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1. Introduction

For forty years, an understanding of how the proton spin emerges from its quark and gluon
substructure [1]

𝑆𝑞 + 𝐿𝑞 + 𝑆𝐺 + 𝐿𝐺 =
1
2

(1)

has remained elusive [2, 3]. In contrast to the naive expectation of quark spin pairing in an 𝑠-
wave ground state, the measured contribution 𝑆𝑞 from quark polarization is small, of order 25%
of the proton spin. The revelation that there is substantial gluon polarization 𝑆𝐺 and room for
orbital angular momentum of 𝐿𝑞 quarks and 𝐿𝐺 of gluons underscores the tremendous differences
in bound-state structure between quantum electrodynamics (QED) and quantum chromodynamics
(QCD).

The quark 𝑆𝑞 and gluon 𝑆𝐺 spin contributions are obtained from integrals over the helicity
parton distribution functions (hPDFs),

𝑆𝑞 (𝑄2) = 1
2

1∫
0

𝑑𝑥 ΔΣ(𝑥, 𝑄2) =
1
2

∑︁
𝑓

1∫
0

𝑑𝑥 Δ𝑞+𝑓 (𝑥, 𝑄
2) (2a)

𝑆𝐺 (𝑄2) =
1∫

0

𝑑𝑥 Δ𝐺 (𝑥, 𝑄2) , (2b)

where Δ𝑞+
𝑓
= Δ𝑞 𝑓 + Δ𝑞 𝑓 is the density of polarized quarks (plus antiquarks) of flavor 𝑓 and Δ𝐺

is the density of polarized gluons. As clearly shown in Eqs. (2), the calculation of the proton spin
contributions requires integration over the full physical range of 0 ≤ 𝑥 ≤ 1, while any experimental
extraction of the hPDFs is kinematically limited to finite 𝑥𝑚𝑖𝑛 ∝ 1/

√
𝑠 > 0 by the finite collision

energy
√
𝑠. As such, the extrapolation beyond measured data to asymptotically small 𝑥 is always a

necessary feature of an analysis of the proton spin.
In traditional methods of extracting hPDFs (see, e.g. [4, 5]) based on collinear factorization

and Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution [6, 7] , this indeed occurs as a
pure extrapolation of the functional form obtained at larger 𝑥. But, in recent years, a new framework
based on the theory of QCD at small 𝑥 has emerged which makes first-principles predictions about
the small-𝑥 tails of hPDFs. The first small-𝑥 analysis of hPDFs by Bartels, Ermolaev, and Ryskin
(BER) [8, 9] used the method of “infrared evolution equations” [10, 11] which are structurally similar
to the DGLAP evolution equations. This formalism has been used in various phenomenological
applications [12, 13].

Since then, an 𝑠-channel formalism has been constructed which generalizes the methods of
eikonal Wilson lines and impact factors at small 𝑥 to include sub-eikonal and spin-dependent
interactions. Spin-dependent small-𝑥 evolution equations (herein referred to as “KPS evolution”)
using polarized dipole amplitudes were first derived in Ref. [14]. Initially formulated only for
flavor-singlet observables in terms of the forward 𝑆-matrix of a polarized dipole, KPS evolution
was used to study flavor non-singlet observables [15] and reformulated at the operator level [16].
Crucially, the KPS evolution equations were constructed by keeping only the helicity-dependent
terms of the sub-eikonal Wilson line interactions. While keeping only spin-dependent terms to
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describe a spin-dependent observable seemed like a safe assumption at the time, in truth the KPS
evolution equations missed an important unpolarized sub-eikonal contribution. Sub-eikonal recoil
corrections, while spin independent, nevertheless contribute to the helicity evolution equations by
diluting the azimuthal correlations generated by other, spin-dependent interactions. This fact was
recognized in Ref. [17], which computed the new recoil operators and updated the small-𝑥 helicity
evolution equations (hereafter: “KPS-CTT evolution”).

