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We present the equivalence between the Wilson flow and the stout smearing. The similarity
between these two methods was first pointed out by Lüscher’s original paper on the Wilson flow.
We first show the analytical equivalence of two methods, which indicates that the finite stout
smearing parameter induces O(𝑎2) correction. We secondly show that they remain equivalent
in numerical simulations within some numerical precision even with finite cutoffs and stout
smearing parameters by directly comparing the expectation values of the action density and we
shortly mention the use of the equivalence.
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1. Introduction

The Yang-Mills gradient flow [1–3] is described by equations that diffuse the gauge field
smoothly as a function of fictitious time denoted as flow time. Since the Yang-Mills gradient
flow for a positive flow time provides us the ultraviolet finite correlation functions made of the
flowed gauge field to all orders in perturbation theory without any multiplicative wave function
renormalization [4], it is extensively used in, beyond its proposal, e.g. high-precision reference
scale determination [5, 6], computing the nonperturbative running of the coupling constant [7] and
chiral condensate [8], defining the energy-momentum tensor on the lattice [9], and so on [10].

The Yang-Mills gradient flow on the lattice field theory is called the Wilson flow, which is
described by the following differential equation with the initial conditions 𝑉𝜇 (0, 𝑥) = 𝑈𝜇 (𝑥),

𝜕

𝜕𝑡
𝑉𝜇 (𝑡, 𝑥) = −𝑔2

0𝜕𝑥,𝜇𝑆𝑊 [𝑉]𝑉𝜇 (𝑡, 𝑥). (1)

On the other hand, the stout smearing is a smoothing technique of gauge field and has the
following analytical and iterative expression:

𝑈
(𝑘+1)
𝜇 (𝑥) = exp

(
𝑖𝜌𝑄

(𝑘 )
𝜇 (𝑥)

)
𝑈

(𝑘 )
𝜇 (𝑥), (2)

which means the link variables𝑈 (𝑘 )
𝜇 (𝑥) at step 𝑘 are mapped into the link variables𝑈 (𝑘+1)

𝜇 (𝑥). The
𝑄

(𝑘 )
𝜇 (𝑥) corresponds to a Lie algebra valued quantity given by

𝑄
(𝑘 )
𝜇 (𝑥) = 𝑖𝑔2

0𝜕𝑥,𝜇𝑆𝑊 [𝑈 (𝑘 )
𝜇 (𝑥)] (3)

with the Wilson action in terms of the stout link 𝑈
(𝑘 )
𝜇 (𝑥). Lüscher pointed out that the Wilson

flow can be regarded as a continuous version of the stout smearing [2, 3]. Although, this idea was
followed in computing topological observables [11, 12], the classical 𝑎-expansion is used.

Therefore, we examine the equivalence of the two methods from two aspects: First, we check
the rigorous analytical equivalence at a proper limit. Second, we measure the expectation value of
the action density ⟨𝐸⟩ to verify whether they remain equivalent in numerical simulations.

2. Outline of technical details

Recently, two of our collaborators found the numerical equivalence between the spatial Wilson
flow 1 and the stout-link smearing in the glueball spectroscopy [13, 17]. To understand the numerical
results, we explicitly derive a continuous version of the stout smearing procedure at finite lattice
spacing 𝑎 in the limit of 𝜌 → 0 that leads to the Wilson flow as an extension of Refs. [3, 11]. In
this section, we briefly see technical details, which are discussed in Ref. [13, 14].

First, we subtract 𝑈 (𝑘 )
𝜇 (𝑥) from both sides of Eq. (2),

𝑈
(𝑘+1)
𝜇 (𝑥) −𝑈

(𝑘 )
𝜇 (𝑥)

𝜌
=

1
𝜌

(
exp

(
𝑖𝜌𝑄

(𝑘 )
𝜇 (𝑥)

)
− 1

)
𝑈

(𝑘 )
𝜇 (𝑥)

=𝑖𝑄
(𝑘 )
𝜇

( ∞∑︁
𝑛=0

(𝑖𝜌𝑄 (𝑘 )
𝜇 )𝑛

(𝑛 + 1)!

)
𝑈

(𝑘 )
𝜇 (𝑥). (4)

1The diffusion is restricted only to spatial directions.
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taking the limit of 𝜌 → 0 leads to the following differential equation

𝜕

𝜕𝑠
𝑈̃𝜇 (𝑠, 𝑥) = 𝑖𝑄𝜇 (𝑠, 𝑥)𝑈̃𝜇 (𝑠, 𝑥), (5)

where we replaced 𝑈
(𝑘 )
𝜇 (𝑥) with 𝑈̃𝜇 (𝑠, 𝑥) and 𝑄

(𝑘 )
𝜇 (𝑥) with 𝑄𝜇 (𝑠, 𝑥) according to the conversion

𝑠 = 𝜌𝑘 . Second, using the explicit expression for 𝑄 (𝑘 )
𝜇 (𝑥) and 𝑆𝑊 [𝑈 (𝑘 )

𝜇 (𝑥)], we derive Eq. (3)
which was originally derived by Lüscher in Ref. [3] and its derivation was sophisticated in Ref. [11].
Finally, by combining with Eq. (3) and Eq. (5), we get

