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Strong localisation via the so-called Anderson localisation is possible over different kinds of mass
chains in theory space. This localisation can be used to generate tiny neutrino masses and mixing
angles. We show that in the limit of strong disorder, these models predict hierarchial neutrino
masses and anarchical mixing angles. This is true for all geometries which can be local, non-local
or mixed. On the other hand, if one considers weak disorder scenarios, localisation in mixing
angles can also be obtained for certain models centered around the present experimental values.

These models can serve new models to explain neutrino mixing patterns.
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1. Introduction

It is now well established that the data from solar and atmospheric neutrino oscillations can be
explained by tiny neutrino masses within the range of (10~ — 1) eV depending on the hierarchies
of the masses one chooses. In comparison with other fermion masses, the neutrino mass range is
at least six orders of magnitude smaller compared to the lightest, 1.e, the electron mass. Neutrino
oscillation data also fixes the mixing between in the leptonic sector to be large compared to the
small CKM mixing in the quark sector.

Non-zero neutrino masses require the Standard Model to be extended either in terms of new
particles and/or some additional symmetries. The mechanism to generate non-zero neutrino masses
also depends on whether neutrinos are Majorana or Dirac. The lowest dimension effective theory
beyond the Standard Model has Majorana neutrino mass operators at dimensional five level[1].
Concrete UV Models have typically been the famous seesaw models which have been discovered
several decades ago[2],[3],[4],[5].[6],[7] (for recent reviews on these models and their implications
please see [8],[9]). In these mechanisms, a heavy mass is used to suppress the weak scale to
generate a tiny neutrino mass. An alternative approach to generate the suppression is to use the
loop factor as in various radiative mechanisms[10],[11],[12]. For a review of various such models,
please see [13]. In addition to these mechanisms, there are several other viable models in literature
[14],[15],[16].

In the present work, we will focus on a novel mechanism recently suggested in [17]. This
mechanism imports the ideas of Anderson localisation[18] of condensed matter physics to four
dimensions and uses localisation in theory(field) space to generate tiny neutrino masses. It should
be noted that this mechanism crucially depends on "disorder" or “randomness” in couplings/masses.
While such randomness in masses/couplings is assumed in the present work, there are sources of
such randomness in more fundamental theories. For example, in effective theories based on String
theories, the randomness can be attributed to the variation of the couplings on the landscape[19].
In field theories, other examples exist where randomness is due to the presence of dark sectors with
large symmetries[20].

In the present work we show concrete models of Dirac and Majorana neutrino masses using the
Anderson localisation mechanism [21]. We show that these classes of models have some universal
features in the strong localisation limit. In this case, neutrino masses tend to be hierarchical with
anarchical mixing angles irrespective of the underlying geometry in theory space. In the weak
localisation regime, depending on the geometry, we show there exist models where in addition
to the masses, the mixing angles can also be "localised" in the theory space. Along the way, we
compare our results with clockwork models and their variations. The rest of the paper is organised
as follows. In the next section, we show the efficiency of Anderson localisation with respect to
other similar models like clockwork, random clockwork etc. In section 3), we present the results
for the strong localisation regime, for three geometric models. In section 4) concrete examples in
the weak localisation regime are presented where it is shown that mixing angles can be "localised"
at their experimental values. We close with an outlook and further work in section 5).
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2. Efficiency of Randomness: A comparison of Anderson mechanism with
clockwork and its variations

Consider the following Lagrangian consisting of N chiral fermions, where L;(R;) represents
left(right) handed fields. The total lagrangian including the kinetic terms is represented by Eq.(1),
where H represents mass terms that follow the underlying geometry in the theory space.

N
L= Lin— ) LiH; jRj +h.c. (1)

i,j=1

In a general manner, encompassing several models, H can be represented as follows, with K an
integer taking values {0, 1}:

7‘(1',]' :Eiéi,j - ti((sl'_‘_]’j + K(Si,j+l) (2)

In Eq.(2), when K = 0 we recover the well-known Clockwork model[22] with €; = m and
t; = gm. When K = 1, we have the two-sided or double clockwork with similar assumptions on €
and #[23]'. Interesting variations happen when ¢; and ¢; are made random when K = 0 [24] and
K =1[17]. The random clockwork model (K = 0) is when these parameters are chosen randomly
in a range rather than being universal[24]. The particularly interesting case of K = 1 and random
€; has been studied in [17] which is also the topic of this work. In this work, it has been shown that
when ¢; are randomly varied in an interval such as [2¢, 27 + W], where W is a parameter, the model
exhibits Anderson-like localisation of its wave functions. The localisation is so effective that it can
lead to exponential hierarchies in the couplings.

