
P
o
S
(
L
A
T
T
I
C
E
2
0
2
3
)
3
6
4

SymEFT predictions for local fermion bilinears

Nikolai Husung𝑎,𝑏,𝑐,∗

𝑎Physics and Astronomy, University of Southampton,
Southampton SO17 1BJ, United Kingdom

𝑏Instituto de Física Teórica UAM-CSIC,
C/ Nicolás Cabrera 13-15, Universidad Autónoma de Madrid, Cantoblanco 28049 Madrid, Spain

𝑐Departamento de Física Teórica, Universidad Autónoma de Madrid,
Cantoblanco 28049 Madrid, Spain

E-mail: nikolai.husung@uam.es

Beyond spectral quantities, Symanzik Effective Theory (SymEFT) predictions of the asymp-
totic lattice-spacing dependence require the inclusion of an additional minimal basis of higher-
dimensional operators for each local field involved in the matrix element of interest. Adding the
proper bases for fermion bilinears of mass-dimension 3 allows to generalise previous predictions
to matrix elements of those bilinears. These results can be incorporated in ansätze used in contin-
uum extrapolations and should allow improved control of the associated systematic uncertainties.
Potential difficulties and pitfalls are being highlighted. The current work is limited to the use of
Wilson or Ginsparg-Wilson quarks in both sea and valence.

The 40th International Symposium on Lattice Field Theory (Lattice 2023)
July 31st - August 4th, 2023
Fermi National Accelerator Laboratory

∗Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/

mailto:nikolai.husung@uam.es
https://pos.sissa.it/


P
o
S
(
L
A
T
T
I
C
E
2
0
2
3
)
3
6
4

SymEFT predictions for local fermion bilinears Nikolai Husung

1. Introduction

Aiming for predictions of continuum physics of Quantum Chromodynamics (QCD) from
lattice QCD simulations, the lattice artifacts from the discretised lattice QCD action and any
discretised local fields must eventually be removed to reach the continuum limit. The continuum
extrapolation towards zero lattice spacing 𝑎 ↘ 0 is a common source of systematic uncertainties
in our field and must be kept in check. Although lattice QCD is not a classical field theory the
commonly used ansatz for continuum extrapolations is a plain integer-power in the lattice spacing
𝑎𝑛min , typically 𝑛min ∈ {1, 2}. While the overall polynomial lattice-spacing dependence is correct,
quantum effects will shift the asymptotically leading dependence towards 𝑎𝑛min [2𝑏0𝑔̄

2(1/𝑎)] Γ̂𝑖 ,
where 𝑔̄(1/𝑎) is the running coupling going asymptotically to zero. Here 𝑏0 is the 1-loop coefficient
of the QCD 𝛽-function and the Γ̂𝑖 depend on the particular choice for the lattice discretisation of
the action and any local fields present in the observable of interest. As shown in the seminal
work of Balog, Niedermayer, and Weisz on the O(3) model [1, 2], those powers Γ̂𝑖 can be severely
negative (there min𝑖 Γ̂𝑖 = −3) and therefore spoil the convergence towards the continuum limit.
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Figure 1: Continuum extrapolation of syn-
thetic data points randomly generated accord-
ing to 𝑎2 [2𝑏0𝑔̄

2 (1/𝑎)]−2. The various ansätze
extrapolating to a constant include the typical
choice of simple 𝑎2 corrections and unconven-
tional powers in the coupling Γ̂ ∈ {−2,−1, 1}
modifying 𝑎2 [2𝑏0𝑔̄

2 (1/𝑎)] Γ̂, as well as simple
𝑎 corrections. Both 𝑎 and (the correct ansatz)
𝑎2 [2𝑏0𝑔̄

2 (1/𝑎)]−2 agree within uncertainties,
while the simple 𝑎2 by construction completely
misses the curvature. Three continuum extrap-
olated values have been shifted to the left for
better readability.

