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1. Introduction

There are a number of open questions regarding the Wheeler-DeWitt (WDW) equation for the
wavefunction of the Universe [1–3]. Particularly important is the issue of ambiguities regarding op-
erator orderings, which arise upon the quantization of the classical Hamiltonian. Different operator
orderings lead to different WDW equations for the wavefunction of the Universe, denoted througout
this article Ψ. The resulting ambiguities can be parameterized in terms of apriori undetermined
functions in the differential equation [4], with each choice leading to distinct solutions for the wave-
function. Naively, it seems that the same classical theory leads to different quantum prescriptions,
yielding distinct results for the Hilbert space inner products and the quantum probabilities.

In this work, we first resolve the issue of operator ordering ambiguities at the semiclassical
level for the simpler case of the one-dimensional minisuperspace model [4, 5], where the only
dynamical degree of freedom is the scale factor of the Universe. Specifically, we show that the
inner products and probabilities associated with the various quantum prescriptions are universal at
the semiclassical level [4, 5]. For this purpose, we use the inner product measure 𝜇 that renders the
quantum Hamiltonian hermitian [4] to define the wavefunction Ψ̂ =

√
𝜇Ψ, which transforms as a

scalar under field redefinitions of the scale factor. The square of the absolute value of Ψ̂ determines
the invariant probability density to find the Universe in a certain quantum state. We obtain the
WDW equation for Ψ̂ and cast it in an explicitly invariant form under field redefinitions. The
universality at the semi-classical level is made manifest since in the equation for Ψ̂, all ambiguity
functions associated with the various operator orderings appear in a higher order (in ℏ) correction
term Z, which is a scalar under field redefinitions. Because this term does not contribute at the
semiclassical level, we obtain a universal expression for Ψ̂ and, hence, for the invariant quantum
probability density. Demanding further that the inner products and, therefore, Ψ̂ are ambiguity-free
to all orders in ℏ fixes the scalar function Z to be independent of the ambiguity functions, and
imposes certain relations between the ambiguity functions. In a forthcoming article [9] we compute
Z for the path integral wavefunctions whose measures are based on field redefinitions of the scale
factor, which were studied in [4] at the semiclassical level, in order to investigate whether these
belong to the same universality class to all orders in ℏ.

We next proceed to incorporate an arbitrary number of scalar matter fields 𝜙𝛼, which we take to
be minimally coupled to gravity. We allow for a non-trivial field configuration manifold and generic
interactions among the scalar fields. In addition, we allow for anisotropies in the spacetime metric
but retain the homogeneity property. In the minisuperspace approximation, we end up with a non-
linear 𝜎-model with a one-dimensional base and a non-trivial Lorentzian target space manifold. A
much greater number of ambiguity functions appear now in the WDW equation due to the presence
of a greater number of dynamical degrees of freedom. The hermiticity of the Hamiltonian does
not uniquely fix the inner product measure as in the one-dimensional case but provides a number
of constraints, which we derive. Defining Ψ̂ as before and imposing the hermiticity constraints, we
obtain the WDW equation for Ψ̂ and establish universality at the semi-classical level. All ambiguity
functions appear in a higher order in ℏ scalar function Z. The universality of the inner products to
all orders in ℏ requires Z to be ambiguity-free and limits the possible values.
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2. 1d minisuperspace model

To start with consider a cosmological model in the minisuperspace approximation in the presence
of a positive cosmological constant Λ and in the absence of matter. The Lorentzian action is

𝑆 =
1
2

∫
V

𝑑4𝑥
√−𝑔 (𝑅 − 2Λ) , (1)

where M denotes the spacetime manifold1. As an ansatz, we insert a FRLW metric:

𝑑𝑠2 = −𝑁2(𝑡)𝑑𝑡2 + 𝑎2(𝑡)
(
𝑑𝑟2

1 − 𝑘𝑟2 + 𝑟2𝑑Ω2
3

)
. (2)

In this equation, 𝑁 (𝑡) and 𝑎(𝑡) are the lapse function and the scale factor, respectively, while 𝑑Ω2
3

is the metric of a unit 3-sphere. The lapse function 𝑁 is non-dynamical and can be fixed by time a
reparametrization. The scale factor 𝑎 is the sole dynamical degree of freedom. The constant 𝑘 takes
the values −1, 0, or 1 for an open, flat or closed Universe, respectively. For closed cosmologies, we
set 𝑘 = 1 and the metric takes the form

