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1. Introduction

The gluon parton distribution functions (PDFs) of both the nucleon and the pion are informa-
tionally rich objects that are crucial to unraveling experimental data into meaningful results. The
future U.S.- and China- based electron ion colliders are expected to expand our knowledge of the
gluon PDF [1–4]; however, in the meantime, our understanding from global analysis is limited.

Lattice quantum chromodynamics (QCD) is a theoretical method for calculating nonperturba-
tive QCD quantities, which has been used recently to calculate the gluon PDF. Ref. [5] reviews
recent developments in the use of lattice QCD for PDFs while Ref. [6] gives an overview of the use of
lattice QCD in hadron structure in general. In particular, it is difficult to obtain good signal-to-noise
ratios for gluon observables from lattice QCD.

One method to improve signal in the matrix elements is to use gauge link smearing. A few
common smearing methods are Hypercubic (HYP) smearing [7], Stout smearing [8], and Wilson
flow [9]. An open question is how to compare these. Wilson flow is implemented as many small
steps of Stout smearing and there has been some numerical exploration of their equivalency and
how to relate them [10]. However, Stout and HYP smearing are not often directly compared
systematically in the literature.

We study and compare the effects of different smearing methods in different amounts (steps)
for the pseudo-PDF [11] matrix elements in the “light” and “strange” nucleons and mesons: 𝑁𝑙,
𝑁𝑠, 𝜋, [𝑠 = 𝑠𝑠. We briefly consider the effects on the raw data and matrix element fits in the form
of the ratio between the two-point and three-point correlators. We then explore the effects on the
bare matrix elements and the Reduced Ioffe-time psuedo-distribution, defined later, before looking
at the PDFs for a selection of the smearing types and amounts.

2. Lattice Setup, Correlators, and Matrix Elements

We calculate correlators on one ensemble with 𝑁f = 2 + 1 + 1 highly improved staggered
quarks (HISQ) [12] generated by the MILC Collaboration [13], with lattice spacing 𝑎 ≈ 0.12 fm
at “light” and “strange” pion masses 𝑀𝜋 ≈ 310 and 690 MeV. Each configuration initially has one
step of hypercubic (HYP) smearing on the gauge links. Wilson-clover fermions are used in the
valence sector, and the valence quark masses are tuned to reproduce the lightest light and strange
sea pseudoscalar meson masses that were stated above.

We carry out our test by either applying further steps of HYP smearing or Stout smearing or
by applying Wilson flow for some flow time. For HYP smearing, we use the parameters 𝛼1 = 0.75,
𝛼2 = 0.6, and 𝛼3 = 0.3 as defined in Ref. [7]. For Stout smearing, we use 𝜌 = 0.125, and
for Wilson flow we use 𝑛 or 𝑁steps = 100. For the HYP and Stout smearing, we measure gluon
loops on configurations with some number, X, of additional smearing steps are labeled “HYPX” or
“STOUTX”. Data from lattice with Wilson flow with flow time, T, are labeled “WILSONT”. For
all different smearing types, we use the same fit parameters for the matrix elements.

We measure the two-point (2pt) and three-point (3pt) correlators on the lattice defined as
follows:

𝐶
2pt
h (𝑃𝑧; 𝑡sep) = ⟨0|Γ

∫
𝑑3𝑦 𝑒−𝑖𝑦𝑃𝑧 𝜒(®𝑦, 𝑡sep)𝜒(®0, 0) |0⟩, (1)
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Figure 1: Example of two ratio plots for the two extreme samples of HYP smearing, HYP2 (left) and HYP9
(right), for the strange nucleon correlators at pion mass 𝑀𝜋 ≈ 690 MeV. The gray band on each plot gives
the range for the ground-state matrix element extracted from the two-sim fits.

and

𝐶
3pt
h (𝑧, 𝑃𝑧; 𝑡sep, 𝑡) = ⟨0|Γ

∫
𝑑3𝑦 𝑒−𝑖𝑦𝑃𝑧 𝜒(®𝑦, 𝑡sep)O𝑔 (𝑧, 𝑡)𝜒(®0, 0) |0⟩, (2)