Not accounting for these effects may then lead to
severely underestimated uncertainties or even inval-
idate the continuum values obtained as sketched in
fig. 1. Notice that fig. 1 is an oversimplified exam-
ple assuming 𝑎2 [2𝑏0𝑔̄

2(1/𝑎)] Γ̂ with only one power
Γ̂ = −2 rather than a full set of those powers com-
bined with subleading corrections suppressed both
in the coupling and in the lattice spacing. In prac-
tice the situation will be even more complicated. We
foresee that accounting for these type of systematic
uncertainties will play an essential role to consoli-
date the continuum-limit lattice QCD results, which
are relevant inputs for precision physics experiments
like e.g. at the LHC [3, 4], SuperKEKB [5], or the
Fermilab muon g-2 experiment [6].

In previous works the leading asymptotic lattice-
spacing dependence has been computed for lattice
actions in pure gauge [7] and full QCD with Wilson
or Ginsparg-Wilson (GW) quarks [8, 9] yielding the
leading powers Γ̂B

𝑖
associated to the discretised ac-

tion. While those results are sufficient for spectral
quantities like hadron masses, any matrix elements
with the insertion of a local field 𝐽 (𝑥) will have ad-
ditional powers Γ̂𝐽

𝑖
originating from the discretised

local field. As a next step, fermion bilinears of mass-
dimension 3 are being considered here. Those are the
most commonly used local fields as they are needed
for the computation of, e.g., decay constants and form factors. For a comprehensive overview of
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lattice QCD determinations of such quantities see FLAG [10].

2. Symanzik Effective Field Theory

If the lattice spacings are sufficiently small, lattice artifacts can be described as a perturbation
around continuum QCD in Symanzik’s Effective Field Theory (SymEFT) [11–14], i.e., we can
write the lattice spacing dependence in terms of an effective continuum Lagrangian

ℒeff (𝑥) = ℒQCD(𝑥) + 𝑎𝑛min
∑︁
𝑖

𝜔𝑖𝑄
(𝑛min)
𝑖

(𝑥) + O(𝑎𝑛min+1) . (1)

The Lagrangian of continuum QCD involving 𝑁f sea quarks and 𝑁b valence quarks1 reads

ℒQCD = − 1
2𝑔2

0
tr(𝐹𝜇𝜈𝐹𝜇𝜈) + Ψ̄

{
𝛾𝜇𝐷𝜇 (𝐴) + 𝑀

}
Ψ , Ψ𝑇 = (𝜓1, ..., 𝜓𝑁f+𝑁b , 𝜙1, ..., 𝜙𝑁b) , (2)

where 𝐹𝜇𝜈 = [𝐷𝜇 (𝐴), 𝐷𝜈 (𝐴)] is the field strength tensor, 𝐷𝜇 (𝐴) = 𝜕𝜇 + 𝐴𝜇 is the covariant
derivative, 𝐴𝜇 ∈ su(𝑁), and 𝜔𝑖 are (bare) matching coefficients. The lattice artifacts are described
by the higher-dimensional operators 𝑄 (𝑛min)

𝑖
of mass-dimension (4 + 𝑛min), which form a minimal

basis compatible with the symmetries realised by the chosen lattice action. Here we restrict
considerations to Wilson quarks [16, 17] or GW quarks [18], i.e., (graded) flavour symmetries
SU(𝑁f)V×𝑈 (1)B or SU(𝑁f)L×SU(𝑁f)R×𝑈 (1)B respectively in the sea (valence). For a SymEFT
analysis of such optionally mixed actions see [9]. In contrast to this earlier work we now need to
keep track of operators vanishing by the classical EOMs

[𝐷𝜇 (𝐴), 𝐹𝜇𝜈] = 𝑇𝑎𝑔2
0Ψ̄𝛾𝜈𝑇

𝑎Ψ, 𝛾𝜇𝐷𝜇 (𝐴)Ψ = −𝑀Ψ, Ψ̄
←
𝐷𝜇 (𝐴)𝛾𝜇 = Ψ̄𝑀 (3)

because we will have to deal with contact terms in the SymEFT as will become clear later. Therefore
𝑄 = O ∪ OE contains both the on-shell basis O and a minimal basis of EOM-vanishing operators
OE solely relevant in the presence of contact terms.