𝑑𝑠2 = −𝑁2(𝑡)𝑑𝑡2 + 𝑎2(𝑡)𝑑Ω2
3. (3)

Substituting the metric above in the action, we obtain the effective Lagrangian for the scale factor

𝐿 = 3𝑣3𝑁

(
−𝑎 ¤𝑎

2

𝑁2 + 𝑎 − ℓ2𝑎3

)
, (4)

where 𝑣3 = 2𝜋2 and ℓ =

√︃
Λ
3 . The model can be exhibited as a one-dimensional sigma model

[1, 4, 6–8]

𝐿 = 𝑁

[
𝛾𝑎𝑎

¤𝑎2

𝑁2 −𝑉 (𝑎)
]
, (5)

where 𝛾𝑎𝑎 = −3𝑣3𝑎 is the metric on the one-dimensional target space manifold, which is Lorentzian,
and 𝑉 = −3𝑣3𝑎

(
1 − ℓ2𝑎2) is the potential. By finding the conjugate momentum 𝜋𝑎 = 𝛾𝑎𝑎

2 ¤𝑎
𝑁

, it is
then straightforward to obtain the classical Hamiltonian

𝐻

𝑁
=
𝜕𝐿

𝜕𝑁
=

(
1
4
𝛾𝑎𝑎𝜋2

𝑎 +𝑉
)
= 0. (6)

The fact this is vanishing can be seen to be a consequence of the time reparametrization symmetry
of the theory.

In order to quantize the Hamiltonian above, we promote the conjugate momentum of the scale
factor to a quantum operator

𝜋𝑎 → −𝑖ℏ 𝑑
𝑑𝑎

(7)

1When V has a boundary, we must add the Gibbons-York-Hawking boundary term: −
∫

𝜕V
𝑑3𝑥

√
ℎ 𝐾 , where ℎ𝑖 𝑗 is

the induced metric on the boundary and 𝐾 is the extrinsic curvature [12].

3
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giving the following canonical commutation relation

[𝜋𝑎, 𝑎] = −𝑖ℏ. (8)

The quantization gives rise to a problem regarding the precise ordering of the operators in the
quantum Hamiltonian [1, 2, 4, 7]. More specifically, while classically the kinetic component of the
Hamiltonian may be rewritten with the momenta and the minisuperspace metric in any order we
wish, the different reorderings are not equivalent at the quantum level. Generally, we can always
introduce a pair of ambiguity functions [4]:

𝛾𝑎𝑎𝜋𝑎𝜋𝑎 =
1

𝜌1𝜌2
𝛾𝑎𝑎𝜋𝑎 𝜌1 𝜋𝑎 𝜌2. (9)

This classically constitutes a tautology, but after quantization the expression accounts for a variety
of distinct terms, given that the ambiguity functions depend on 𝑎 and are, therefore, affected by the
derivatives. Notice that we do not allow 𝜌1 and 𝜌2 to be functions of 𝜋𝑎. We shall also restrict
ourselves to the case of these functions being strictly real, albeit we do delve deeper with complex
functions in our upcoming work [9].

Introducing the ambiguity functions, the quantum Hamiltonian gives the Wheeler-DeWitt
equation

𝐻

𝑁
Ψ = −ℏ

2

4
𝛾𝑎𝑎

𝜌1𝜌2

𝑑

𝑑𝑎

(
𝜌1
𝑑 (𝜌2Ψ)
𝑑𝑎

)
+𝑉Ψ = 0. (10)

The wavefunctions Ψ can be expressed as path integrals [1, 4, 10, 11]

Ψ =

∫
D𝑎 𝑒

𝑖𝑆 [𝑎]
ℏ , (11)

where the path integral measure has to be suitably chosen so as to satisfy (10) for the given 𝜌1

and 𝜌2. The states are scalars under field redefinitions (which are expressed here as a change of
coordinates), while the ambiguity functions transform as:

𝜌2 −→ 𝜌2 , 𝜌1 −→ 𝜌1
𝑑�̃�

𝑑𝑎
≡ �̃�1 (12)