The mass matrix for the fermionic fields { L;, R; } with K=11in Eq.(2), inthebasis (L, Lj, ...Ln,
Ri, Ry, ...Ry) is a symmetric? anti-diagonal block matrix

0 MA]

Mpass = [ MA 0

where the M4 elements are given as M f} =L;M f}R_J and the matrix has the form

[ ¢ =t 0 ... 0

-t e -t .. 0

MA=| 0 =t & .. 0
| 0 ... ... -t en |

Choosing the overscale to be O(1) TeV, let us consider that ¢; are random O(1) entries within a
range given by ¢; € [-2W,2W] and ¢ to be universal. To be concrete we choose ¢ to be 1/4 TeV, W
to be 4 TeV and the number of sites, N = 8. The resulting eigenvectors are plotted in Fig.(1). In the
left panel of the figure, we show the eigenvectors along the sites without introducing randomness
in ;. For concreteness, we choose ¢; = W. In the right panel, we treat ¢; to be random in the range
mentioned above.

'This limit is very similar to the deconstruction models.
2We will assume all the masses are real in this work.
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Figure 1: - Mass modes y; of Local lattice with uniform sites €; = W & #; = ¢ (left) and random sites t; = ¢
& €; € [-2W, 2W] (right).
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Figure 2: Figure shows the median of the Log of Absolute of minimum component 0-mode of CW and
lightest mode of disorder models achieved &y with N = 14 sites for 50 runs with 1000 trials.

As can be seen clearly, the random choice turns the unlocalised wavefunctions in the uniform
case into ones that are completely localised at a certain site in the random case. It also demonstrates
that all the wavefunctions are localised.

It can further be demonstrated that the Anderson localisation is an efficient method of local-
isation compared to other similar models like clockwork and its variations, where the zero also
typically gets localised. To show this, let us consider a parameter fg’"’, defined as:

£ = min{gl}, Viell,N].

It should be noted that .f(’)"i" picks the minimum of the zero mode eigenvector for the clockwork

models and the lightest mode in the random models. In Fig.(2) we show the values of the f(’)”i"

the random clockwork model as well as various other random models. The number of sites, N is

in

chosen to be 14. The parameters chosen for various cases are presented in Table (1). As can be
seen from the figure, randomness is much stronger when both the ¢ and ¢; parameters are chosen to
be random.

3. Strong Disorder: Neutrino Masses and Mixing

In condensed matter systems, there is a particularly interesting scenario where the disorder is
significantly large in the € terms. This is called the strong disorder limit and it coincides with the limit
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Table 1: Parameters considered for Clockwork and both-sided Hamiltonian with W =5 TeV and t = 1 TeV.

Scenario K € (TeV) t; (TeV)
Clockwork 0 | [2t, 2t+2W] [-t, t]
Random Site 1 | [2t, 2t42W] 5
Random Coupling 1 W [-t, t]
Random Site & Coupling | 1 | [2t, 2t+2W] [-t, t]

€; (W) > t in the Hamiltonian H in Eq.(2). In this work, we show that in this limit, there are some
universal features regarding neutrino masses and mixing angles independent of the underlying
geometry of the theory space defining the mass matrix of Eq.(1). We consider three particular
geometries which are sort of extreme cases in terms of the "locality" of the "hopping"/"interaction"
terms. The three cases we consider are (i) Completely local (ii)) Completely non-local (iii) partially
non-local. The case of completely local is the one where the hopping terms or ¢ terms are restricted
to be only nearest neighbour ones as in Ref.[25]. The case of completely non-local is considered
in Ref.[26] where in addition to nearest neighbour mass terms, mass terms with all other possible
sites are also considered with reducing weight depending on the distance from the sites. Finally,
the semi-local has so far not been considered in the literature as far as we know. Of all possible
choices, we consider a particularly interesting choice of the Petersen graph as a partially non-local
where in addition to the local mass terms, only a particular set of non-local terms are allowed as
per the geometry of the graph in theory space. In the following, we will discuss the results from the
three cases assuming three neutrino flavors. More details can be found in [21].

All three cases share the same Hamiltonian as in Eq.(1) as before but now extended to three
flavors, as we will need at least three Anderson localisations at work.

N

i.J=1

The chiral fields of the above lagrangian with now interact with the Standard Model neutrino fields
to generate tiny neutrino masses determined by the matrix:

Lipe, =Y 7L HRY + YPPIRHLE + h.c. )

where a, b, @ and § are flavor indices and R and L are the modes in Eq.(3).