Similarly we can describe the lattice artifacts originating from the insertion of a discretised
local field as

𝐽eff (𝑥) = 𝐽 (𝑥) + 𝑎𝑛min
∑︁
𝑖

𝜈𝑖𝐽
(𝑛min)
𝑖

+ O(𝑎𝑛min+1) (4)

with (bare) matching coefficients 𝜈𝑖 . The additional set of higher-dimensional operators of mass-
dimension ( [𝐽]+𝑛min) is constrained by the transformation properties of the local field on the lattice,
here charge conjugation, parity, time reversal, and multiplication by a global flavour-dependent
phase combined with any symmetry constraints from the action including the assumed flavour
symmetries of the valence sector, discrete rotations etc. We focus here on local quark bilinears of
mass-dimension 3, i.e.,

𝐽𝑘𝑙 (𝑥) = [𝜓̄𝑘Γ𝜓𝑙] (𝑥) , Γ ∈ {1, 𝛾5, 𝛾𝜇, 𝛾𝜇𝛾5, 𝑖𝜎𝜇𝜈}. (5)

1We implement valence quarks via the addition of both a quark field 𝜓𝑁f+𝑖 and a complementing ghost field 𝜙𝑖 with
𝑖 ∈ {1, ..., 𝑁b} to cancel any contribution to the sea, see e.g. [15], thus allowing for mixed actions and optionally some
quenched flavours. More complicated choices for the sea or valence sector are possible but enlarge the operator bases
further.
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The notion of local fields implies that insertions of those fields are physically separated when
approaching the continuum limit, i.e., no contact terms arise in the lattice theory. Except for the
scalar bilinear, both choices of flavours 𝑙 = 𝑘 and 𝑙 ≠ 𝑘 are being considered, while the scalar may
only be non-singlet to avoid having to deal with mixing with the vacuum under renormalisation.

2.1 Example: Pion decay constant

To help to understand the general concepts, let us consider the pion decay constant 𝑓𝜋 extracted
from the lattice

𝑍 𝐴̂〈0| 𝐴̂𝑢𝑑
0 (𝑥; 𝑎) |𝜋(0)〉 = [𝑚𝜋 𝑓𝜋] (𝑎), (6)

where the initial pion is at rest and 𝐴̂𝑢𝑑
0 is some discretisation of the temporal component of the

axial vector – potentially requiring multiplicative renormalisation with 𝑍 𝐴̂. Expanding the same
quantity in our SymEFT then yields

𝑍 𝐴̂〈0| 𝐴̂𝑢𝑑
0 (𝑥; 𝑎) |𝜋(0)〉
𝑚𝜋 𝑓𝜋

= 1 + 𝑎𝑛min

𝑚𝜋 𝑓𝜋

(
𝑑𝐴

−𝑐𝑄

)T (
𝑍𝐴 0

𝑍𝐴𝑄 𝑍𝑄

) (
〈0| (𝐴𝑢𝑑

0 )
(𝑛min) (𝑥) |𝜋(0)〉

〈0|𝐴𝑢𝑑
0 (𝑥)𝑄̃

(𝑛min) (0) |𝜋(0)〉c

)
+

(
contributions

from 𝑍 𝐴̂

)
+ O(𝑎𝑛min+1) , (7)

where 𝑐𝑄 and 𝑑𝐴 are the renormalised matching coefficients matched at the renormalisation scale
𝜇 = 1/𝑎 relevant for lattice artifacts, the tilde indicates the Fourier transform, and the matrix
entries 𝑍𝐴, 𝑍𝑄, 𝑍𝐴𝑄 are themselves block-matrices acting on the different operator bases. The
subscript 〈. . .〉c denotes the connected contributions of the operator insertions from the SymEFT
action. Notice that we choose to perform the perturbative calculations of the SymEFT in dimen-
sional regularisation in combination with the MS renormalisation scheme. 𝐴0 is Renormalisation
Group Invariant (RGI). Conceptually any renormalisation scheme can be used. In principle the
renormalisation of 𝐴̂𝑢𝑑

0 on the lattice may introduce more lattice artifacts, which has been indicated
but will not be discussed further. From the SymEFT point of view those contributions can be
simply formulated as if the renormalisation condition contained in 𝑍 𝐴̂ was yet another observable
and 𝑚𝜋 𝑓𝜋 denotes the continuum quantity. We assume that the asymptotic pion state does not
introduce any further lattice artifacts as the artifacts associated to the interpolating fields employed
on the lattice cancel out. It should be apparent that the insertions of the basis for the SymEFT action
will give rise to contact terms in eq. (7) when coinciding with the continuum local field 𝐴0, which
is the reason for the enlarged operator basis 𝑄 and those contact terms get renormalised by 𝑍𝐴𝑄.