The WDW equation can be brought into a more convenient form

𝐻

𝑁
Ψ = −ℏ

2

4
𝛾𝑎𝑎

{
1
𝜌

𝑑

𝑑𝑎

(
𝜌
𝑑Ψ

𝑑𝑎

)
+ 𝜔Ψ

}
+𝑉Ψ = 0, (13)

where we have defined:

𝜌 = 𝜌1𝜌
2
2, 𝜔 =

1
𝜌1𝜌2

𝑑

𝑑𝑎

(
𝜌1
𝑑𝜌2
𝑑𝑎

)
. (14)

Next we define the inner product as an integral over the minisuperspace manifold T as follows

⟨Ψ1 , Ψ2⟩ =
∫
T

𝑑𝑎
√−𝛾 𝜇(𝑎) Ψ∗

1Ψ2 (15)
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where the real positive function 𝜇 is a suitable measure. Notice that the volume element 𝑑𝑎√−𝛾
remains invariant under reparametrizations of the minisuperspace manifold.

We next impose the condition that the Hamiltonian is hermitian. To this end, we consider the
following identity involving the hermitian conjugate of the Hamiltonian, obtained by performing
an integration by parts 〈

Ψ1 ,
𝐻

𝑁
Ψ2

〉
=

〈
𝐻†

𝑁
Ψ1 , Ψ2

〉
+ Boundary terms. (16)

For hermiticity to hold, we must have
𝐻 = 𝐻†, (17)

while the boundary terms in the identity above must vanish. A proof of the latter can be found in
[4, 9].

Imposing equation (17) on an arbitrary wavefunction, we obtain the following constraint

𝑑

𝑑𝑎

(
𝛾𝑎𝑎

𝜇
√−𝛾
𝜌

)
= 0, (18)

which fixes the measure to be
𝜇 = 𝜅

𝛾𝑎𝑎 𝜌√−𝛾 . (19)

Here 𝜅 is a physically irrelevant constant, which can be set equal to ±1 accordingly so that the
measure is positive-definite. Thus, the measure 𝜇 depends on the ambiguity function 𝜌. At the
semi-classical level, however, it has been demonstrated that the inner products are universal [4]. In
the following we would like to examine and derive conditions on the ambiguity functions for this
universality property to hold to all orders in ℏ.

For this purpose, we use the inner product measure to define the wavefunction Ψ̂, which
transforms as a scalar under field redefinitions:

Ψ̂ =
√
𝜇Ψ. (20)

To cast the WDW equation for Ψ̂ in an explicitly covariant form, we first obtain the invariant
D’Alembertian:

∇2Ψ̂ =
1

√−𝛾
[√−𝛾 𝛾𝑎𝑎 (√

𝜇Ψ
) ′] ′

=

√
𝜇 𝛾𝑎𝑎Ψ′′+𝛾𝑎𝑎

(√
𝜇
) ′

Ψ′ + 1
√−𝛾

(√−𝛾 𝛾𝑎𝑎√𝜇) ′ Ψ′ + 𝑍Ψ̂,
(21)

where ∇ stands for the covariant derivative with respect to the minisuperspace metric and we have
defined

𝑍 =
1

√
𝜇
√−𝛾

[√−𝛾 𝛾𝑎𝑎 (√
𝜇
) ′] ′

= − 1
4
𝛾𝑎𝑎

(
𝜌′

𝜌

)2
+ 1

2
𝛾𝑎𝑎

𝜌′′

𝜌
− 3

4
𝛾𝑎𝑎

( (√−𝛾)′
√−𝛾

)2

+ 1
2
𝛾𝑎𝑎

(√−𝛾)′′
√−𝛾 .

