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We revisit the the quark and gluon orbital angular momentum (OAM) distributions in the proton
at small 𝑥. Utilizing the revised small-𝑥 helicity evolution from [1], we calculate the quark and
gluon OAM distributions at small 𝑥, and relate them to the polarized dipole amplitudes and their
(first) impact-parameter moments. To obtain the small-𝑥 asymptotics of the OAM distributions,
we derive novel small-𝑥 evolution equations for the impact-parameter moments of the polarized
dipole amplitudes in the double-logarithmic approximation (summing powers of 𝛼𝑠 ln2 (1/𝑥) with
𝛼𝑠 the strong coupling constant). We solve these evolution equations numerically and extract the
large-𝑁𝑐, small-𝑥 asymptotics of the quark and gluon OAM distributions, which we determine to
be

𝐿𝑞+�̄� (𝑥, 𝑄2) ∼ 𝐿𝐺 (𝑥, 𝑄2) ∼ ΔΣ(𝑥, 𝑄2) ∼ Δ𝐺 (𝑥, 𝑄2) ∼
(

1
𝑥

)3.66
√︃

𝛼𝑠𝑁𝑐
2𝜋

,

in agreement with [2] within the precision of our numerical evaluation (here 𝑁𝑐 is the number of
quark colors). We also investigate the ratios of the quark and gluon OAM distributions to their
helicity distribution counterparts in the small-𝑥 region.
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1. Introduction

These proceedings are based on [3], where we present this work in more detail.
The total spin of the proton comes from both the spin and orbital angular momentum (OAM)

of its constituent quarks and gluons. This fact is quantified by spin sum rules. Here we consider
the Jaffe-Manohar sum rule [4],

𝑆𝑞+�̄� (𝑄2) + 𝐿𝑞+�̄� (𝑄2) + 𝑆𝐺 (𝑄2) + 𝐿𝐺 (𝑄2) = 1
2
, (1)

where 𝑆𝑞+�̄� and 𝑆𝐺 are the quark and gluon spin angular momentum contributions, respectively.
These contributions can be expressed as integrals over the helicity parton distribution functions
(PDFs),

𝑆𝑞+�̄� (𝑄2) = 1
2

1∫
0

𝑑𝑥 ΔΣ(𝑥, 𝑄2), 𝑆𝐺 (𝑄2) =
1∫

0

𝑑𝑥 Δ𝐺 (𝑥, 𝑄2), (2a)

where ΔΣ(𝑥, 𝑄2) is the quark flavor singlet helicity PDF and Δ𝐺 (𝑥, 𝑄2) is the gluon helicity PDF.
𝐿𝑞+�̄� and 𝐿𝐺 are the quark and gluon OAM contributions, respectively. All four contributions

depend on the renormalization scale 𝑄2. The OAM contributions can also be expressed as integrals
over distributions in the Bjorken-𝑥 variable,

𝐿𝑞+�̄� (𝑄2) =
1∫

0

𝑑𝑥 𝐿𝑞+�̄� (𝑥, 𝑄2), 𝐿𝐺 (𝑄2) =
1∫

0

𝑑𝑥 𝐿𝐺 (𝑥, 𝑄2). (3)

Particularly important for study is the small-𝑥 region of the integrals in Eqs. (3). This is because
𝑥 scales with the inverse center of mass energy of the system. Therefore, experiments can only
probe 𝑥 down to some 𝑥min > 0. Theoretical input is needed for the region where 𝑥 < 𝑥min. In
this work, we address this problem by determining the small-𝑥 behavior of the OAM distributions
𝐿𝑞+�̄� (𝑥, 𝑄2) and 𝐿𝐺 (𝑥, 𝑄2) 1. In Section 2, we utilize the dipole formalism at small 𝑥 to relate the
OAM distributions to the polarized dipole amplitudes and their first impact-parameter moments
(“moment amplitudes"). Since the revised helicity evolution of [1] does not directly apply to the
moment amplitudes, in Section 3, we construct their small-𝑥 evolution equations. In Section 4 we
solve these evolution equations numerically and determine the small-𝑥 asymptotics of the OAM
distributions. Additionally in Section 4 we investigate the ratios of the OAM distributions to their
helicity counterparts in the small-𝑥 region. We conclude in Section 5.