Making a change of bases we may diagonalise all 1-loop mixing matrices2

𝜇
d

d𝜇

(
(A𝑢𝑑

0 )
(𝑛min) (𝑥)

𝐴𝑢𝑑
0 (𝑥)Q̃

(𝑛min) (0)

)
MS

=

(
𝑇 𝐴 0

𝑇 𝐴𝑄 𝑇𝑄

)
𝜇

d
d𝜇

(
(𝐴𝑢𝑑

0 )
(𝑛min) (𝑥)

𝐴𝑢𝑑
0 (𝑥)𝑄̃

(𝑛min) (0)

)
MS

(8)

= − 𝑔̄
2(𝜇)
(4𝜋)2

(
(𝛾A0 )

(𝑛min) 0

0 (𝛾Q0 )
(𝑛min)

) (
(A𝑢𝑑

0 )
(𝑛min) (𝑥)

𝐴𝑢𝑑
0 (𝑥)Q̃

(𝑛min) (0)

)
MS

+ O(𝑔̄4) ,

2If the 1-loop mixing matrices turn out to be non-diagonalisable we can bring them into Jordan normal form, which
in the following would give rise to additional overall powers in log(𝑔̄(1/𝑎)), see also the discussion of this more general
case in [9].
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where 𝛾A0 and 𝛾Q0 are again diagonal matrices acting on the different operator bases and 𝑇 𝐴, 𝑇 𝐴𝑄,
𝑇𝑄 denote the appropriate changes of the operator bases. With help of the Renormalisation Group
we can then introduce RGI quantities [19]

𝑋
(𝑛min)
𝑖;RGI = lim

𝜇→∞
[2𝑏0𝑔̄

2(𝜇)]−(𝛾𝑋
0 )
(𝑛min )
𝑖

/(2𝑏0)𝑋 (𝑛min)
𝑖;MS

(𝜇) , 𝑋 ∈ {A,Q} . (9)

Meanwhile, performing the same change of bases on the (renormalised) matching coefficients yields(
𝑑A

−𝑐Q

)T

=

(
𝑑𝐴

−𝑐𝑄

)T (
𝑇 𝐴 0

𝑇 𝐴𝑄 𝑇𝑄

)−1

(10)

for the matching coefficients of the diagonalised basis. After diagonalising the bases all contact
divergences have been taken care of and we can finally make use of the freedom of adjusting the
matching conditions. This freedom allows us to set all matching coefficients of the EOM-vanishing
extension to the basis of the SymEFT action to zero.3 We are only left with the diagonalised on-shell
basis B instead of Q, i.e., we impose

(
𝑑A

−𝑐Q

)
→

©­­­­«
𝑑A

−𝑐B

−𝑐BE

ª®®®®¬
!
=

©­­­­«
𝑑A [2𝑏0𝑔̄

2(1/𝑎)]𝑛A

−𝑐B [2𝑏0𝑔̄
2(1/𝑎)]𝑛B

0

ª®®®®¬
×

{
1 + O(𝑔̄2(1/𝑎))

}
. (11)

In the last equality we introduced 𝑛𝑋
𝑖
∈ Z+ with 𝑋 ∈ {A,B} to account for any vanishing tree-level

matching coefficients of our on-shell bases, in which case we assume 𝑛𝑋
𝑖

= 1 as a conservative
estimate. If we did not carry the full basis 𝑄 or Q respectively with us up to this point, 𝑍𝐴𝑄

in eq. (7) and therefore 𝑇 𝐴𝑄 would be insufficiently determined when working with an off-shell
renormalisation prescription in the SymEFT. Evidently, a naive 𝑎-expansion is only sufficient to
determine tree-level matching when combined with the final change of matching condition.

