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String geometry theory is a candidate of the non-perturvative formulation of string theory. In
this theory, strings constitute not only particles but also the space-time. In this review, we
identify perturbative vacua, and derive the path-integrals of all order perturbative strings on the
corresponding string backgrounds by considering the fluctuations around the vacua. On the other
hand, the most dominant part of the path-integral of string geometry theory is the zeroth order
part in the fluctuation of the action, which is obtained by substituting the perturbative vacua to the
action. This part is identified with the effective potential of the string backgrounds and obtained
explicitly. The global minimum of the potential is the string vacuum. The urgent problem is to find
the global minimum. We introduce both analytical and numerical methods to solve it. Especially,
we analyze a generic region of the potential where the internal space is a torus. As a result, we find
that the potential is bounded below and has the minimum in the region where non-trivial fluxes
are determined. This fact supports that our approach is right.
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Figure 1: A notion for an effective potential of the string backgrounds in a non-perturbative formulation of
string theory

1. Introduction

In string theory, there are extremely large numbers (> 10500) of perturbatively stable vacua,
which are called the string theory landscape. Perturbative string theories cannot determine the true
vacuum among them because they are defined only around local minima. On the other hand, a
non-perturbative string theory is thought to determine the true vacuum (Fig.1). In this review, we
will derive an effective potential of string backgrounds from string geometry theory [1–8], which
is one of the candidates of non-perturbative string theory. The true vacuum can be determined by
its minimum. Main part of this proceeding is based on [9].

2. The idea of string geometry theory

One of the fundamental problems in string theory is to determine the six-dimensional internal
space by a non-perturbative formulation of string theory. Thus, to consider what is the space-time
in string theory is an important clue to understand what is a non-perturbative formulation of string
theory. In perturbative string theories, the space-time is made of points, whereas a particle is made
of a string. Because it is thought that quantum space-time is fluctuated, natural generalization is
that the space-time will be also made of strings in a non-perturbative formulation of string theory.
This is the principle of string geometry theory. That is, not only particles but also the space-time
are made of strings in string geometry theory.

3. What we have done in string geometry theory

String geometry theory is one of the candidates of a non-perturbative formulation of string
theory. Evidences are as follows:

• We can derive the path-integrals of the type IIA, IIB, SO(32) type I, and SO(32)
and E8xE8 heterotic superstring theories from the single theory by considering
fluctuations around fixed backgrounds in the corresponding charts, respectively.

• The action is strongly constrained by T-symmetry in string geometry theory,
which is a generalization of T-duality among perturbative vacua in string theory.

• The theory unifies particles and the space-time. That is, macroscopically, the
space-time = a string manifold, and a particle = a fluctuation of a string manifold.
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Figure 2: A model space of finite dimensional manifolds

Figure 3: Strings in R𝑑 .

4. A brief review on string geometry theory

In the following, we consider only the bosonic and closed sector of string geometry theory.
A model space of finite dimensional manifolds is just R𝑑 as in Fig.2, whereas that of infinite
dimensional manifolds has a non-trivial structure. The model space of string geometry has three
kinds of coordinates:

• 𝜏: string geometry time ∈ R
• ℎ̄ : metric on a worldsheet Σ (ℎ̄ is a discrete variable in the topology of string

geometry.)

• 𝑋 (𝜏) : Σ | �̄� → R𝑑 , where the global time on Σ is identified with string geometry
time 𝜏, and Σ | �̄� � 𝑆1 ∪ · · · ∪ 𝑆1 (Fig.3)

By considering any value of 𝜏, any ℎ̄ and 𝑋 (𝜏), a model space of string geometry, 𝐸 = {[𝜏, ℎ̄, 𝑋 (𝜏)]}
is obtained. String manifolds are constructed by patching open sets of the model space.