2. OAM Distributions at Small 𝑥

Using Wigner functions 𝑊 (𝑘, 𝑏), we can express the OAM distributions as [5–8]

𝐿𝑧 (𝑄2) =
∫

𝑑2𝑏⊥𝑑𝑏−𝑑2𝑘⊥𝑑𝑘+

(2𝜋)3
(
𝑏 × 𝑘

)
𝑊 (𝑘, 𝑏). (4)

We denote the light-cone components of four-vectors by 𝑥± = (𝑥0±𝑥3)/
√

2 while transverse vectors
are given as 𝑥 = (𝑥1, 𝑥2) with 𝑥

𝑖 𝑗
= 𝑥

𝑖
− 𝑥

𝑗
and |𝑥

𝑖 𝑗
| = 𝑥𝑖 𝑗 for 𝑖, 𝑗 labeling the partons. We can

extract the quark and gluon Wigner functions from the expressions for the unpolarized quark and

1This work is performed outside the saturation region.
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gluon transverse momentum dependent distributions (TMDs) in a longitudinally polarized proton
[8–10].

For the quark SIDIS process and the gluon dipole distribution, the quark and gluon Wigner
functions are [8]

𝑊SIDIS
𝑞+�̄� (𝑘, 𝑏) = 2

∑︁
𝑋

∫
𝑑𝑟− 𝑑2𝑟⊥ 𝑒𝑖𝑘 ·𝑟

〈
�̄�

(
𝑏 − 1

2
𝑟

)
𝑉𝑏− 1

2 𝑟

[
𝑏− − 1

2
𝑟−,∞

]
|𝑋⟩ (5a)

×
(
𝛾+

2

)
⟨𝑋 |𝑉𝑏+ 1

2 𝑟

[
∞, 𝑏− + 1

2
𝑟−

]
𝜓

(
𝑏 + 1

2
𝑟

) 〉
,

𝑊
dipole
𝐺

(𝑘, 𝑏) = 4
𝑥𝑃+

∫
𝑑𝑟− 𝑑2𝑟⊥ 𝑒𝑖𝑥𝑃

+𝑟−−𝑖𝑘 ·𝑟 (5b)

×
〈
tr
[
𝐹+𝑖

(
𝑏 − 1

2
𝑟

)
U [+]

[
𝑏 − 1

2
𝑟, 𝑏 + 1

2
𝑟

]
𝐹+𝑖

(
𝑏 + 1

2
𝑟

)
U [−]

[
𝑏 + 1

2
𝑟, 𝑏 − 1

2
𝑟

] ] 〉
,

where 𝑘+ = 𝑥𝑃+ for 𝑃+ the large proton momentum. U [+] and U [−] are the future and past pointing
Wilson line staples, respectively.

We take our projectile to be moving along the 𝑥− direction while our proton moves along the
𝑥+ direction. We denote averaging in the proton’s wavefunction by large brackets. Fundamental
Wilson lines along the light-cone are denoted as

𝑉𝑥 [𝑏−, 𝑎−] = P exp
𝑖𝑔

𝑏−∫
𝑎−

𝑑𝑥−𝐴+(𝑥+ = 0, 𝑥−, 𝑥)
 , (6)

with 𝑉𝑥 ≡ 𝑉𝑥 [∞,−∞] denoting infinite Wilson lines. Here 𝑔 is the strong coupling constant and
𝐴𝜇 (𝑥) = ∑

𝑎 𝐴𝜇 𝑎 (𝑥)𝑡𝑎, with 𝑡𝑎 the SU(N) generators.
In the dipole formalism, we treat the projectile as a dipole with 𝑥0, 𝑥1 denoting the transverse

positions of the quark and antiquark. The softer parton has momentum fraction 𝑧. At the sub-eikonal
(suppressed by one power of center-of-mass energy) level requisite for spin-dependent scattering
[11], there are two types of polarized dipole amplitudes [1],