All of this combined lets us write the leading asymptotic lattice spacing dependence for the
pion decay constant as

𝑍 𝐴̂〈0| 𝐴̂𝑢𝑑
0 (𝑥; 𝑎) |𝜋(0)〉
𝑚𝜋 𝑓𝜋

= 1 + 𝑎𝑛min
∑︁
𝑖

𝑑A𝑖 [2𝑏0𝑔̄
2(1/𝑎)] Γ̂A𝑖

〈0| (A𝑢𝑑
0 )
(𝑛min)
𝑖;RGI (𝑥) |𝜋(0)〉
𝑚𝜋 𝑓𝜋

− 𝑎𝑛min
∑︁
𝑗

𝑐B𝑗 [2𝑏0𝑔̄
2(1/𝑎)] Γ̂

B
𝑗

〈0|𝐴𝑢𝑑
0 (𝑥)B̃

(𝑛min)
𝑗;RGI (0) |𝜋(0)〉c

𝑚𝜋 𝑓𝜋

+
(
contributions

from 𝑍 𝐴̂

)
+ O

(
𝑎𝑛min+1, 𝑎𝑛min 𝑔̄2Γ̂+2(1/𝑎)

)
, (12)

where we denote the leading powers in 𝑔̄2(1/𝑎) after matching as

Γ̂𝑋
𝑖 =
(𝛾𝑋

0 )
(𝑛min)
𝑖

2𝑏0
+ 𝑛𝑋𝑖 , 𝑋 ∈ {A,B}. (13)

3In principle this can be done iteratively to all orders in perturbation theory but here we are content with TL matching.
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In the more general case of a continuum local field without vanishing 1-loop anomalous dimension,
i.e., 𝛾𝐽

0 ≠ 0 we would need to adjust this to the difference

Γ̂
J
𝑖

= 𝛾̂
J
𝑖
+ 𝑛J

𝑖
, 𝛾̂

J
𝑖

=
(𝛾J0 )

(𝑛min)
𝑖

− 𝛾𝐽
0

2𝑏0
, (14)

where J is the proper diagonalised higher-dimensional operator basis analogously toA. In eq. (12)
all lattice-spacing dependence is now absorbed into the prefactors, while the remaining RGI matrix
elements are unknown constants.

To conclude our initial example, we also need to specify what minimal basis to use. For the
axial-vector, we have the minimal on-shell basis at O(𝑎) in agreement with [20–22](

A𝑘𝑙
𝜇

) (1)
1 = 𝜕𝜇P𝑘𝑙 ,

(
A𝑘𝑙

𝜇

) (1)
2 =

𝑚𝑘+𝑙
2

A𝑘𝑙
𝜇 ,

(
A𝑘𝑙

𝜇

) (1)
3 = tr(𝑀)A𝑘𝑙

𝜇 , (15)

where 𝑚𝑘±𝑙 =
𝑚𝑘±𝑚𝑙

2 . Similarly, we find at O(𝑎2)(
A𝑘𝑙

𝜇

) (2)
1 = 𝛿𝜇𝜌𝜆𝑞𝑘𝛾𝜌𝛾5

←→
𝐷2

𝜆𝑞𝑙,
(
A𝑘𝑙

𝜇

) (2)
2 = 𝑞𝑘𝛾𝜌𝐹̃𝜌𝜇𝑞𝑙,(

A𝑘𝑙
𝜇

) (2)
3 = 𝑚𝑘−𝑙𝑞𝑘 (

←
𝐷𝜇 − 𝐷𝜇)𝛾5𝑞𝑙,

(
A𝑘𝑙

𝜇

) (2)
4 =

𝛿𝑘𝑙𝛿𝜇𝜈𝜌𝜎

𝑔2
0

tr(𝐷𝜈𝐹𝜌𝜆𝐹̃𝜎𝜆),(
A𝑘𝑙

𝜇

) (2)
5 =

𝛿𝑘𝑙

𝑔2
0

tr(𝐷𝜌𝐹𝜌𝜆𝐹̃𝜇𝜆),
(
A𝑘𝑙

𝜇

) (2)
6 = 𝛿𝜇𝜌𝜆𝜕

2
𝜌A𝑘𝑙

𝜆 ,

(
A𝑘𝑙

𝜇

) (2)
7 = 𝜕2A𝑘𝑙

𝜇 ,
(
A𝑘𝑙

𝜇

) (2)
8 =

𝑚2
𝑘
+ 𝑚2

𝑙

2
A𝑘𝑙

𝜇 ,(
A𝑘𝑙

𝜇

) (2)
9 =

𝛿𝑘𝑙

𝑔2
0
𝜕𝜇 tr(𝐹𝜈𝜌𝐹̃𝜈𝜌),

(
A𝑘𝑙

𝜇

) (2)
9+( 𝑗<3) =

𝑚𝑘+𝑙
2

(
A𝑘𝑙

𝜇

) (1)
𝑗
,(

A𝑘𝑙
𝜇

) (2)
11+ 𝑗 = tr(𝑀)