(22)

5
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The primes indicate ordinary derivatives with respect to the scale factor 𝑎. Using (19), we can
simmplify the expression of the D’Alembertian:

∇2Ψ̂ =
√
𝜇 𝛾𝑎𝑎

(
Ψ′′ + 𝜌

′

𝜌
Ψ′

)
+ 𝑍Ψ̂. (23)

Using the WDW equation for Ψ, we finally obtain

∇2Ψ̂ − 4𝑉
ℏ2 Ψ̂ + ZΨ̂ =

√
𝜇

{
𝛾𝑎𝑎

{
1
𝜌

𝑑

𝑑𝑎

(
𝜌
𝑑Ψ

𝑑𝑎

)
+ 𝜔Ψ

}
− 4𝑉

ℏ2 Ψ

}
= 0. (24)

The ambiguity functions appear only in the scalar function

Z = 𝛾𝑎𝑎𝜔 − 𝑍, (25)

which leads to higher order quantum corrections, not present in the semi-classical approximation.
The resulting equation is thus free of the ambiguity functions at the semiclassical level, and so are
Ψ̂ and the inner products

⟨Ψ1 , Ψ2⟩ =
∫
T

𝑑𝑎
√−𝛾 Ψ̂∗

1Ψ̂2. (26)

In order for the universality to extent to all orders, it is necessary thatZ is some universal scalar
quantity, independent of the ambiguity functions. This fixes the ambiguity function 𝜔 in terms of
𝜌. The no boundary path integral wavefunctions of [4] may belong to the same universality class in
that they share the same Z, irrespective of 𝜌. As anticipated in [4], 𝜔 is determined in terms of 𝜌
for these wavefunctions and the relation could be such that Z is ambiguity free. This is investigated
in a forthcoming publication [9].

3. Minisuperspace of arbitrary dimensions

We consider a gravitational action with a positive cosmological constantΛ and include homogeneous
scalar matter fields, which we take to be minimally coupled to gravity:

𝑆 =
1
2

∫
V

𝑑𝑑+1𝑥
√−𝑔

[
𝑅 − 2Λ − 𝑔00

∑︁
𝛼,𝛽

𝐶𝛼𝛽
¤𝜙𝛼 ¤𝜙𝛽 − 2𝑉 ({𝜙𝛼})

]
. (27)

Retaining homogeneity, the spacetime metric can be written in the form [1, 2, 12]:

𝑑𝑠2 = −
[
𝑁2(𝑡) − 𝑁𝑖 (𝑡)𝑁 𝑖 (𝑡)

]
𝑑𝑡2 + 2𝑁𝑖 (𝑡)𝑑𝑡 𝑑𝑥𝑖 + ℎ𝑖 𝑗 (𝑡)𝑑𝑥𝑖𝑑𝑥 𝑗 (28)

where 𝑁 is the lapse function, 𝑁𝑖 are shift factors and ℎ𝑖 𝑗 stand for the spatial components of the
metric. The scalar fields interact via the potential term in the Lagrangian. 𝐶𝛼𝛽 = 𝐶𝛽𝛼 is the metric
on the scalar field manifold, which we take to be non-trivial.

As before, we will be working in the minisuperspace approximation, taking the Universe to
be closed and homogeneous. This time, however, we allow for anisotropies. As a result, the
spatial metric ℎ𝑖 𝑗 will give rise to 𝐷 = 𝑑 (𝑑 + 1)/2 independent degrees of freedom. A suitable
combination of these variables corresponds to the dilatation of the spatial manifold, while the rest

6



P
o
S
(
C
O
R
F
U
2
0
2
3
)
2
2
7

A formalism for the ambiguities of the Wheeler-DeWitt equation Eftychios Kaimakkamis

describe other geometrical properties related to the shape of the spatial manifold [1, 13, 14]. The
independent dynamical metric degrees of freedom are taken to be

𝑎(𝑡) = 𝑓0
(
{ℎ𝑖 𝑗}

)
𝜂𝑘 (𝑡) = 𝑓 𝑘

(
{ℎ𝑖 𝑗}

)
, 𝑘 ∈ {1, . . . , 𝐷 − 1}.

(29)

Of all these only 𝑎 has a negative kinetic term; the remaining 𝐷−1 degrees of freedom have positive
kinetic terms [13]. Taking into account the𝑚 scalar matter fields 𝜙𝛼, we end up with 𝑀 = 𝑚+𝐷−1
fields with positive kinetic terms.

The full set of fields in the model is thus described as follows:

𝑞𝐴 =


𝑎 , 𝐴 = 0
𝜂𝑘 , 𝐴 = 𝑘 ∈ {1, . . . , 𝐷 − 1}
𝜙𝛼 , 𝐴 = 𝛼 + 𝐷 − 1 ∈ {𝐷, . . . , 𝑀} .