𝜕

𝜕𝑠
𝑈̃𝜇 (𝑠, 𝑥) = −𝑔2

0𝜕𝑥,𝜇𝑆𝑊 [𝑈̃]𝑈̃𝜇 (𝑠, 𝑥), (6)

which is exactly same as the Wilson flow equation (1) under the correspondences of 𝑡 ↔ 𝑠 and
𝑉𝜇 (𝑡, 𝑥) ↔ 𝑈̃𝜇 (𝑠, 𝑥). Remark that we can rigorously identify 𝜌𝑛st, where 𝑛st denotes smearing
steps, as the flow time 𝑡 at finite lattice spacing 𝑎 which was supposed to be the perturbative matching
relation in Refs. [12, 16].

It is worth emphasizing that Eq. (6) is derived in the limit of 𝜌 → 0 without classical 𝑎-
expansion and that, for the finite smearing parameter 𝜌, the leading order corrections on Eq. (6)
start at O(𝜌), which induces O(𝑎2) corrections since the flow time 𝑡 = 𝜌𝑛st has dimension length
squared [2]. Thus, we can numerically reproduce the Wilson flow from the stout smearing even at
finite lattice spacing 𝑎 as long as we choose the enough small smearing parameter 𝜌.

3. Numerical results

3.1 Lattice setup

We perform the pure Yang-Mills lattice simulations using the standard Wilson plaquette action
with a fixed physical volume (𝐿𝑎 ≈ 2.4 fm) at four different gauge couplings (𝛽 = 6/𝑔2

0 = 5.76,
5.96, 6.17, and 6.42). Three of four ensembles (𝛽 = 5.96, 6.17, and 6.42) (which correspond to
the same lattice setups as in the original work of the Wilson flow done by Lüscher [2]) had been
generated for our previous study of tree-level improved lattice gradient flow [18]. In this study,
we additionally generate a coarse lattice ensemble at 𝛽 = 5.76. The gauge configurations in each
simulation are separated by 𝑛update sweeps after 𝑛therm sweeps for thermalization as summarized in
Table 1. Each sweeps consists of one heat bath [19] combined with four over-relaxation [20] steps.
The number of configurations analyzed is 100 in each ensemble. All lattice spacings are set by the
Sommer scale (𝑟0 = 0.5 fm).

Table 1: Summary of the gauge ensembles: gauge coupling, lattice size (𝐿3 × 𝑇), plaquette value, lattice
spacing (𝑎), spatial extent (𝐿𝑎), the Sommer scale (𝑟0), the number of the gauge field configurations (𝑁conf),
the number of thermalization sweeps (𝑛therm) and the number of update sweeps (𝑛update). All lattice spacings
are set by the Sommer scale (𝑟0 = 0.5 fm) [21, 22].

𝛽 = 6/𝑔2
0 𝐿3 × 𝑇 plaquette 𝑎 [fm] 𝐿𝑎 [fm] 𝑟0/𝑎 (Ref. [22]) 𝑁conf 𝑛therm 𝑛update

5.76 163 × 32 0.560938(9) 0.1486(7) 2.38 3.364(17) 100 5000 200
5.96 243 × 48 0.589159(3) 0.1000(5) 2.40 5.002(25) 100 2000 200
6.17 323 × 64 0.610867(1) 0.0708(3) 2.27 7.061(35) 100 2000 200
6.42 483 × 96 0.632217(1) 0.0500(2) 2.40 10.00(5) 100 2000 200
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Figure 1: The behavior of 𝑡2⟨𝐸 (𝑡)⟩ computed by the Wilson flow (blue dotted curve) and the stout-link
smearing with 𝜌 = 0.1 (red solid curve) at 𝛽 = 5.76 (upper-left panel), 𝛽 = 5.96 (upper-right panel), 𝛽 = 6.17
(lower-left panel), and 𝛽 = 6.42 (lower-right panel). The gray solid curve with the yellow band corresponds
to the continuum perturbative calculation [2] in each panel.

3.2 Direct comparison between the stout-link smearing and the Wilson flow

We determine 𝑡2⟨𝐸 (𝑡)⟩ using the expectation value of the clover-type action density 𝐸 (𝑡, 𝑥) =
1
2 Tr{𝐺cl

𝜇𝜈 (𝑡, 𝑥)𝐺cl
𝜇𝜈 (𝑡, 𝑥)} with the clover-leaf operator 𝐺cl

𝜇𝜈 (𝑡, 𝑥) [2]. The Wilson flow scale 𝑡0 is
given by the solution of the following equation [2]

𝑡2⟨𝐸 (𝑡)⟩
��
𝑡=𝑡0

= 0.3. (7)

In this study, the forth-order Runge-Kutta scheme is used for the Wilson flow where the flow
time 𝑡 is given as 𝜖 × 𝑛flow using the number of flow iterations 𝑛flow. As for the Wilson flow we
evaluate 𝑡2⟨𝐸 (𝑡)⟩, denoted as 𝑋flow(𝑡), using 𝜖 = 0.025 to compare with the stout smearing results
after we check that 𝜖 = 0.1, 0.025, and 0.01 give rise consistent results. As for the stout smearing,
we evaluate 𝑡2⟨𝐸 (𝑡)⟩, denoted as 𝑋stout(𝑡), with 𝜌 = 0.1, 0.025, and 0.01 for each ensemble listed
in Table 1, where the flow time 𝑡 corresponds to 𝜌𝑛st. Figure 1 shows typical behaviors of 𝑋flow(𝑡)
(blue dotted curve) and 𝑋stout(𝑡) for the smearing parameter 𝜌 = 0.1 (red solid curve).

