
𝐶𝑍4

𝑉2𝜋22
∫ ∞

0
𝑑 |𝑥 | |𝑥 |3

[
⟨𝐼 (2)𝜌𝜎 (𝑥)𝐼 (3)𝜎𝜌 (𝑥)⟩𝐺 − ⟨𝐼 (2)𝜌𝜎 (𝑥)⟩𝐺 ⟨𝐼 (3)𝜎𝜌 (𝑥)⟩𝐺

]
, (8)

𝑎
(2+2)𝑏
𝜇 = −𝑒

2

2
𝐶𝑍4

𝑉2𝜋2
∫ ∞

0
𝑑 |𝑥 | |𝑥 |3

[
⟨𝐼 (1) (𝑥)𝐼 (4)⟩𝐺 − ⟨𝐼 (1) (𝑥)⟩𝐺 ⟨𝐼 (4)⟩𝐺

]
, (9)

with the four one-dimensional integrals

𝐼 (1) (𝑥) =
∫
𝑧

[
𝐺0(𝑥 − 𝑧)

]
Λ
Π𝜈𝜈 (𝑥, 𝑧), 𝐼

(2)
𝜌𝜎 (𝑥) =

∫
𝑦

[
𝐺0(𝑥 − 𝑦)

]
Λ
Π𝜌𝜎 (𝑦, 0) (10)

𝐼
(3)
𝜎𝜌 (𝑥) =

∫
𝑧

𝐻𝜈𝜎 (𝑧)Π𝜈𝜌 (𝑧, 𝑥), 𝐼 (4) =

∫
𝑦

𝐻𝜇𝜎 (𝑦)Π𝜇𝜎 (𝑦, 0). (11)

We use two-point correlation functions calculated on one ensemble generated by the CLS consortium
with parameters given in Table (1). The simulation is performed with 𝑁 𝑓 = 2+ 1 dynamical flavors
of non-perturbatively 𝑂 (𝑎) improved Wilson quarks and tree-level 𝑂 (𝑎2) improved Lüscher-Weisz
gauge action. Eq. (6) is calculated and stored for 24 different source positions at 𝑦 for all points
on the lattice 𝑥. The point sources are distributed at (2𝑛, 2𝑛, 2𝑛, 64) for 𝑛 = {0, 1, . . . , 23}. One of
the sources is chosen as the origin and the integrands of Eqs. (8) and (9) are sampled over multiple
values of |𝑥 |, while 𝑥 is given by the difference between two source positions. Using translational
invariance on the lattice, we repeat this procedure choosing each of the source positions as the
origin and averaging over the results for the same |𝑥 | to increase statistics.

4. Comparison to the pseudoscalar meson exchange model

To get a better understanding of the integrand, we employ a model calculation in infinite volume.
Analogous to the the hadronic light-by-light scattering, see Ref. [12], we expect the dominant part

3
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Id 𝛽 𝐿3 × 𝑇 𝑎 [fm] 𝑚𝜋 [MeV] 𝑚𝐾 [MeV] 𝑚𝜋𝐿 𝐿 [fm] #confs
light

N203 3.55 483 × 128 0.06426 346(4) 442(5) 5.4 3.1 180

Table 1: The parameters of the ensemble N203 generated by the CLS consortium. The lattice spacing is
determined in Ref. [10] and the pion and kaon mass are taken from Ref. [11].

of the (2 + 2) contributions to be explained by the pseudoscalar meson exchange (PME)

𝑎
hvp,𝑃𝑀𝐸
𝜇 = −𝑒

2

2

∫
𝑑4𝑥𝑑4𝑦𝑑4𝑧𝐻𝜎𝜆(𝑧)

[
𝐺0(𝑥 − 𝑦)

]
Λ

∫
𝑑4𝑞𝑑4𝑘𝑑4𝑝

(2𝜋)12 𝑒𝑖 (𝑝 ·𝑧+𝑞 ·𝑥+𝑘 ·𝑦)Π𝜎𝜇𝜇𝜆(𝑝, 𝑞, 𝑘)

(12)

where the momentum-space four-point function in Euclidean spacetime, taken from Ref. [13], is
given by

Π𝜎𝜇𝜇𝜆(𝑝, 𝑞, 𝑘) = 𝜖𝜎𝜇𝛼𝛽𝜖𝜇𝜆𝛾𝛿 𝑝𝛼

(F (−𝑝2,−𝑘2) F (−𝑞2,−(𝑝 + 𝑘 + 𝑞)2)
(𝑝 + 𝑘)2 + 𝑚2 𝑘𝛽 𝑞𝛾 (𝑝 + 𝑘)𝛿

+F (−𝑝2,−𝑞2) F (−𝑘2,−(𝑝 + 𝑘 + 𝑞)2)
(𝑝 + 𝑞)2 + 𝑚2 𝑞𝛽 𝑘𝛾 (𝑝 + 𝑞)𝛿

)
. (13)

We use the vector-meson dominance (VMD) parametrization of the transition form factor, see
Ref. [13]

F (−𝑝2,−𝑘2) =
F (0, 0)𝑚4

𝑉

(𝑝2 + 𝑚2
𝑉
) (𝑘2 + 𝑚2

𝑉
)
. (14)

This allows us to simplify Eq. (12) such that we get an integrand, that only depends on the absolute
value |𝑥 | in the same fashion as Eq. (8).