(30)

The lapse function and shift factors 𝑁 and 𝑁𝑖 have no kinetic terms, as they not dynamical variables.
Upon carrying out the spatial integrals in the action (27), we obtain the effective potential of

the theory given by

𝑉

({
𝑞𝐴

})
=

1
2

∫
𝜕V

𝑑𝑑𝑥
√−𝑔

[
2𝑉 ({𝜙𝛼}) + 2Λ − 𝑑𝑅

]
, (31)

where 𝑑𝑅 is the curvature on a constant time slice 𝜕M of metric ℎ𝑖 𝑗 . In terms of this, we can cast
the theory as a non-linear 𝜎-model with a one-dimensional base manifold and a Lorentzian target
space parametrized by the dynamical fields 𝑞𝐴:

𝐿 = 𝑁

[
𝛾𝐴𝐵 ¤𝑞𝐴 ¤𝑞𝐵 −𝑉

({
𝑞𝐴

})]
, (32)

where 𝛾𝐴𝐵 is the minisuperspace metric, or the metric on the target space manifold. This metric is
of Lorentzian signature since 𝑞0 is time-like. Notice that 𝛾𝐴𝐵 turns out to be block-diagonal - one
block corresponding to the gravitational components and the other to the matter components. This
is because there is no kinetic term in the Lagrangian combining ¤ℎ𝑖 𝑗 and ¤𝜙𝛼. However, under generic
field redefinitions of 𝑞𝐴, there could be mixings. In such a frame, the minisuperspace metric will
no longer retain its block diagonal form.

From the Lagrangian (32), it is straightforward to derive the conjugate momenta 𝜋𝐴 and the
classical Hamiltonian, which takes the form

𝐻

𝑁
=

1
4
𝛾𝐴𝐵𝜋𝐴𝜋𝐵 +𝑉

({
𝑞𝐴

})
(33)

In order to quantize the Hamiltonian, we promote 𝑞𝐴 and 𝜋𝐴 to operators and impose canonical
commutation relations:

[𝑞𝐴, 𝜋𝐵] = 𝑖ℏ 𝛿𝐴𝐵

[𝑞𝐴, 𝑞𝐵] = 0
[𝜋𝐴, 𝜋𝐵] = 0.

(34)

7



P
o
S
(
C
O
R
F
U
2
0
2
3
)
2
2
7

A formalism for the ambiguities of the Wheeler-DeWitt equation Eftychios Kaimakkamis

Therefore, when acting on scalar wavefuctions the conjugate momenta of the classical theory are
promoted to partial derivatives:

𝜋𝐴 → −𝑖ℏ 𝜕

𝜕𝑞𝐴
. (35)

Just like in the 1𝑑 case, the quantum Hamiltonian is not uniquely defined, but there are operator
ordering ambiguities. Analogously to (9), we introduce sets of ambiguity functions capturing a
large class of models2:

𝛾𝐴𝐵𝜋𝐴𝜋𝐵 =
1

𝜌
(𝐴;𝐵)
1 𝜌

(𝐴;𝐵)
2

𝛾𝐴𝐵𝜋𝐴 𝜌
(𝐴;𝐵)
2 𝜋𝐵 𝜌

(𝐴;𝐵)
1 . (36)

Each of these functions depends generically on all fields 𝑞𝐴. We emphasize that the ordering of the
indices in the superscripts of the 𝜌’s plays a role. In other words, 𝜌 (𝐴;𝐵) ≠ 𝜌 (𝐵;𝐴) unless 𝐴 = 𝐵.
We end up with 2(𝑀 +1)2 ambiguity functions, which may appear in the expression of the quantum
Hamiltonian. It is important to mention that just like in section 2, we restrict ourselves to real
ambiguity functions, leaving the complex case for a later paper [9].