𝑄10(𝑧𝑠) =
𝑧𝑠

2𝑁𝑐

Re
〈
T tr

[
𝑉𝑥0

(
𝑉

pol[1]
𝑥1

)†]
+ T tr

[
𝑉

pol[1]
𝑥1

𝑉†
𝑥0

]〉
, (7a)

𝐺𝑖
10(𝑧𝑠) =

𝑧𝑠

2𝑁𝑐

Re
〈
T tr

[
𝑉†
𝑥0
𝑉
𝑖 𝐺 [2]
𝑥1

]
+ T tr

[(
𝑉
𝑖 𝐺 [2]
𝑥1

)†
𝑉𝑥0

]〉
, (7b)

where 𝑠 is the dipole-target center of mass energy. The polarized Wilson lines, 𝑉pol[1]
𝑥1

and 𝑉
𝑖 𝐺 [2]
𝑥1

,
represent sub-eikonal corrections to the quark propagator through the shockwave. Their operator
definitions, along with the complete set of sub-eikonal corrections to the quark and gluon propagators
through the shockwave can be found in [1].

Inspecting Eq. (4), it appears more convenient to work with impact-parameter integrated
quantities. Integrating Eqs. (7) over all impact-parameters we get∫

𝑑2𝑥1 𝑄10(𝑧𝑠) = 𝑄(𝑥2
10, 𝑧𝑠), (8a)∫

𝑑2𝑥1 𝐺
𝑖
10(𝑧𝑠) = 𝜖 𝑖 𝑗𝑥

𝑗

10 𝐺2(𝑥2
10, 𝑧𝑠) + . . . . (8b)

In addition to these impact-parameter integrated polarized dipole amplitudes, the angular momen-
tum factor, (𝑏 × 𝑘), in Eq. (4) means we also need the first impact-parameter moments of Eqs. (7),

3
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∫
𝑑2𝑥1 𝑥

𝑖
1𝑄10(𝑧𝑠) = 𝑥𝑖10 𝐼3(𝑥

2
10, 𝑧𝑠) + . . . , (9a)∫

𝑑2𝑥1 𝑥
𝑖
1𝐺

𝑗

10(𝑧𝑠) = 𝜖 𝑖 𝑗𝑥2
10 𝐼4(𝑥

2
10, 𝑧𝑠) + 𝜖 𝑖𝑘𝑥𝑘10𝑥

𝑗

10 𝐼5(𝑥
2
10, 𝑧𝑠) + 𝜖 𝑗𝑘𝑥𝑘10𝑥

𝑖
10 𝐼6(𝑥

2
10, 𝑧𝑠) . . . . (9b)

Note other tensor structures are possible in Eqs. (8b) and (9), as indicated by the ellipses, but they
do not contribute to the OAM distributions so we disregard them here. The functions 𝐼3, 𝐼4, 𝐼5, 𝐼6
were dubbed the “moment" amplitudes in [3].

To obtain the OAM distributions at small-𝑥, we substitute Eqs. (5) in Eq. (4) and expand in
𝑥. The leading non-trivial terms can be expressed in terms of the impact-parameter integrated
amplitudes of Eqs. (8) and (9). The resulting OAM distributions are then

𝐿𝑞+�̄� (𝑥, 𝑄2) =
𝑁𝑐𝑁 𝑓

2𝜋3

1∫
Λ2/𝑠

𝑑𝑧

𝑧

min
[

1
𝑧𝑄2 ,

1
Λ2

]∫
1
𝑧𝑠

𝑑𝑥2
10

𝑥2
10

[𝑄 − 3𝐺2 − 𝐼3 − 2 𝐼4 + 𝐼5 + 3 𝐼6] (𝑥2
10, 𝑧𝑠), (10a)