We will now present the distributions of neutrino masses and mixing angles for the three
geometries mentioned above. 1) Firstly the completely local case is specified only by nearest
neighbour "hopping" or interaction terms as given by Eq.(2) with K = 1.

In the Fig.(3) we show the distributions for neutrino masses and mixing angles. The number of
sites, N is chosen to be 8 and ¢; are varied between [-2W,2W] with W =5TeV andt; =t =0.1
TeV. It should be noted that the parameters Y in Eq.(4) can also influence the results. Choosing
them to be O(1) we notice that there are two possible cases to generate intergenerational mixing (a)
site-mixing: Y are flavor diagonal and H,, g are flavor off-diagonal and (b) Yukawa mixing: Y are
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Figure 3: Figure shows the mass distribution histogram (left) and mixing angle histogram (right) for 100000
runs produced in local theory space for site mixing with W =5 TeV, t = 0.1 TeV and N = 8.

flavor off-diagonal and H, g are flavor diagonal. In Fig.(3), we present results assuming case (a)
site mixing. As can be seen from the figure (left) neutrino masses turn out to be hierarchical and
(right) the mixing angles are anarchical. The choice results with Yukawa mixing are quantitatively
different but qualitative features remain the same.

3.1 Non-Local Hamiltonian

We now move to the case of completely non-local Hamiltonians, by which we mean that the
hopping terms are permitted between any two sites not just the nearest neighbouring ones. A
particular example of this type was presented for scalars mass matrix in Ref [26],[27], in which
the strength of the hopping terms decays with the intersite distance. We will incorporate a similar
Hamiltonian to our case however now applied to fermions. It should be noted that this Hamiltonian
also exhibits Anderson localisation as the local case. The relevant Fermionic lagrangian is given by

N N
— — ¢
Liong-range = Lkin — Azl Liei jR; — -21 Lim (1-6:j)Rj +h.c. (5
L,j= L, ]=

The total Dirac mass matrix including the long-range Hamiltonian in the basis of fermionic fields
L;, R; is given by

t t t

L R~ HN-T

I3 € r 3

b 2 5 pN-2

M = z L L
long-range = b2 7 6 N3 >

t t

N1 » &N ]

where we have assumed #; = ¢ and b > 1 parameterises the decaying factor. For our numerical
results, we use similar values for N, ¢; and t. We choose N = 14 and ¢; € [-2W,2W] with W =
5 TeV. b is chosen to be 5 whereas ; =t = 0.1 TeV. For the case (a) site mixing the results are
presented in Fig.(4). As can be seen, the results are very similar to the local case with neutrino
masses predominantly hierarchical (left) and the mixing angles completely anarchical.
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Figure 4: Figure shows the mass distribution histogram (left) and mixing angle histogram (right) for 100000
runs produced in non-local theory space for site mixing with W =5 TeV, t =0.1 TeV,b =5 and N = 14.

3.2 Petersen Hamiltonian

The above two cases can be considered extreme cases in terms of locality/non-locality of the
hopping terms. It would be interesting to consider graphs that are somewhere in the middle in
terms of connectivity. The Petersen graph has connectivity more than the local graph but less than
the non-local graph. The graph is interesting in general graph theory as well as in network theory.
Lagrangians with such connections in theory space have not been studied before in literature. The
Lagrangian for Petersen graph for a general number of sites, assuming N is even, is given by

N N/4
— — ¢
Lpetersen = Lkin — Z L€, jR; - Z Lim (6i.j+n/a +0isnya) R;
ij=1 ij=1
Nz t N t
- Z Lib|i—j| (6i,j+ny2 + Sixnya.j) Rj = . Z Li—b|i—j| (6ij+1) R;
i,j=1 i,j=N/2+1
al — I
- Z Lib|i—j| ((5i+1,j) Rj+h.C. (6)

i,j=N/2+1

In the above, we have assumed that the weights of non-local hopping terms decay with respect to the
distance between them, similar to the case of completely non-local structure. The corresponding
Dirac mass matrix for N=38 fields in the basis of L;, R; takes the following form

(e 0 5 0 &% 0 0 0]
00 @ 0 45 0 £ 0 0
# 0 e 0 0 O # 0
0 L 0 & 0 0 0 =L
Mperersen = # ]6 0 0 e % 0 ;
0 £ 0 0 £ & £ 0
00 4 0 0 & & &
[0 0 0 45 & 0 L e |