It will be useful to define the following functions

𝜌 (𝐴;𝐵) = 𝜌
(𝐴;𝐵)
1 𝜌

(𝐴;𝐵)
2 𝜌

(𝐵;𝐴)
2

𝜔 (𝐴;𝐵) =
𝜕𝐴

[
𝜌
(𝐴;𝐵)
1 𝜕𝐵

(
𝜌
(𝐴;𝐵)
2

)]
𝜌
(𝐴;𝐵)
1 𝜌

(𝐴;𝐵)
2

,

(37)

which will appear in the WDW equation for the wavefunction of the Universe. There are (𝑀 +1)2 𝜌

functions and (𝑀 +1)2 independent 𝜔 functions. For further convenience, we define the symmetric
combination

Ω(𝐴;𝐵) =
1
2
𝛾𝐴𝐵

(
𝜔 (𝐴;𝐵) + 𝜔 (𝐵;𝐴)

)
. (38)

Since Ω(𝐴;𝐵) = Ω(𝐵;𝐴) , there are only (𝑀/2 + 1) (𝑀 + 1) independent such functions.
As before, the quantum Hamiltonian must annihilate the wavefunction of the Universe Ψ,

which is a function of the 𝑀 + 1 𝑞𝐴, resulting in the WDW equation

𝐻

𝑁
Ψ({𝑞𝐴}) = 0. (39)

In terms of the ambiguity functions the WDW equation is given by

−ℏ
2

4

𝑀∑︁
𝐴,𝐵=0

[
𝛾𝐴𝐵 1

𝜌 (𝐴;𝐵)

𝜕

𝜕𝑞𝐴

(
𝜌 (𝐴;𝐵)

𝜕Ψ

𝜕𝑞𝐵

)
+Ω(𝐴;𝐵)Ψ

]
+𝑉Ψ = 0. (40)

The sums over 𝐴 and 𝐵 must be explicitly written to avoid confusion with the usual convention for
contractions. The solutions to this equation are in general dependent on the ambiguity functions.

2A more general treatment would have been to introduce ambiguity functions as matrices in the form
𝛾𝐴𝐵𝜌𝐸𝐹

(2) 𝜌
𝐶𝐷
(1) 𝜋𝐶 𝜌

(1)
𝐴𝐷
𝜋𝐸 𝜌

(2)
𝐵𝐹

. This would allow some extra quantum terms not appearing in the current paper.
A more detailed analysis is described in our forthcoming paper [9].
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The inner product is defined as an integral over the minisuperspace manifold T :

⟨Ψ1 , Ψ2⟩ =
∫
T

𝑑1+𝑀𝑞
√−𝛾 𝜇(𝑞𝐴) Ψ∗

1Ψ2 (41)

where 𝜇 is a suitable measure. We will now proceed to investigate whether these inner products are
universal, free of any of the ambiguity functions.

As in the 1d case, we first impose hermiticity for the quantum Hamiltonian. The conjugate of
the Hamiltonian is the operator satisfying〈

Ψ1 ,
𝐻

𝑁
Ψ2

〉
=

〈
𝐻†

𝑁
Ψ1 , Ψ2

〉
+ boundary terms. (42)

It can be shown explicitly that the boundary terms in the above identity vanish. Hence, to establish
hermiticity we must have

𝐻 = 𝐻†. (43)

Using integration by parts and (42), we obtain

𝐻†

𝑁
Ψ = −ℏ

2

4

𝑀∑︁
𝐴,𝐵=0

{
1

𝜇
√−𝛾

𝜕

𝜕𝑞𝐵

[
𝜌 (𝐴;𝐵)

𝜕

𝜕𝑞𝐴

(
𝛾𝐴𝐵

𝜇
√−𝛾
𝜌 (𝐴;𝐵)

Ψ

)]
+Ω(𝐴;𝐵)Ψ

}
+𝑉Ψ (44)

and demand that (43) holds. All terms besides the ones involving the 𝜌 functions are trivially the
same as the corresponding ones in the expression for 𝐻. Hence these cancel trivially between the
two sides of (43). Likewise the second derivative terms cancel. So we end up with the following
constraint:

𝑀∑︁
𝐴,𝐵=0

𝛾𝐴𝐵 1
𝜌 (𝐴;𝐵)

𝜕𝜌 (𝐴;𝐵)

𝜕𝑞𝐴

𝜕Ψ

𝜕𝑞𝐵
=

1
𝜇
√−𝛾

𝑀∑︁
𝐴,𝐵=0

{
𝜕𝜌 (𝐴;𝐵)

𝜕𝑞𝐵
𝜕

𝜕𝑞𝐴

(
𝛾𝐴𝐵

𝜇
√−𝛾
𝜌 (𝐴;𝐵)