The PME does not contribute to the (2 + 2)𝑏 diagram. This can be seen from the fact that
the total (2 + 2) contribution is proportional to the t-channel pseudoscalar exchange, as worked out
in the appendix of Ref. [12]. In the (2 + 2)𝑏 diagram the incoming and outgoing momenta of the
same vertex are contracted and thus give zero. For the (2 + 2)𝑎 diagram the 𝜋0 contributes with
a chargefactor of − 25

9 while the 𝜂 and 𝜂′ contribute with factor 1. For each of the pseudoscalar
mesons we have 3 parameters in the model (𝑚, 𝑚𝑉 , 𝑓 ), where F (0, 0) = (4𝜋2 𝑓 )−1. For the pion
we have 𝑚 = 𝑚𝜋 , 𝑚𝑉 = 𝑚𝜌 and 𝑓 = 𝑓𝜋 in the chiral limit. However, in order to compare the
model to the lattice data we need to choose the parameters to match the corresponding values
on the specific ensemble we use, see Table (1). The pion mass 𝑚𝜋 and decay constant 𝑓𝜋 are
taken from Ref. [11]. For the 𝜌-meson mass 𝑚𝜌 we use the results of a VMD fit to the data
from Ref. [14], where the fit is restricted to the single virtual case, which was done in Ref. [12].
We approximate the 𝜂 mass using the Gell-Mann–Okubo formula 𝑚2

𝜂 ∼ 4
3𝑚

2
𝐾
− 1

3𝑚
2
𝜋 . The

parameter 𝑓𝜂 is estimated by determining the value for F𝜂 (0, 0) using a linear interpolation in
𝜉 = 𝑚2

𝐾
− 𝑚2

𝜋 between its value at the physical point F phys
𝜂 (0, 0) ∼ 0.27 (GeV)−1 and the 𝑆𝑈 (3)-

flavor symmetric point F SU(3)
𝜂 (0, 0) ∼ 0.12 (GeV)−1. For the 𝜂′ we use the same parameters as in

Ref. [12]. For the total set of model parameters we have (𝑚𝜋 , 𝑚𝑉,𝜋 , 𝑓𝜋) = (345, 916, 101) MeV,
(𝑚𝜂 , 𝑚𝑉,𝜂 , 𝑓𝜂) = (468, 900, 122) MeV and (𝑚𝜂′ , 𝑚𝑉,𝜂′ , 𝑓𝜂′) = (982, 952, 74) MeV.

4



P
o
S
(
L
A
T
T
I
C
E
2
0
2
3
)
2
5
6

Coordinate-space calculation of QED corrections to the
hadronic vacuum polarization contribution to (𝑔 − 2)𝜇 Julian Parrino

0.0 0.5 1.0 1.5 2.0 2.5
|x| in fm

60

40

20

0

20

40

f(|
x|

)
1e

+1
2 

in
 1

/fm

0

′

0 + + ′

N203 HTL

N203 HXX

(a) (2+2)a contribution to 𝑎𝐻𝑉𝑃,𝑁𝐿𝑂𝜇
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(b) (2+2)a contribution to Π(1𝐺𝑒𝑉2) − Π(0.25𝐺𝑒𝑉2)

Figure 2: Comparison between the lattice data on one ensemble (N203) for the ’TL’ and ’XX’ kernel, defined
in Eq. (3), and the pseudoscalar exchange model defined in Sect. (4). The ’XX’ kernel is slightly displaced
for better readability.

5. Results

At first, we want to focus on the (2 + 2)𝑎 contribution. Since this contribution is UV-finite, we
drop the Pauli-Villars regulator. This also means that the continuum result for this quantity does not
depend on the renormalization scheme and can be compared among different collaborations, similar
to the leading-order HVP contribution. We display the integrand of Eq. (8) for the lattice data using
the ’TL’ and ’XX’ kernel, defined in Eq. (3) together with the prediction of the pseudoscalar meson
exchange in Fig. (2a). We see a good agreement between the two kernel functions, providing a
first check for our method. We also observe that the combined curve of the 𝜋0, 𝜂 and 𝜂′ gives a
semi-quantitative description of the lattice data. By changing the weight functions, we can also
investigate the subtracted vacuum polarization Π(1𝐺𝑒𝑉2) − Π(0.25𝐺𝑒𝑉2). This quantity is much
shorter-ranged, which has an improved signal quality. We see that the model describes the lattice
data well for |𝑥 | > 0.7 fm, however in the small-|𝑥 | regime the model prediction differs from the
lattice data.