𝐿𝐺 (𝑥, 𝑄2) = − 2𝑁𝑐

𝛼𝑠𝜋
2 [2 𝐼4 + 3 𝐼5 + 𝐼6]

(
𝑥2

10 =
1
𝑄2 , 𝑧𝑠 =

𝑄2

𝑥

)
, (10b)

where Λ is an infrared (IR) cutoff. Eqs. (10) are derived in the double logarithmic approximation
(DLA), which resums powers of 𝛼𝑠 ln2(1/𝑥). To determine the small-𝑥 asymptotics of the OAM
distributions, we first need to evolve the amplitudes in Eqs. (8) and (9). Although the evolution
equations for 𝑄(𝑥2

10, 𝑧𝑠) and 𝐺2(𝑥2
10, 𝑧𝑠) were derived in [1], we still need to derive evolution

equations for the moment amplitudes, 𝐼3, 𝐼4, 𝐼5, 𝐼6.

3. Moment amplitude evolution equations in the large-𝑁𝑐 limit

The polarized dipole amplitudes in Eqs. (7) can be evolved partonic center of mass energy 𝑧𝑠

[1]. Similar to the Balitsky hierarchy in unpolarized scattering [12, 13], these evolution equations
do not close in general. However, they do close in the large-𝑁𝑐 limit. The evolution equations for
𝐺10(𝑧𝑠) (which is the notation for 𝑄10(𝑧𝑠) in the large-𝑁𝑐 limit) and 𝐺𝑖

10(𝑧𝑠) are given by Eqs.
(118) and (128) of [1], respectively. Starting with these equations, one can multiply both sides by a
factor of 𝑥𝑚1 and integrate over 𝑥1. Keeping only leading terms in the DLA, we derive the large-𝑁𝑐

evolution equations for the moment amplitudes in Eqs. (9). The result, derived in [3], is

©«
𝐼3
𝐼4
𝐼5
𝐼6

ª®®®®¬
(𝑥2

10, 𝑧𝑠) =
©«
𝐼
(0)
3
𝐼
(0)
4
𝐼
(0)
5
𝐼
(0)
6

ª®®®®¬
(𝑥2

10, 𝑧𝑠) (11)

+ 𝛼𝑠𝑁𝑐

4𝜋

𝑧∫
1

𝑠𝑥2
10

𝑑𝑧′

𝑧′

𝑥2
10∫

1
𝑧′𝑠

𝑑𝑥2
21

𝑥2
21

©«
2 Γ3 − 4 Γ4 + 2 Γ5 + 6 Γ6 − 2 Γ2

0
0
0

ª®®®®¬
(𝑥2

10, 𝑥
2
21, 𝑧

′𝑠)
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+ 𝛼𝑠𝑁𝑐

4𝜋

𝑧∫
Λ2
𝑠

𝑑𝑧′

𝑧′

min[ 𝑧
𝑧′ 𝑥

2
10,

1
Λ2 ]∫

max[𝑥2
10,

1
𝑧′𝑠 ]

𝑑𝑥2
21

𝑥2
21

©«
4 −4 2 6 −4 −6
0 4 2 −2 0 1
−2 2 −1 −3 2 3
0 0 0 0 2 4

ª®®®®¬
©«

𝐼3
𝐼4
𝐼5
𝐼6
𝐺

𝐺2

ª®®®®®®®®®¬
(𝑥2

21, 𝑧
′𝑠).

The neighbor amplitudes2 Γ3, Γ4, Γ5, Γ6 obey their own evolution equations, given in Eq. (54f) of
[3]. The evolution equations for 𝐺,𝐺2, and Γ2 are given in Eq. (133) of [1]. An important feature
of our Eq. (11) is the mixing of the moment amplitudes with the dipole amplitudes 𝐺 and 𝐺2. A
similar mixing between helicity and orbital sectors can be found in the DGLAP evolution equations
for the twist-2 part of the OAM distributions [14, 15].