Here, 𝜒 is the interpolation operator for the given hadron. Γ = 1
2 (1 + 𝛾4) is the projection

operator. 𝑃𝑧 is the hadron boost momentum in the 𝑧-direction. 𝑡sep is the source-sink separation
time, and 𝑡 is the gluon-operator insertion time. O𝑔 (𝑧, 𝑡) is the gluon operator from Ref. [14]:

O𝑔 (𝑧) ≡
∑︁
𝑖≠𝑧,𝑡

O(𝐹𝑡𝑖 , 𝐹𝑡𝑖; 𝑧) − 1
4

∑︁
𝑖, 𝑗≠𝑧,𝑡

O(𝐹𝑖 𝑗 , 𝐹𝑖 𝑗 ; 𝑧), (3)

where the operator O(𝐹`a , 𝐹𝛼𝛽; 𝑧) = 𝐹
`
a (𝑧)𝑈 (𝑧, 0)𝐹𝛼

𝛽
(0), and 𝑧 is the Wilson link length. We

used Gaussian momentum smearing [15] on the quark field and took O(105−6) measurements over
∼1000 lattice configurations to allow for improved signal out to get a boost momenta of around
2 GeV.

To obtain the ground-state matrix element, we used a two-state fit on the 2pt correlators, and a
two-sim fit on the 3pt correlators:

𝐶
2pt
h (𝑃𝑧 , 𝑡sep) = |𝐴h,0 |2𝑒−𝐸h,0𝑡sep + |𝐴h,1 |2𝑒−𝐸h,1𝑡sep + . . . , (4)

𝐶
3pt
h (𝑧, 𝑃𝑧 , 𝑡, 𝑡sep) =

|𝐴h,0 |2⟨0|𝑂𝑔 |0⟩𝑒−𝐸h,0𝑡sep + |𝐴h,0 | |𝐴h,1 |⟨0|𝑂𝑔 |1⟩𝑒−𝐸h,1 (𝑡sep−𝑡 )𝑒−𝐸h,0𝑡

+ |𝐴h,0 | |𝐴h,1 |⟨1|𝑂𝑔 |0⟩𝑒−𝐸h,0 (𝑡sep−𝑡 )𝑒−𝐸h,1𝑡 + |𝐴h,1 |2⟨1|𝑂𝑔 |1⟩𝑒−𝐸h,1𝑡sep + . . . (5)

where the |𝐴h,𝑖 |2 and 𝐸h,𝑖 are the ground-state (𝑖 = 0) and first excited state (𝑖 = 1) amplitude
and energy, respectively. We fit using three-point correlator data with 𝑡sep ∈ [5, 9] and two-point
correlator data with 𝑡sep ∈ [2 − 11] for the nucleons and [3, 15] for the mesons.

We plot the ratio of the three-point to the two-point correlators

𝑅h(𝑧, 𝑃𝑧 , 𝑡sep, 𝑡) =
𝐶

3pt
h (𝑧, 𝑃𝑧 , 𝑡, 𝑡sep)
𝐶

2pt
h (𝑃𝑧 , 𝑡sep)

. (6)
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Figure 2: Comparison of the matrix elements across all sampled smearings for the strange nucleon correlators
at pion mass 𝑀𝜋 ≈ 690 MeV at 𝑃𝑧 = 3 in lattice units plotted against 𝑧 in lattice units. The points are shifted
for different smearings for clarity. The 𝑧 value for the red HYP2 points represents the true 𝑧 value for the
bunch.

Ideally, as 𝑡sep → ∞, 𝑅𝑁 → ⟨0|𝑂𝑔 |0⟩ as defined in Eq. 5. As a first look at the smearing effects,
Fig. 1 compares smearings HYP2 and HYP9 for the strange nucleon at 𝑧 = 3 and 𝑃𝑧 = 3 in lattice
units. The fitted matrix elements ⟨0|𝑂𝑔 |0⟩ are shown as the gray band. As expected, HYP2 is
noisier, while HYP9 is more clean. Both fits give a 𝜒2/dof within one standard deviation of 1,
though HYP9 is slightly above and HYP2 is slightly below.