We have to mention here that using the physical values for𝑚𝜂′ and 𝑓𝜂′ of the 𝜂′ may overestimate
its contribution for an ensemble which has a pion mass that is much larger than the physical one. The
contributions of the 𝜋0 and 𝜂 both get smaller in absolute size, when increasing the pion mass. For
the 𝜂′ its dependence on the pion mass is not easy to predict, but it could follow a similar behaviour.
In order to improve the model, one would need to further investigate this. To get an approximation
for the error of the model, we perform a fit of the model to the lattice data, where 𝑓𝜂′ is taken as a
fit parameter. The uncertainty of the model is obtained from the error of this fit. We give the values
for the integrated results in Table (2). Using the model, we are able to make an estimate for the
physical point. By choosing the PDG values [15] for the masses and two-photon couplings F (0, 0)
of the 𝜋0, 𝜂 and 𝜂′ contribution we obtain the result −54(8) · 10−12 for 𝑎 (2+2)𝑎,𝑃𝑀𝐸

𝜇 .
In contrast to the (2 + 2)𝑎 contribution, the (2 + 2)𝑏 contribution is UV-divergent. That means

we can only obtain scheme-dependent results for this quantity. However, we can check the relative

5
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(a) (2+2)a contribution to 𝑎𝑊𝜇
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Figure 3: Comparison between the integrands for both (2+2) contributions to 𝑎𝑊𝜇 with a Pauli-Villars
regulator (2) with Λ = 3𝑚𝜇. The ’XX’ kernel is slightly displaced for better readability.

(2 + 2)𝑎 (2 + 2)𝑏
𝑎𝜇 · 1012 [Π(1𝐺𝑒𝑉2) − Π(0.25𝐺𝑒𝑉2)] · 107 𝑎𝑊𝜇 · 1014 (Λ = 3𝑚𝜇) 𝑎𝑊𝜇 · 1014 (Λ = 3𝑚𝜇)

𝐻𝑇𝐿 -35(12) -43(13) -36(16) -30(7)
𝐻𝑋𝑋 -34(16) -50(14) -31(17) -31(7)
𝜋0 -68 -124
𝜂 15 27
𝜂′ 25 59

𝜋0 + 𝜂 + 𝜂′ -28(4) -39(8)

Table 2: Results for the integrated quantity. The results for the PME are integrated up to infinity. The lattice
results for the subtracted vacuum polarization Π(1𝐺𝑒𝑉2) − Π(0.25𝐺𝑒𝑉2) and the window quantity 𝑎𝑊𝜇 are
integrated up to |𝑥 | ∼ 2 fm, where the lattice data for 𝑎𝑊𝜇 is only integrated to |𝑥 | ∼ 1.8 fm due to the large
error of the data points at large |𝑥 |. The window quantity is calculated with a Pauli-Villars regulator for both
(2 + 2) contributions.

size of the (2 + 2)𝑎 and (2 + 2)𝑏 contribution with the same regulator with Λ = 3𝑚𝜇. We observe
that the tail of the integrand of the (2 + 2)𝑏 contribution to 𝑎𝜇 has not yet decayed to zero beyond
|𝑥 | > 2 fm, which is quite long-ranged. So, we chose to look at its contribution to the window
quantity 𝑎𝑊𝜇 first, in order to have a better signal. The integrands for these contributions are shown
in Fig. (3). In contrast to the contributions displayed in Fig. (2), the (2 + 2)𝑎 contribution to 𝑎𝑊𝜇
shows a sign change at |𝑥 | ∼ 1 fm, which reduces the total size of the integral. Comparing now the
magnitude of both contributions we see that the (2 + 2)𝑏 is of the same order as the (2 + 2)𝑎. This
means that for a full calculation of 𝑎𝐻𝑉𝑃,𝑁𝐿𝑂𝜇 it is necessary to take this contribution into account.

6. Conclusion

We have shown that using the coordinate-space framework for the HVP at NLO 𝑎
𝐻𝑉𝑃,𝑁𝐿𝑂
𝜇

proposed in Ref. [9] one is able to obtain results for the (2 + 2) disconnected contributions to
𝑎
𝐻𝑉𝑃,𝑁𝐿𝑂
𝜇 . We compared the integrand of the UV-finite (2 + 2)𝑎 contribution to the pseudoscalar
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meson exchange model with a VMD form factor, which is in good agreement with the lattice data
on the ensemble with a pion mass of 𝑚𝜋 = 346 MeV. We then used the model to estimate this
contribution at the physical point. Since this contribution is UV-finite the result for this diagram does
not depend on the renormalization scheme and it is in principle possible to isolate this contribution
in a lattice calculation, to compare it among different collaborations as a crosscheck.
For the calculation of the UV-divergent (2 + 2)𝑏 contribution it proves useful to apply the Pauli-
Villars regularization scheme of the photon propagator proposed in Ref. [9]. We have seen that
in this regularization scheme both (2 + 2) contributions are equally important in the calculation
of the window quantity. This suggests that in the calculation of 𝑎𝐻𝑉𝑃,𝑁𝐿𝑂𝜇 it is also necessary
to consider both contributions. The proposed framework can also be used to calculate the fully-
connected diagrams in order to obtain the dominant contribution to 𝑎𝐻𝑉𝑃,𝑁𝐿𝑂𝜇 for fixed Pauli-Villars
regulator. However, to obtain physical results, it will be necessary to include the counterterms and
choose a renormalization scheme.
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