Remark that the stout smearing almost reproduces the behavior of 𝑋flow(𝑡) even when the
Wilson flow certeinly deviates from the perturbative calculation of the continuum Yang-Mills
gradient flow.
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Figure 2: Left: The lattice spacing dependence of 𝐷𝑋 (𝑡) calculated between the Wilson flow and the
stout smearing (𝜌 = 0.1) at 𝛽 = 5.76, 5.96, 6.17, and 6.42. The area shaded in gray corresponds to the
relative size of the statistical uncertainties on 𝑋 (𝑡) determined by the Wilson flow in this study. Right:
The behavior of 𝐷𝑋 (𝑡) obtained with three smearing parameters: 𝜌 = 0.1 (solid curve), 𝜌 = 0.025 (dashed
curve), and 𝜌 = 0.01 (double-dotted curve) as functions of 𝑡/𝑡0 calculated at 𝛽 = 5.96. The area shaded in
gray corresponds to the relative size of the statistical uncertainties on 𝑋 (𝑡) obtained by the Wilson flow.

The detailed discussion can be made by defining the following ratio:

𝐷𝑋 (𝑡) ≡
𝑋stout(𝑡) − 𝑋flow(𝑡)

𝑋flow(𝑡)
. (8)

The left panel of Fig. 2 shows the behavior of 𝐷𝑋 (𝑡) for all four 𝛽 values with the smearing
parameter 𝜌 = 0.1 and the right panel of Fig. 2 shows the behavior of 𝐷𝑋 (𝑡) for three smearing
parameters at 𝛽 = 5.96 as a function of 𝑡/𝑡0. Although peak structures appear at the small-𝑡 region
(𝑡/𝑡0 < 𝑎2/𝑡0), all 𝐷𝑋 (𝑡) saturate at the large-𝑡 region (𝑡/𝑡0 > 𝑎2/𝑡0).

Figure 3 shows 𝐷𝑋 (𝑡0) for any combinations of parameters to evaluate the parameter depen-
dence of the saturated values. It is clear from Fig. 3 that 𝐷𝑋 (𝑡) tends to be smaller as the lattice
spacing and the stout smearing parameter decrease as expected from what we learned in Sec. 2. The
horizontal dotted line in Fig. 3 represents the statistical uncertainties divided by observed values
with respect to 𝑋flow(𝑡).

From these observations, we claim that we can numerically identify the stout smearing as
the Wilson flow if we choose the proper combination of the parameters. Especially, 𝜌 = 0.1 for
𝛽 = 6.42, 𝜌 = 0.025 for 𝛽 = 5.96 and 6.17, and 𝜌 = 0.01 for 𝛽 = 5.76 are the enough small stout
smearing parameter.

4. Summary

In this talk, we presented the prospects on the stout smearing as an equivalent approach to the
Wilson flow. First, we show the proof of the analytical equivalence at finite lattice 𝑎 in the zero limit
of the stout-smearing parameter 𝜌. The proof also implies that finite 𝜌 induces O(𝑎2) correction
to the equivalence. Second, to verify whether they remain equivalent in numerical simulations
within the statistical precision, we have performed the numerical simulations with the Wilson gauge
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Figure 3: The smearing parameter dependence of 𝐷𝑋 (𝑡) evaluated at 𝑡 = 𝑡0 with three smearing parameters:
𝛽 = 5.76 (circles) , 𝛽 = 5.96 (squares), 𝛽 = 6.17 (diamonds), 𝛽 = 6.42 (upper triangles). A horizontal dotted
line represents the relative size of the statistical uncertainties (∼ 0.24%) on the values of 𝑡0 calculated by the
Wilson flow in this study.

configurations generated at four different gauge couplings (𝛽 = 5.76, 5.96, 6.17, and 6.42). The
direct comparison of the expectation values of the action density indicates that 𝜌 = 0.1 for 𝛽 = 6.42,
𝜌 = 0.025 for 𝛽 = 5.96 and 6.17, and 𝜌 = 0.01 for 𝛽 = 5.76 are enough small to identify the stout
smearing as the Wilson flow in the determination of the reference scale 𝑡0.

As for the prospects on the equivalence, we suggest two applications. One is the use of the
stout smearing as an alternative method of the Wilson flow in the numerical simulations, which
could reduce a factor of O(10) computational costs for the same iteration steps. We also consider
that the sophisticated perturbation analysis in the gradient formalism can be used to calculate the
one loop quantities in lattice perturbation theory for the smeared-link fermion action.
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