Ψ

)
+𝜌 (𝐴;𝐵)

𝜕Ψ

𝜕𝑞𝐴

𝜕

𝜕𝑞𝐵

(
𝛾𝐴𝐵

𝜇
√−𝛾
𝜌 (𝐴;𝐵)

)
+ 𝜌 (𝐴;𝐵)

𝜕Ψ

𝜕𝑞𝐵
𝜕

𝜕𝑞𝐴

(
𝛾𝐴𝐵

𝜇
√−𝛾
𝜌 (𝐴;𝐵)

)
+ 𝜌 (𝐴;𝐵)

𝜕2

𝜕𝑞𝐵𝜕𝑞𝐴

(
𝛾𝐴𝐵

𝜇
√−𝛾
𝜌 (𝐴;𝐵)

)
Ψ

}
.

(45)

In this expression, there are terms linear in Ψ and terms linear in a partial derivative of Ψ.
Since Ψ is an arbitrary solution of the WDW equation, the terms linear in Ψ and the terms linear in
the derivatives of Ψ must vanish separately. Therefore, we obtain the following two equations:

𝑀∑︁
𝐴,𝐵=0

𝛾𝐴𝐵 1
𝜌 (𝐴;𝐵)

𝜕𝜌 (𝐴;𝐵)

𝜕𝑞𝐴

𝜕Ψ

𝜕𝑞𝐵
=

𝑀∑︁
𝐴,𝐵=0

{
𝛾𝐴𝐵 1

𝜌 (𝐴;𝐵)

𝜕𝜌 (𝐴;𝐵)

𝜕𝑞𝐵
𝜕Ψ

𝜕𝑞𝐴

+
𝜌 (𝐴;𝐵)
𝜇
√−𝛾

[
𝜕Ψ

𝜕𝑞𝐴

𝜕

𝜕𝑞𝐵

(
𝛾𝐴𝐵

𝜇
√−𝛾
𝜌 (𝐴;𝐵)

)
+ 𝜕Ψ

𝜕𝑞𝐵
𝜕

𝜕𝑞𝐴

(
𝛾𝐴𝐵

𝜇
√−𝛾
𝜌 (𝐴;𝐵)

)] } (46)

and

1
𝜇
√−𝛾

𝑀∑︁
𝐴,𝐵=0

{
𝜕𝜌 (𝐴;𝐵)

𝜕𝑞𝐵
𝜕

𝜕𝑞𝐴

(
𝛾𝐴𝐵

𝜇
√−𝛾
𝜌 (𝐴;𝐵)

)
+ 𝜌 (𝐴;𝐵)

𝜕2

𝜕𝑞𝐵𝜕𝑞𝐴

(
𝛾𝐴𝐵

𝜇
√−𝛾
𝜌 (𝐴;𝐵)

) }
Ψ = 0. (47)
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By expanding some of the derivative terms, the first equation simplifies to

2

{
𝑀∑︁

𝐴,𝐵=0
𝛾𝐴𝐵 1

𝜌 (𝐴;𝐵)

𝜕𝜌 (𝐴;𝐵)

𝜕𝑞𝐴
− 1
𝜇
√−𝛾

𝜕

𝜕𝑞𝐴

(
𝛾𝐴𝐵𝜇

√−𝛾
)} 𝜕Ψ

𝜕𝑞𝐵
= 0. (48)

For the equation above to hold for arbitrary Ψ, the coefficient of each partial derivative 𝜕𝐵Ψ should
vanish separately. We end up with a set of 𝑀 + 1 constraints:

𝑀∑︁
𝐴=0

𝜕

𝜕𝑞𝐴

(
𝛾𝐴𝐵

𝜇
√−𝛾
𝜌 (𝐴;𝐵)

)
𝜌 (𝐴;𝐵) = 0. (49)

Applying these constraints to the lhs of equation (47), we find that the equality indeed holds. As a
result, (43) is satisfied. Notice that in the higher dimensional case the measure 𝜇 is not unique, but
it is constrained by (49).