(
A𝑘𝑙

𝜇

) (1)
𝑗
,

(
A𝑘𝑙

𝜇

) (2)
15 = tr(𝑀2)A𝑘𝑙

𝜇 . (16)

From 1-loop renormalisation of these bases we find the corresponding 𝛾̂A
𝑖

, which are listed in
table 1 for 𝑁f = 2, 3. Table 1 also includes the results for all the other local fermion bilinears
mentioned in the beginning but not discussed here in detail. If we were only interested in those
(minimal) powers we could stop at this point and ignore any potential suppression from vanishing
tree-level matching coefficients. Otherwise also contact interactions must be taken into account,
but those details are beyond the scope of this proceedings contribution. The full bases for the other
fermion bilinears and the impact of contact interactions will be made available [23].

2.2 Negative powers of 𝜸̂J

Rather than going in detail through all the other fermion bilinears mentioned, we will now pick
out particular powers 𝛾̂J – the negative ones from table 1 – and trace back where those originate
from and whether we can do something about them. Fortunately there is only a very limited number
of those negative powers up to O(𝑎2).

Pseudo-scalar Only for the flavour-singlet case we find a severely negative power at O(𝑎) due to(
P𝑘𝑙

) (1) ∼ 𝛿𝑘𝑙

𝑔2
0

tr(𝐹𝜇𝜈 𝐹̃𝜇𝜈) , (17)

6
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Table 1: (Distinct) 1-loop anomalous dimensions found for the local bilinears at 𝑁f = 2, 3 flavours in
3-colour lattice QCD rounded to the third decimal. Keep in mind that (𝛾̂J + 1) are not added but will arise
from loop-suppressed contributions.

:::::::::::
Underwiggled numbers occur only for flavour-singlets and therefore

may only contribute if 𝑘 = 𝑙. Underlined numbers belong to massive contributions. . . . . . . . . . . . . . .Underdotted numbers
correspond to massive contributions, that vanish both in the mass-degenerate case and for 𝑘 = 𝑙.

𝑁f
(
𝛾̂J

) (1) (
𝛾̂J

) (2)
scalar (𝑘 ≠ 𝑙) 2 0.414 0, 0.483, 0.828

3 0.444 0, 0.519, 0.889
pseudo-scalar 2

:::::::
−0.586, 0.414

::::::
−0.172, 0, 0.483, 0.828

3
:::::::
−0.556, 0.444

::::::
−0.111, 0, 0.519, 0.889

vector 2 0.138, 0.414 0, 0.368, 0.552, 0.575, 0.828
3 0.148, 0.444 0, 0.395, 0.593, 0.617, 0.889

axial-vector 2 −0.414, 0.414
:::
−1, 0, 0.368,

:::::
0.506, . . . . . . .0.552,

:::::
0.559, 0.575, 0.828,

:::::
1.085

3 −0.444, 0.444
:::
−1, 0, 0.395, . . . . . . .0.593,

:::::
0.595, 0.617, 0.889,

:::::
1.244

tensor 2 −0.138, 0.414 0, 0.276, 0.46, 0.563, 0.69, 0.828
3 −0.148, 0.444 0, 0.296, 0.494, 0.605, 0.741, 0.889

where ∼ denotes the operator in the non-diagonal basis eventually giving rise to the power in the
coupling being discussed here after the full diagonalisation of bases and contact-term subtractions.4
This term may only arise for a theory without exact lattice chiral symmetry, i.e., here it only plays
a role for Wilson quarks. In a theory without an O(𝑎) improved lattice action, the contact term
between the continuum field and the operator 𝑖

4 Ψ̄𝜎𝜇𝜈𝐹𝜇𝜈Ψ from the SymEFT action will give rise
to a non-vanishing tree-level matching coefficient of this term in the diagonalised basis. Otherwise,
the matching coefficient will usually be loop-suppressed.