The impact of KPS(-CTT) evolution on the hPDFs has been studied in a series of increasingly
sophisticated analyses. For KPS evolution, the asymptotic power-law scaling of the hPDFs

ΔΣ(𝑥, 𝑄2) ∼ Δ𝐺 (𝑥, 𝑄2) ∼
(
1
𝑥

)𝛼ℎ
, (3)

was computed numerically in Ref. [18] and analytically in Ref. [19], obtaining an intercept value
of 𝛼 (𝐾𝑃𝑆)

ℎ
= 4√

3

√︃
𝛼𝑠𝑁𝑐

2𝜋 ≈ 2.31
√︃
𝛼𝑠𝑁𝑐

2𝜋 in the large-𝑁𝑐 limit. With the inclusion of the CTT recoil

terms, the large-𝑁𝑐 intercept increases to 𝛼
(𝐾𝑃𝑆−𝐶𝑇𝑇 )
ℎ

≈ 3.66
√︃
𝛼𝑠𝑁𝑐

2𝜋 [17, 20], bringing it into
quantitative agreement with the large-𝑁𝑐 intercept obtained by BER [8, 9]. Interestingly, a small
numerical discrepancy remains between the KPS-CTT and BER intercepts in the large-𝑁𝑐&𝑁 𝑓

limit at the few percent level [21] which merits further investigation.
Phenomenologically, the early works based on KPS(-CTT) evolution did not attempt a global

analysis; they simply explored the possible impact on 𝑆𝑔, 𝑆𝑄 by discontinuously switching from
an existing, DGLAP-based global analysis to the asymptotic behavior (3). These results suggested
that the impact from polarized small-𝑥 evolution could lead to significant enhancements in the
total proton spin contributions 𝑆𝑔, 𝑆𝑄. A first true global analysis based on KPS evolution was
implemented in Ref. [22], which analyzed inclusive deep inelastic scattering (DIS). While the
available dataset for DIS at small 𝑥 was limited (𝑁𝑝𝑡𝑠 = 122), this analysis was remarkable in
that it successfully described the world DIS data using the small-𝑥 dipole formalism rather than
a DGLAP-based analysis. Encouragingly, when extrapolated beyond the reach of the dataset, the
uncertainty in the KPS predictions for the 𝑔1 structure function at small 𝑥 remained controlled,
while the uncertainty from DGLAP-based, pure extrapolation methods grew substantially once the
available data constraints ran out. This analysis seemed to substantiate the premise of the small-𝑥
theoretical formalism: by using first-principles input from the theory of spin at small 𝑥, a significant
improvement in the uncertainty in 𝑆𝑞, 𝑆𝐺 from small 𝑥 can be achieved.

The most recent such global analysis was conducted in Ref. [23], which studied both inclusive
DIS and semi-inclusive DIS (SIDIS) using the full KPS-CTT evolution equations in the more
precise large-𝑁𝑐&𝑁 𝑓 limit. A summary of the methods and findings of that analysis is the subject
of the remainder of this paper. Please see the full text of Ref. [23] for details that are beyond the
scope of this paper.

2. Global Analysis of DIS + SIDIS

In the KPS(-CTT) formalism, the hPDFs are expressed in terms of polarized dipole amplitudes,
𝑄 𝑓 for quarks of a given flavor, and 𝐺2 for gluons. These dipole amplitudes are functions of a
transverse size like 𝑥10 and a longitudinal momentum fraction 𝑧, and they contribute to the quark
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hPDFs Δ𝑞+
𝑓
, gluon hPDF Δ𝐺, and helicity structure function 𝑔1 according to

𝑔1(𝑥, 𝑄2) = 1
2

∑︁
𝑓

𝑒2
𝑓 Δ𝑞

+
𝑓 (𝑥, 𝑄

2) , (4a)

Δ𝑞+(𝑥, 𝑄2) = − 𝑁𝑐

2𝜋3

1∫
Λ2/𝑠

𝑑𝑧

𝑧

min[1/𝑧𝑄2,1/Λ2]∫
1/𝑧𝑠

𝑑𝑥2
10

𝑥2
10

[
𝑄𝑞 (𝑥2

10, 𝑧𝑠) + 2𝐺2(𝑥2
10, 𝑧𝑠)

]
, (4b)

Δ𝐺 (𝑥, 𝑄2) = 2𝑁𝑐
𝛼𝑠𝜋

2 𝐺2

(
𝑥2

10 =
1
𝑄2 , 𝑧𝑠 =

𝑄2

𝑥

)
. (4c)

It is the polarized dipole amplitudes that evolve in 𝑥, resumming double logarithms of the form
𝛼𝑠 ln2 1

𝑥
. The resulting KPS-CTT evolution equations, in the large-𝑁𝑐&𝑁 𝑓 limit, are

𝑄 𝑓 (𝑥2
10, 𝑧𝑠) = 𝑄

(0)
𝑓
(𝑥2

10, 𝑧𝑠) +
𝑁𝑐

2𝜋

∫ 𝑧

1/𝑥2
10𝑠

𝑑𝑧′

𝑧′

∫ 𝑥2
10

1/𝑧′𝑠

𝑑𝑥2
21

𝑥2
21

𝛼𝑠

(
1
𝑥2

21

) [
2𝐺 (𝑥2

21, 𝑧
′𝑠) + 2 Γ̃(𝑥2

10, 𝑥
2
21, 𝑧

′𝑠)