4. Numerical Results

We can solve Eq. (11) numerically. From the form of Eq. (11), we see that it is more convenient
to work with the logarithmic variables

𝑠10 =

√︂
𝛼𝑠𝑁𝑐

2𝜋
ln

1
𝑥2

10Λ
2
, 𝜂 =

√︂
𝛼𝑠𝑁𝑐

2𝜋
ln

𝑧𝑠

Λ2 . (12a)

At large 𝜂 and fixed 𝑠10, the moment amplitudes 𝐼3(𝑠10, 𝜂), 𝐼4(𝑠10, 𝜂), 𝐼5(𝑠10, 𝜂),and 𝐼6(𝑠10, 𝜂)
seem to grow exponentially (see Figure 1 of [3]). Therefore, we have the following ansatz3,

𝐼𝑝 (𝑠10 = 0, 𝜂) ∼ exp

[
𝛼𝐼𝑝𝜂

√︄
2𝜋

𝛼𝑠𝑁𝑐

]
, (13)

where 𝑝 = 3, 4, 5, 6 and 𝛼𝐼𝑝 is the intercept. We regress a linear model on ln |𝐼𝑝 (𝑠10 = 0, 𝜂) |
to fit the intercept. However, this can only be done at finite step sizes in 𝜂. To approximate the
continuum limit, we repeat this procedure at different step sizes 𝛿 = Δ𝜂 and maximum 𝜂 values
(𝜂max), obtaining a surface in the (𝛿, 1/𝜂max) space. We then fit this surface to a polynomial model
to extract the continuum limit (𝛿, 1/𝜂max → 0) intercept [1, 16]. The resulting intercepts for the
moment amplitudes are all numerically consistent,

𝛼𝐼3 = 𝛼𝐼4 = 𝛼𝐼5 = 𝛼𝐼6 = 3.66
√︂

𝛼𝑠𝑁𝑐

2𝜋
. (14)

Using Eq. (14) along with Eq. (13) in Eqs. (10), we determine the small-𝑥, large-𝑁𝑐 asymptotics
of the OAM distributions to be

𝐿𝑞+�̄� (𝑥, 𝑄2) ∼ 𝐿𝐺 (𝑥, 𝑄2) ∼
(
1
𝑥

)3.66
√︃

𝛼𝑠𝑁𝑐
2𝜋

. (15)

The helicity PDFs, ΔΣ(𝑥, 𝑄2), Δ𝐺 (𝑥, 𝑄2) and the 𝑔1 structure function have the same asymp-
totics as Eq. (15) [1]. Therefore, from Eq. (15) we conclude that the OAM distributions are not
suppressed relative to the helicity distributions at small 𝑥.

2The so-called neighbor amplitudes are auxiliary functions necessary to enforce lifetime ordering in the evolution
[11]. They do not contribute directly to the OAM distributions or the helicity PDFs.

3The factor
√︃

2𝜋
𝛼𝑠𝑁𝑐

is due to the definition of 𝜂 in Eq. (12).
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Another important quantity to investigate beyond the small-𝑥 asymptotics is the ratio of the
OAM distributions to the helicity PDFs. Using the numerical solution of Eqs. (11), we can calculate
the OAM distributions via Eqs. (10). Similarly, we perform a numerical solution of the helicity
evolution equations, Eq. (133) of [1], to obtain the helicity PDFs via Eqs. (42) and (66) of [1]. In
Figure 1, we plot the ratio of the quark OAM distribution to the quark helicity PDF in panel (a)
and the ratio of the gluon OAM distribution to the gluon helicity PDF in panel (b) as a function of
ln(1/𝑥).

6 8 10 12 14 16 18 20

-0.5

-0.4

-0.3

-0.2

-0.1

(a)

6 8 10 12 14 16 18 20

-1.96

-1.95

-1.94

-1.93

-1.92

(b)

Figure 1: Plots of the OAM to helicity PDF ratios from Eqs. (16) in the quark (a) and gluon (b) sector as a
function of ln(1/𝑥). Here 𝑄2 = 10 GeV2, 𝑁𝑐 = 3, 𝛼𝑠 = 0.25, and the step size is Δ ln(1/𝑥) = 0.5.