In the massless limit and finite volume, these contributions will be subject to automatic O(𝑎)
improvement by a discrete 2-flavour continuum symmetry

Ψ̄→ 𝑖Ψ̄𝛾5𝜏
3, Ψ→ 𝑖𝛾5𝜏

3Ψ, (18)

under which this O(𝑎) term transforms with opposite sign than the continuum field, similarly
to twisted mass QCD [24, 25]. Consequently, those contributions will only affect O(𝑎2) by the
interplay with other O(𝑎) terms cancelling the relative sign-change under this transformation either
from other local fields or the SymEFT action. The latter will also yield contact terms at O(𝑎2)
that have not been considered here but those will only affect the matching of the mass-dimension 5
operator basis. Notice that the asymptotic lattice spacing dependence of different O(𝑎) terms
combined will also give rise to O(𝑎2) effects, because one finds for any two O(𝑎) terms

𝑎[2𝑏0𝑔̄
2(1/𝑎)] 𝛾̂1 × 𝑎[2𝑏0𝑔̄

2(1/𝑎)] 𝛾̂2 = 𝑎2 [2𝑏0𝑔̄
2(1/𝑎)] 𝛾̂1+𝛾̂2 . (19)

The same term multiplied by a quark mass reappears at O(𝑎2), i.e., this additional contribution
only plays a role for non-vanishing quark masses. Again it yields a negative power 𝛾̂J but much
closer to zero.

4It is non-trivial that such a mapping exists to this order in the lattice spacing that leaves this diagonal entry of the
1-loop anomalous dimension matrix in its place.
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Axial-vector At O(𝑎) the operator (
A𝑘𝑙

𝜇

) (1) ∼ (
A𝑘𝑙

𝜇

) (1)
1 (20)

gives rise to severely negative powers. It is not allowed to contribute for lattice actions with
exact lattice chiral symmetry. The term

(
A𝑘𝑙

𝜇

) (1) is expected to contribute at tree-level for non-
strictly-local lattice bilinears, e.g., unimproved conserved currents. Again, the remarks from the
pseudo-scalar about automatic O(𝑎) improvement in the massless finite volume theory apply.

In case of an explicitly5 O(𝑎) improved theory, we only find for the flavour singlet a severely
negative power at O(𝑎2) due to the term(

A𝑘𝑙
𝜇

) (2) ∼ 𝛿𝑘𝑙

𝑔2
0
𝜕𝜇 tr(𝐹𝜈𝜌𝐹̃𝜈𝜌) . (21)

This term will arise already at tree-level matching due to contact interactions with operators from
the SymEFT action such as Ψ̄𝛾𝜇𝐷

3
𝜇Ψ. Its impact could be reduced by (at least) Symanzik tree-level

O(𝑎2) improvement of the lattice action as suggested, e.g., in [9].

Tensor Only at O(𝑎) we find a slightly negative power due to(
T 𝑘𝑙
𝜇𝜈

) (1) ∼ 𝜕𝜇𝑉𝜈 − 𝜕𝜈𝑉𝜇 . (22)

This term is again expected to arise at tree-level matching for non-strictly-local lattice bilinears but
also arises from the contact interaction between the continuum field and the operator 𝑖

4 Ψ̄𝜎𝜇𝜈𝐹𝜇𝜈Ψ

from the SymEFT action. As was the case for the pseudo-scalar and axial-vector, this term is
only allowed for lattice actions without exact lattice chiral symmetry and also the statements on
automatic O(𝑎) improvement in the massless finite volume theory apply.