+ 𝑄 𝑓 (𝑥2
21, 𝑧

′𝑠) − Γ 𝑓 (𝑥2
10, 𝑥

2
21, 𝑧

′𝑠) + 2 Γ2(𝑥2
10, 𝑥

2
21, 𝑧

′𝑠) + 2𝐺2(𝑥2
21, 𝑧

′𝑠)
]

+ 𝑁𝑐

4𝜋

∫ 𝑧

Λ2/𝑠

𝑑𝑧′

𝑧′

min[𝑥2
10𝑧/𝑧

′ ,1/Λ2]∫
1/𝑧′𝑠

𝑑𝑥2
21

𝑥2
21

𝛼𝑠

(
1
𝑥2

21

) [
𝑄 𝑓 (𝑥2

21, 𝑧
′𝑠) + 2𝐺2(𝑥2

21, 𝑧
′𝑠)

]
, (5a)

𝐺2(𝑥2
10, 𝑧𝑠) = 𝐺

(0)
2 (𝑥2

10, 𝑧𝑠)

+ 𝑁𝑐

𝜋

𝑧∫
Λ2/𝑠

𝑑𝑧′

𝑧′

min
[
𝑧
𝑧′ 𝑥

2
10,

1
Λ2

]∫
max

[
𝑥2

10,
1

𝑧′𝑠

]
𝑑𝑥2

21

𝑥2
21

𝛼𝑠

(
1
𝑥2

21

) [
𝐺 (𝑥2

21, 𝑧
′𝑠) + 2𝐺2(𝑥2

21, 𝑧
′𝑠)

]
, (5b)

𝐺 (𝑥2
10, 𝑧𝑠) = 𝐺 (0) (𝑥2

10, 𝑧𝑠) +
𝑁𝑐

2𝜋

∫ 𝑧

1/𝑥2
10𝑠

𝑑𝑧′

𝑧′

∫ 𝑥2
10

1/𝑧′𝑠

𝑑𝑥2
21

𝑥2
21

𝛼𝑠

(
1
𝑥2

21

) [
3𝐺 (𝑥2

21, 𝑧
′𝑠) + Γ̃(𝑥2

10, 𝑥
2
21, 𝑧

′𝑠)

+ 2𝐺2(𝑥2
21, 𝑧

′𝑠) +
(
2 −

𝑁 𝑓

2𝑁𝑐

)
Γ2(𝑥2

10, 𝑥
2
21, 𝑧

′𝑠) − 1
4𝑁𝑐

∑︁
𝑓

Γ 𝑓 (𝑥2
10, 𝑥

2
21, 𝑧

′𝑠)


− 1
8𝜋

∫ 𝑧

Λ2/𝑠

𝑑𝑧′

𝑧′

min[𝑥2
10𝑧/𝑧

′ ,1/Λ2]∫
max[𝑥2

10, 1/𝑧′𝑠]

𝑑𝑥2
21

𝑥2
21

𝛼𝑠

(
1
𝑥2

21

) 
∑︁
𝑓

𝑄 𝑓 (𝑥2
21, 𝑧

′𝑠) + 2 𝑁 𝑓 𝐺2(𝑥2
21, 𝑧

′𝑠)
 . (5c)

The quark dipole 𝑄 𝑓 and gluon dipole 𝐺2 mix with a third amplitude 𝐺 under evolution, and
for each of the three dipole amplitudes 𝑄 𝑓 , 𝐺2, 𝐺, there exists an equivalent auxiliary amplitude
Γ̄ 𝑓 , Γ2, Γ̃ with modified limits of integration due to their dependence on the “neighbor dipole.” We
omit the analogous evolution equations of the auxiliary functions for brevity.