In Fig. 2, the fitted matrix elements for the strange nucleon at 𝑃𝑧 = 3 are plotted versus 𝑧. The
absolute values of the data cannot be directly compared due to different smearing amounts causing
differences in the renormalization factors which are not removed at this stage. However, one can
pick out some consistent relationships between the magnitudes that can be explored once the factors
are removed. For example, STOUT10 and WILSON1 are both consistently between HYP4 and
HYP6. Again, focusing just on HYP smearing, it is hard to determine what the signal-to-noise ratio
is doing at small 𝑧, but at large 𝑧 it is clear that the signal-to-noise ratio is increasing with more
HYP smearing. Overall, similar patterns are seen in the matrix elements at other momenta and for
other hadrons, but are not shown here for brevity.

3. RpITD Features

With our fitted ground-state matrix elements, we compute reduced Ioffe-time pseudo-distribution
(RpITD) [11, 16–18]

ℳ(a, 𝑧2) = M(𝑧𝑃𝑧 , 𝑧
2)/M(0 · 𝑃𝑧 , 0)

M(𝑧 · 0, 𝑧2)/M(0 · 0, 0)
, (7)

where Ioffe time a = 𝑧𝑃𝑧 , and M(a, 𝑧2) are the matrix elements at boost momentum 𝑃𝑧 and
gluon operators with Wilson displacement 𝑧. By construction, the RpITD cancels renormalization
and kinematic factors, removes the ultraviolet divergences are and reduces the lattice systematics.
RpITDs act as input into the pseudo-PDF framework to obtain PDFs [11].
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Figure 3: RpITDs for both strange and light nucleon and mesons, 𝑀𝜋 ≈ 310 and 690 MeV, across all
sampled smearings. From top to bottom, left to right, the figures are strange nucleon, light nucleon, 𝜋, and
[𝑠 . The points are shifted for different smearings for clarity. The a value for the red HYP2 points represents
the true 𝑛𝑢 value for the bunch. The inset plots give a closer view of the points near a = 1. The points at
a = 0 are identically 1.

The cancellation of renormalization factors allows us to directly compare RpITD values for
different amounts of smearing. In Fig. 3, we present the RpITDs at 𝑃𝑧 = 3 for all of the hadrons
that we have considered. First, we observe the same patterns in relative magnitude between the
STOUT10, WILSON1 and HYP4, HYP6 that was mentioned before in all hadrons. In many cases,
the difference between magnitudes is not statistically significant, but the pattern in the mean values
is universal, allowing one to make a rough comparison. Interestingly, looking at the nucleon in
the top two plots, we see some slight tension between some of the largest and smallest smearing
amounts in the low 𝑧 data. Otherwise, the data mostly agree, and the increased smearing improves
the signal-to-noise ratio. Another point of interest, there are competing trends in the nucleon at
high 𝑧. Just looking at HYP2, as the pion mass decreases, the RpITD tends to increase unphysically.
Increasing the smearing draws the data back down. In the bottom two plots for the pion and [𝑠,
there is tension at all 𝑧 between the largest and smallest smearing amounts. The trends here are
opposite from the nucleons. Again, looking just at HYP2, decreasing the pion mass causes the
RpITD to fall off much faster as 𝑧 increases. The smearing then draws the data back up. Overall, it
seems that the middle range of HYP smearing and lower Stout and Wilson data seem to all agree,
and one may want to choose these amounts of smearing to have comparible results. We will explore
this further by plotting some selected PDFs.

5
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Figure 4: PDFs for both strange and light nucleon (top row) and mesons (bottom row), 𝑀𝜋 ≈ 690 (left
column) and 310 MeV (right column), across some selected smearings. From top to bottom, left to right,
the figures are strange nucleon, light nucleon, 𝜋, and [𝑠 . The selected smearings are HYP5 (green), HYP7
(yellow), STOUT10 (purple), STOUT20 (Orange), WILSON3 (grey).