3. Conclusion

After this first glance at local fermion bilinears of mass-dimension 3 we have a complete
overview of the asymptotically leading lattice artifacts of the form 𝑎𝑛min [2𝑏0𝑔̄

2(1/𝑎)] 𝛾̂
J
𝑖 without

taking potential suppression from tree-level matching into account. The resulting picture is a bit
more mixed than for the lattice actions discussed so far [7, 9]. In particular at O(𝑎) and flavour-
singlet O(𝑎2) we find some anomalous dimensions that may slow down the convergence to the
continuum limit significantly and should be dealt with. Here this can already be achieved by simple
perturbative (tree-level) Symanzik improvement shifting the problematic powers beyond classical
𝑎𝑛min corrections. In practice, O(𝑎) improvement of the local fields is frequently considered in the
literature, see e.g. [20–22, 26–28]. The results also highlight once more the benefits of explicit
Symanzik O(𝑎) improvement of Wilson quarks [20] over automatic O(𝑎) improvement. The latter
only postpones the problematic impact of negative powers to O(𝑎2) and further introduces additional
contact terms in the SymEFT description affecting tree-level matching at O(𝑎2). Those contact
terms do not introduce too problematic powers in the coupling for non-singlet currents. As an
example, the interplay of the unimproved massless (or twisted) Wilson quark action at 𝑁f = 2 with

5When relying on automatic O(𝑎) improvement the terms discussed before will be relevant.
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the local axial-vector will introduce in eq. (12) a non-vanishing contribution of the asymptotic form
𝑎2 [2𝑏0𝑔̄

2(1/𝑎)]−0.276. This is still far from Γ̂ ' −3 but could be avoided easily.

In an explicitly O(𝑎) improved setup, the leading lattice artifacts originating from the non-
singlet bilinears will at most be classical 𝑎2 or converge even faster.

Overall, these additional powers 𝛾̂J complement the ones already found for the lattice action
and should be incorporated into continuum extrapolations by varying the ansatz beyond naive
integer-powers in the lattice spacing to 𝑎𝑛min [2𝑏0𝑔̄(1/𝑎)] Γ̂ with Γ̂ varied in the range of powers
suggested by leading-order SymEFT calculations. A caveat remains whether nowadays lattice
simulations are at sufficiently small lattice spacings such that leading-order SymEFT is applicable
or in other words the running coupling 𝛼MS(1/𝑎) = 𝑔̄2(1/𝑎)/(4𝜋) is sufficiently small. Of course
higher powers in the lattice spacing should be considered as well to have a reasonably conservative
estimate of this systematic uncertainty. The fact that the range of (fine) lattice spacings typically
available is insufficient to distinguish these different powers is not an argument against those
variations but, on the contrary, shows the lack of control over this systematic error. Finer lattice
spacings would therefore always be beneficial but are too expensive at the moment except for
step-scaling studies in small volume such as [29].

The results presented here are valid only for on-shell matrix-elements of local fields. For
integrated correlation functions such as the integrated vector-vector 2-point function required for
predictions of the QCD contributions to the anomalous magnetic moment of the muon [30–32],
additional contact terms of the bilinears arise even on the lattice that have not been considered
here. Despite this limitation, the results presented here should be sufficient for so called window
quantities [32–36] at intermediate or large distances where those contact terms should be sufficiently
suppressed. The use of off-shell renormalisation schemes such as RI/(S)MOM [37, 38] is not being
covered as this would require use of a significantly enlarged operator basis constrained by BRST
invariance rather than gauge invariance for both the action and the local fields. Furthermore, off-shell
renormalisation conditions invalidate the use of the EOMs even beyond contact terms and introduce
gauge-choice dependence. In contrast, on-shell renormalisation schemes are covered but still may
require the inclusion of additional lattice artifacts from the renormalisation condition as indicated
in eq. (12). An example of such an on-shell renormalisation scheme would be the Schrödinger
functional scheme [39] for which the additional lattice artifacts from the time-boundary have
already been discussed to O(𝑎) in SymEFT [7].

The scripts used to perform the necessary calculations are publicly available6 including some
automation for the 1-loop renormalisation. Finding the minimal bases is not automated and will
require quite some work for each new local field being considered.

Acknowledgements. I am grateful to Rainer Sommer, Chris Sachrajda, and Jonathan Flynn for
discussions on the automatic O(𝑎) improvement of the massless theory in finite volume. I thank
Gregorio Herdoiza for helpful suggestions on the manuscript. The author acknowledges funding
by the STFC consolidated grant ST/T000775/1.

6https://github.com/nikolai-husung/Symanzik-QCD-workflow
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