To study the proton helicity structure at small 𝑥, we solve Eqs. (5) numerically by discretizing
the integral equations and solving them recursively. In doing so, it is convenient to change to the
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logarithmic variables 𝑠10 =

√︃
𝑁𝑐

2𝜋 ln 1
𝑥2

10Λ
2 and 𝜂 =

√︃
𝑁𝑐

2𝜋 ln 𝑧𝑠

Λ2 . Because the evolution equations
(5) are linear, if the large-𝑥 initial conditions are specified as a sum of terms, each of those terms
evolves independently. This greatly facilitates the global analysis, permitting an expansion of the
initial conditions in terms of a finite set of basis functions,

𝑄
(0)
𝑓

= 𝑎 𝑓 𝜂 + 𝑏 𝑓 𝑠10 + 𝑐 𝑓 , (6a)

𝐺 (0) = �̃� 𝜂 + �̃� 𝑠10 + �̃� , (6b)

𝐺
(0)
2 = 𝑎2 𝜂 + 𝑏2 𝑠10 + 𝑐2 , (6c)

[4, 24]).
The observables we consider are the longitudinal double-spin asymmetries 𝐴1 and 𝐴∥ ∝ 𝐴1 for

DIS at SLAC, EMC, SMC, COMPASS, and HERMES, and 𝐴ℎ1 for identified hadrons ℎ in SIDIS
at SMC, COMPASS, and HERMES (see [23] for details on the experimental data utilized). We
impose the kinematic cuts 5 × 10−3 < 𝑥 < 0.1 ≡ 𝑥0 and 1.69 GeV2 < 𝑄2 < 10.4 GeV2 on the
data to select on the small-𝑥 regime. The upper limit 𝑥0 = 0.1 for the double-logarithmic helicity
evolution coincides with the onset of single-logarithmic unpolarized evolution around 0.01 preferred
by phenomenology [25, 26]. For SIDIS we use the JAM fragmentation functions from Ref. [5]. We
choose our IR cutoff to be Λ = 1 GeV. We do not place any explicit cuts on the hadron momentum
fraction 𝑧 in SIDIS. We fit the remaining 122 polarized DIS data points and 104 polarized SIDIS
data points with an overall 𝜒2/𝑁pts of 1.03. The extracted hPDFs are shown in Fig. 1.

Fig 1 summarizes our main results. The 𝐶-even quark hPDFs Δ𝑞+
𝑓

(Fig 1: Left) are distinct
from each other at large 𝑥 due to constraints from data, with all hPDFs decreasing in magnitude at
small 𝑥. The large-𝑥 flavor separation disappears at small 𝑥, resulting in error bands that span zero,
allowing for flavor-specific spin contributions that could be positive, negative, or consistent with
zero. Meanwhile Δ𝐺 appears to have the largest error band of all, both at large and small-𝑥, and
also spanning zero. The 𝐶-odd hPDFs Δ𝑞−

𝑓
(Fig 1: Right) exhibit flavor-specific behavior across

the whole range of 𝑥, with visible differences in the bands persisting even to small 𝑥. The 𝐶-odd
hPDFs converge to zero more quickly than the 𝐶-even ones because of the smaller intercept [15].

Figure 1: (Left) 𝐶-even quark hPDFs Δ𝑢+ (red), Δ𝑑+ (blue), Δ𝑠+ (orange) and Δ𝐺 (green) extracted from
experimental data and scaled by 𝑥. (Right) Extractions of the 𝐶-odd quark hPDFs Δ𝑢− (red), Δ𝑑− (blue),
Δ𝑠− (orange), also scaled by 𝑥.
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Figure 2: The small-𝑥 predictions of 𝑔𝑝1 . The black curve is the mean of all the replicas and the green band
gives the 1𝜎 uncertainty. Blue (red) curves are solutions that are asymptotically negative (positive).

In contrast to the precise predictions at small 𝑥 obtained in Ref. [22], the hPDFs obtained in
Fig. 1 exhibit surprisingly large uncertainties, precisely in the region where the theory should work
best. To understand the origin of this large error, it is helpful to analyze the individual replicas
generated by the global analysis depicted in Fig. 2. There we show 500 distinct replicas of 𝑔𝑝1 , each
computed with a randomly-sampled set of initial-condition parameters. All replicas coincide in the
region of 𝑥 where we the data imposes constraints (5× 10−3 < 𝑥 < 0.1), but the small-𝑥 predictions
begin to diverge from each other once the data runs out. The origin of the problem is clearly visible
by eye (with the aid of the color coding in Fig. 2): small-𝑥 helicity evolution does indeed lead to
the asymptotic power-law scaling (3) as expected, but the sign of that power-law behavior is not
constrained from the fit to data.