4. Preliminary Gluon PDF Comparison

We can extract the gluon PDF for a selection of smearings using the pseudo-PDF matching
condition [14]

ℳ(a, 𝑧2) =
∫ 1

0
𝑑𝑥

𝑥𝑔(𝑥, `2)
⟨𝑥⟩𝑔

𝑅𝑔𝑔 (𝑥a, 𝑧2`2), (8)

where ` is the renormalization scale in the MS scheme and ⟨𝑥⟩𝑔 =
∫ 1
0 𝑑𝑥 𝑥𝑔(𝑥, `2) is the gluon

momentum fraction. 𝑅𝑔𝑔 is the gluon-in-gluon matching kernel described in Ref. [14], which is
used in several other studies on the gluon PDF from lattice QCD [19–22]. We ignore the quark
contributions to the PDF and focus only focus on the normalized 𝑥𝑔(𝑥, `2)/⟨𝑥⟩𝑔 for this study.

We obtain 𝑥𝑔(𝑥, `2)/⟨𝑥⟩𝑔 by fitting the RpITD through the condition in Eq. 8 using a fit form
commonly used in global analyses:

𝑓𝑔 (𝑥, `) =
𝑥𝑔(𝑥, `)
⟨𝑥⟩𝑔 (`)

=
𝑥𝐴(1 − 𝑥)𝐶

𝐵(𝐴 + 1, 𝐶 + 1) , (9)

for 𝑥 ∈ [0, 1] and zero elsewhere. The beta function 𝐵(𝐴 + 1, 𝐶 + 1) =
∫ 1
0 𝑑𝑥 𝑥𝐴(1− 𝑥)𝐶 is used to

normalize PDF properly.

6
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We plot preliminary results of 𝑥𝑔(𝑥, `2)/⟨𝑥⟩𝑔 for the different hadrons for our selection of
smearings in Fig. 4. In all plots, we observe trends in the mean values that we expected from the
RpITDs, such as STOUT10 being between HYP4 and HYP6. As expected, the larger error bars
in the light hadrons wash out most differences between the different smearing types and amounts.
Interestingly, there is even more tension than one would expect from the RpITDs in the strange
PDFs. STOUT20 and WILSON3 are several standard deviations away from the other smearings in
the mid-𝑥 range; however, it should be noted that the 𝜒2/dof is consistently larger for the strange
hadrons, so a better fit form may need to be considered for these.

The same HYP4 results for the nucleon and meson are compared to PDFs from global analysis
in Refs. [23] and [20].

5. Outlook and Conclusion

This study on the effects of smearing on several different gluon PDFs gives provides some key
pieces of information for the a12m310 ensemble. We can draw some expected conclusions from a
few examples of the ratio plots and fitted matrix elements. Mainly, we typically get better signal-
to-noise ratio, at least in the mid- to high-𝑧 regions, without compromising 𝜒2/dof. The matrix
elements suggest some comparison between the different smearing types, but only when we look
at the RpITD can we confirm our suspicions. The RpITD shows that 10 steps of Stout smearing or
Wilson flow for a flow time of 1 compare to somewhere between 4 and 6 steps of HYP smearing, for
this ensemble and choice of parameters. Additionally, for the heavier pion mass hadrons, the RpITD
suggests that the largest smearing amounts may be incompatible with the smaller- and middle-range
data. Our PDF fits suggest that this is true even more than one would expect from the RpITD. The
lighter PDFs all agree, while there is significant tension in the “strange” hadrons. Different fit forms
may need to be considered for the strange hadrons.

All of these conclusions can only be made for our ensemble choice. Perhaps a finer lattice
spacing would remove some of the inconsistencies. Some groups that use Wilson flow extrapolate
to zero flow time. It would be interesting to explore this compared to the finite flow time and other
smearing types. We use only one choice of smearing parameters for the HYP and Stout smearing.
One could explore the effects of changing the parameters here. Further, one could additionally
fill in more gaps in the smearing steps to get a better picture of the effects. As always, more
two-point correlator data could give a cleaner signal, allowing us to make stronger claims about the
relationships between the results.

This study is a good start and shows that smearing produces expected results, but not all of the
effects should be ignored for cleaner signals. There is much further exploration that could be done
numerically and mathematically.
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