From Figure 1, we get the following ansätze for the ratios

𝐿𝑞+�̄� (𝑥, 𝑄2)
ΔΣ(𝑥, 𝑄2)

= 𝐴𝑞 +
𝐵𝑞

ln 1
𝑥

, (16a)

𝐿𝐺 (𝑥, 𝑄2)
Δ𝐺 (𝑥, 𝑄2)

= 𝐴𝐺 + 𝐵𝐺

ln 1
𝑥

. (16b)

The form of these ansätze are justified in the Appendix of [3]. We can fit the ratios in Figure 1 to the
ansätze of Eqs. (16) for a given step size in 𝑥. By performing a similar procedure to the one outlined
above for the small-𝑥 asymptotics, we can obtain estimates for the ratio coefficients in Eqs. (16) in
the continuum limit. For 𝑄2 = 10 GeV2, the numerically-determined coefficients are

𝐿𝑞+�̄� (𝑥, 𝑄2)
ΔΣ(𝑥, 𝑄2)

= −
(
0.5698 ± 0.0002

)
+
(
1.31 ± 0.01

)
ln 1

𝑥

, (17a)

𝐿𝐺 (𝑥, 𝑄2)
Δ𝐺 (𝑥, 𝑄2)

= −
(
1.96657 ± 0.00003

)
+
(
0.0531 ± 0.0002

)
ln 1

𝑥

. (17b)

We should compare Eqs. (17) to the results obtained in [2]. For helicity PDFs with small-𝑥
asymptotics

ΔΣ(𝑥, 𝑄2),Δ𝐺 (𝑥, 𝑄2) ∼
(
1
𝑥

)𝛼
, (18)

Eq. (7) of [2] predicts

𝐿𝑞+�̄� (𝑥, 𝑄2) = − 1
1 + 𝛼

ΔΣ(𝑥, 𝑄2) ≈ −ΔΣ(𝑥, 𝑄2), (19a)

𝐿𝐺 (𝑥, 𝑄2) = − 2
1 + 𝛼

Δ𝐺 (𝑥, 𝑄2) ≈ −2Δ𝐺 (𝑥, 𝑄2), (19b)

6
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where, in the last equality, we expanded in the perturbatively small parameter 𝛼 ∼ √
𝛼𝑠. Comparing

Eqs. (17) and Eqs. (19), we see that the quark ratios are different by nearly 50% and the gluon
ratios are nearly consistent. Although some speculation on the discrepancy in the quark ratio can
be found in [3], so far, there is no clear answer as to why the two results differ. We expect the
analytic solution of Eq. (11) will shed light on this matter. One potential source of this discrepancy
is the Wandzura-Wilczek (WW) approximation employed in [2]. The WW approximation keeps
only the twist-2 contributions to the OAM distributions. While not explicitly identified, the twist-3
contributions to the OAM distributions are not neglected here (or in the full work [3]). See the
discussion below Eqs. (71) in [3] for more details.

5. Conclusions and Outlook

To conclude, we have studied the OAM distributions at small 𝑥. By including corrections to
the sub-eikonal evolution found in [1], we revised and updated the results of [8]. We were able
to relate the OAM distributions to the polarized dipole amplitude and their first impact-parameter
moments (the moment amplitudes), exhibited in Eqs. (10). We have derived new large-𝑁𝑐 evolution
equations for the moment amplitudes and solved them numerically. The numerical solution revealed
that the OAM distributions have the same small-𝑥 asymptotics as the helicity PDFs and 𝑔1 structure
function, shown in Eq. (15), in agreement with [2].

We also studied the ratio of the OAM distributions to the helicity PDFs in the small-𝑥 region.
In the quark sector, we found a discrepancy with [2], while in the gluon sector we found agreement.
A more in depth discussion of all the points listed above can be found in the full work, [3].
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