Figure 3: (Left) Histograms utilizing Eq. (7) showing that the intercept 𝛼ℎ (𝑥) becomes more refined as 𝑥
decreases. (Right) Keeping only the information on the sign dependence from the first derivative produces
bimodal peaks at ±𝛼ℎ (𝑥). At large 𝑥 there is no asymptotic behavior, while two refined peaks emerge as the
asymptotics take form at smaller values of 𝑥.
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This picture can be further substantiated by studying the logarithmic derivative of the dipole
amplitudes

lim
𝑥→0

𝑔
𝑝

1 (𝑥) ≡ 𝑔
𝑝 (0)
1 𝑥−𝛼ℎ (𝑥 ) ∴ 𝛼ℎ (𝑥) ≡

1
𝑔
𝑝

1 (𝑥)
𝑑 𝑔

𝑝

1 (𝑥)
𝑑 ln(1/𝑥) , (7)

shown in Fig. 3 which provides a local, 𝑥-dependent measure of the power law 𝛼ℎ (𝑥). The usual
logarithmic derivative (Fig. 3: left) shows that the hPDFs all converge toward the asymptotic
intercept 𝛼ℎ as 𝑥 → 0, but the signed logarithmic derivative (Fig. 3: left) reveals something more
interesting. As the replicas evolve toward lower 𝑥, the distribution forms two bimodal clusters
around ±𝛼ℎ (𝑥). While quantum evolution consistently drives the curvature of each replica towards
its asymptotic behavior (3), the sign of the coefficient in front must be fixed from fitting to the data.
This is the origin of the increased uncertainty at small 𝑥 in our analysis: not a failure of the small-𝑥
formalism itself, but an inability to sufficiently constrain all the coefficients within the current scope.
As we demonstrate in Fig. 4, the inclusion of a small amount of additional constraining power (here,
lower-𝑥 DIS pseudodata from the EIC) can resolve the ambiguity seen in Fig. 3 and restore precise
predictive power to the global analysis.

An analysis of the structure of the hPDF basis functions [23] reveals which dipole amplitudes
carry this uncertainty. The𝑄 𝑓 and 𝐺2 polarized dipole amplitudes have relatively large magnitudes
at large values of 𝑥 and are therefore well-constrained by the experimental data. The evolution-only
amplitude 𝐺, however, is negligible in the large-𝑥 region and only becomes non-zero for small
values of 𝑥. Because of this, 𝐺 is poorly constrained from the fit to data, and the large uncertainty
at small 𝑥 can be attributed to the unconstrained sign of 𝐺. Since the quark and gluon hPDFs mix
under evolution, any unconstrained parameters in 𝐺 will strongly influence the uncertainty in the
other hPDFs.

Figure 4: Impact on the current fit to the proton structure function 𝑔
𝑝

1 (green, same as Fig. 2) from EIC
pseudodata under three scenarios of “high” (red), “mid” (magenta), and “low” (blue) values.
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3. Outlook

Our future work will be dedicated to obtaining better constraints on our initial condition
parameters, with emphasis on the amplitudes 𝐺 and 𝐺2 which are dominant at small 𝑥. One
strategy we are exploring is to perform matching onto the well-developed predictions of the collinear
factorization formalism (e.g. [4, 24, 27]) in the neighborhood of 𝑥 ≈ 0.1. A first attmept at large-
𝑥 matching was performed in [23], and the results indicated that even a rudimentary matching
procedure can substantially change the fit. More realistic matching procedures that guarantee
smoothness at the matching point would allow for a continuous fit valid over all values of 𝑥, which
we are pursuing for future work.

Another possible strategy to resolve the present ambiguity would be to expand the scope of the
global analysis to include new observables sensitive to the differences between the basis functions.
To have the greatest impact on the small-𝑥 uncertainty, these observables should specifically couple
to the gluon-dominated dipoles 𝐺 and 𝐺2. For these reasons, it is very promising to pursue the
implementation of the longitudinal double spin asymmetry 𝐴𝐿𝐿 of hadrons and jets produced at
mid-rapidity in 𝑝𝑝 collisions. Adding this observable not only increases the number of data points,
but also adds sensitivity to the gluon hPDF at leading order.

The theory and phenomenology of spin at small 𝑥 is a rapidly developing field, with its im-
portance to resolving the proton spin puzzle becoming increasingly clear. Significant progress is
expected on these fronts in the coming years through the activities of the SURGE Collaboration,
which seeks to provide the framework for a comprehensive global analysis of polarized and unpo-
larized reactions in the small-𝑥 regime. Taken together, the polarized and unpolarized components
of the SURGE Collaboration’s efforts will make important contributions not only to the study of
the proton spin, but also to the search for gluon saturation as well.
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