The steps to find classes of models with universal observables are similar to those in the one-
dimensional case. We define the scalar function Ψ̂ =

√
𝜇Ψ as in (20) and obtain the WDW equation

it satisfies. The D’Alembertian operator acting on Ψ̂ yields:

∇2Ψ̂ =
1

√−𝛾 𝜕𝐴
[√−𝛾 𝛾𝐴𝐵𝜕𝐵

(√
𝜇Ψ

) ]
=

√
𝜇 𝛾𝐴𝐵𝜕𝐴𝜕𝐵Ψ+𝛾𝐴𝐵

(
𝜕𝐵

√
𝜇
)
𝜕𝐴Ψ + 1

√−𝛾 𝜕𝐴
(√−𝛾 𝛾𝐴𝐵√𝜇

)
𝜕𝐵Ψ + 𝑍Ψ̂,

(50)

where 𝑍 is given by

𝑍 =
1

√−𝜇 𝛾 𝜕𝐴
[√−𝛾 𝛾𝐴𝐵

(
𝜕𝐵

√
𝜇
) ]

(51)

generalizing (22). Using (49) and some algebra, we finally obtain

∇2Ψ̂ =
√
𝜇
∑︁
𝐴,𝐵

𝛾𝐴𝐵

(
𝜕2Ψ

𝜕𝑞𝐴𝜕𝑞𝐵
+ 1
𝜌 (𝐴;𝐵)

𝜕𝜌 (𝐴;𝐵)

𝜕𝑞𝐴

𝜕Ψ

𝜕𝑞𝐵

)
+ 𝑍Ψ̂. (52)

Noticing that the sum is none other than the derivative part of the WDW equation Eq. (40), we
obtain:

√
𝜇

{
𝑀∑︁
𝐴,𝐵

[
𝛾𝐴𝐵 1

𝜌 (𝐴;𝐵)

𝜕

𝜕𝑞𝐴

(
𝜌 (𝐴;𝐵)

𝜕Ψ

𝜕𝑞𝐵

)
+Ω(𝐴;𝐵)Ψ

]
− 4𝑉

ℏ2 Ψ

}
= (53)

∇2Ψ̂ +
(
Z − 4𝑉

ℏ2

)
Ψ̂ = 0, (54)

where

Z = −𝑍 +
𝑀∑︁
𝐴,𝐵

Ω(𝐴;𝐵) , (55)

generalizing the equation satisfied by Ψ̂ in the one dimensional case.
Some remarks are in order:
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• At the semiclassical level, the WDW equation of Ψ̂ is universal, independent of the ambiguity
functions. From Eq. (54) we see that the dependence on the ambiguity functions arises from
Z, but this term leads to higher order corrections in ℏ, which do not contribute at the
semiclassical level. Since the inner product and all probability densities can be determined
in terms of Ψ̂ and the invariant volume element in minisuperspace, we conclude that the
predictions are universal at the semiclassical level, independent of any operator ordering
ambiguities.

• Beyond the semi-classical level, there is in general dependence on the ordering ambiguities
via Z. Notice that this must transform as a scalar under field reparametrizations, as the
effective potential 𝑉 . We can construct classes of models with universal predictions within
the class if we demand thatZ is free of ambiguities. This imposes special relations among the
ambiguity functions. One class of models are those for which Z vanishes. However, Z can
be any scalar quantity, invariant under reparametrizations of the minisuperspace manifold.

• As in the one dimensional case, it would be interesting to see if the path integral no boundary
wavefunctions fall in such categories for which Z is ambiguity free. In particular, we would
like to check if they fall in the same class, and therefore yielding the same predictions. The
universality at the semiclassical level would then extend to all orders in ℏ.

4. Conclusions

The formalism we present in this paper has primarily made use of the hermiticity of the Hamiltonian
and the invariance of the theory under field redefinitions. It has proved adequate in confirming the
universality of the 1d minisuperspace inner product at the semi-classical level. We also argued that
this universality property at the semiclassical level can be generalized to minisuperspace models
of arbitrary dimensions. It has proven very useful to define the scalar wavefunction Ψ̂ in terms of
the inner product measure that renders the Hamiltonian hermitian and obtain the WDW equation it
satisfies. This equation is invariant under field redefinitions of the minisuperspace variables and all
operator ordering ambiguity functions appear in higher order terms in ℏ, a property that allows one
to construct classes of models with universal predictions to all orders. In subsequent work [9], we
show that the path integral wavefunctions of [4] form such a universality class, at least for the 1d
minisuperspace case.
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