It is evident that the matrix has a different structure compared to the one in Eq.(3.1). Given that
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Figure 5: Mass modes of Petersen graph with uniform sites €; = W (left) and random sites ¢; € [-2W,2W]
(right) for N =8, W=5TeV,t=1/4TeV and b = 2.
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Figure 6: Figure shows the mass distribution histogram (left) and mixing angle histogram (right) for 100000
runs produced in non-local theory space for site mixing with W =5 TeV, t =0.5 TeV,b=3 and N = 14.

the eigenfunctions of this matrix have not been studied in the literature, we found it important
to demonstrate the localisation features of this lagrangian. In Fig.5, we showed the localisation
features in the wavefunctions and compared to the case where the parameters are uniform instead of
random. The numerical values of the parameters are chosentobe N =8, W =5TeV, b =2, and t =
0.25 TeV. As can be seen from the figure, in the uniform case (all ¢ = W), the wave functions have
a kink-like form, with half (other half) of them having the maxima (minima) at the first four sites
(last four) sites. This is quite interesting and could have potential implications in various areas of
physics. In the right graph, we see that localisation is achieved in this case too in the strong disorder
limit.

Without much further ado, we now move to present the results from neutrino masses and
mixing angles. We consider N = 12 sites with ¢; € [-[2W,2W] and #; =t with W =5 TeV, b = 5 and
t = 0.1 TeV. As before we present results for the case of site-mixing, i.e, mixing in the H, g. The
Yukawa couplings are considered to be diagonal unit matrix. The results are plotted in Fig.6. The
results confirm our assertions that in general in the strong disorder scenario, neutrino masses tend
to be hierarchical with anarchical mixing angles.
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Figure 7: Figure shows the distribution of masses produced and histogram of mixing angle for 100000 runs
produced for Yukawa mixing with parameters as in table (middle) and site mixing couplings (right) with W
=5 TeV.

4. Weak Disorder: Neutrino Masses and Mixing

In the weak disorder limit, €; € [W —t, W + ¢] the geometry of the graph plays an important
role. We have studied several theory spaces encompassing all three kinds of scenarios for hopping
terms (a) completely local (b) completely non-local and (c) mixed as in the Petersen graph. In each
case, both site mixing and Yukawa mixing have been considered. The general features of the Weak
disorder limit for neutrino masses and mixing angles are:

* localisation is typically not very strong and the resultant hierarchies are significantly lower.
This impacts the neutrino mass scales. However, both hierarchical and inverse hierarchical
neutrino masses are possible due to "precision pruning" [21].

* Mixing is crucially dependent on whether one chooses "site mixing" or Yukawa mixing. Site
Mixing can lead to semi-anarchial or dual localisation mixing angles whereas in Yukawa
mixing, it is possible to get stable neutrino mixing angles for a choice of Yukawa couplings
which are all O(1).

* Explicit examples can be found where neutrino masses and mixing angles are localised and
fit in the experimental values.

We now present results for neutrino masses and mixing angles for all three cases (a) local mixing
(b) non-local mixing and (c) Petersen graph. In Fig.7, we show the results for the three cases.
All the three examples show stable distributions for neutrino mixing angles centred around the
experimental values. The explicit values of the Yukawa couplings chosen for the three cases are
listed below in Table 2.

5. Outlook

We presented a new class of models for neutrino masses and mixing based on "Anderson" like
localization in theory space. We have considered two limiting cases of the parameters which are
the strong disorder and weak disorder limits. The qualitative features in both the limits are quite
distinctive. In the strong disorder case, irrespective of the underlying geometry some universal
features can be drawn for neutrino masses and mixing angles: hierarchical masses and anarchical
mixing angles. We considered three different geometries: a) completely local b) completely non-
local and finally ¢) mixed, where we considered Petersen Graph. In all these cases, in strong disorder
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Table 2: Parameters considered for the above scenario unless mentioned, where W = 5 TeV, b = 7 and
t=0.2TeV

Scenario N € t; | Yukawa Couplings (Y, g)
1 05 04
Local 9 | [W-t, W+t] | t 05 1 03
05 09 1
1 04 03
Non-local | 14 | [W-t, W+t] | t 02 1 0.7
0.8 06 1
1 03 0.2
Petersen 12 | [W-t, W+t] | t 03 1 0.1
04 06 1

limit, the neutrino masses are hierarchical and mixing angles are anarchical. The weak disorder

limit is far more complex and geometry-dependent. However, it is possible to have geometries

where the mixing angles are "localised" around the experimental values. More details can be found
in [21].
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