Arbitrary two points with the same Σ̄ in 𝐸 are connected continuously. Thus, there is a one-to-
one correspondence between a Riemann surface in R𝑑 and a curve parametrized by 𝜏 from 𝜏 ≃ −∞
to 𝜏 ≃ ∞ on 𝐸 . That is, curves that represent asymptotic processes on 𝐸 reproduce the right moduli
space of the Riemann surfaces in R𝑑 as in Fig.4.
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Figure 4: Perturbative strings in string geometry

The partition function of the bosonic sector of string geometry theory is given by

𝑍 =
∫

D𝐺DΦD𝐵𝑒−𝑆 ,

where the action is given by

𝑆 =
∫
DℎD𝜏D𝑋 (𝜏)

√
𝐺𝑒−2Φ [

−𝑅 − 4∇𝐼Φ∇𝐼Φ + 1
2 |𝐻 |2

]
,

where

• 𝑅: scalar curvature of a metric 𝐺 𝐼 𝐽 on a string manifold,

• Φ: scalar field on a string manifold,

• 𝐻: 3-form field strength of a 2-form 𝐵 on a string manifold.

The index 𝐼 runs 𝑑 and (𝜇�̄�), and then,

∇𝐼Φ∇𝐼Φ = ∇𝑑Φ∇𝑑Φ +
∫

𝑑�̄�𝑒∇(𝜇�̄�)Φ∇(𝜇�̄�)Φ,

where (𝜇�̄�) is an uncountably infinite dimensional index.

5. Derive the path-integrals of perturbative strings in all the curved string
backgrounds from String Geometry Theory

Let us consider fluctuations around backgrounds,

𝐺𝑀𝑁 = �̄�𝑀𝑁 + ℎ̃𝑀𝑁 .

We fix the general covariance to the harmonic gauge,

∇̄𝑀 �̃�𝑀𝑁 = 0,

where

�̃�𝑀𝑁 := ℎ̃𝑀𝑁 − 1
2
�̄� 𝐼 𝐽 ℎ̃𝐼 𝐽�̄�𝑀𝑁 .
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Because the degrees of freedom of strings are identified with �̃�𝑑𝑑 in [1–5], we set the other
fluctuations zero. Actually we will derive the path-integrals of perturbative strings from �̃�𝑑𝑑 . The
background is fixed to so-called perturbative vacua [6–8],

�̄�𝑑𝑑 = 𝑒2𝜙[𝐺,𝐵,Φ;𝑋] , (1a)
�̄�𝑑 (𝜇�̄�) = 0, (1b)

�̄� (𝜇�̄�) (𝜇′ �̄�′ ) = 𝐺 (𝜇�̄�) (𝜇′ �̄�′ ) =
𝑒3
√
ℎ̄
𝐺𝜇𝜈 (𝑋 (�̄�))𝛿 �̄� �̄�′ , (1c)

�̄�𝑑 (𝜇�̄�) = 0, (1d)

�̄� (𝜇�̄�) (𝜇′ �̄�′ ) = 𝐵 (𝜇�̄�) (𝜇′ �̄�′ ) =
𝑒3
√
ℎ̄
𝐵𝜇𝜈 (𝑋 (�̄�))𝛿 �̄� �̄�′ , (1e)

�̄� =𝛷 =
∫

𝑑�̄�𝑒Φ(𝑋 (�̄�)), (1f)

where 𝐺𝜇𝜈 (𝑥), 𝐵𝜇𝜈 (𝑥), and Φ(𝑥) represent string backgrounds in the ten dimensions, and 𝜙 will
be determined later.

We normalize the leading part of the kinetic term by rescaling �̃�𝑑𝑑 and delete the first order
term by shifting �̃�𝑑𝑑 . This gives (condition 1), whose explicit form will be given later. Then, the
action plus the gauge fixing term becomes

𝑆 = 𝑆0 +
∫

D𝜏D ℎ̄D𝑋 (𝜏)�̃�𝑑𝑑𝐻 (−𝑖1
𝑒

𝜕

𝜕𝑋
,−𝑖 𝜕

𝜕𝜏
, 𝑋, ℎ̄)�̃�𝑑𝑑 ,

where 𝑆0 is the 0-th order terms and

𝐻
(
− 𝑖

1
𝑒

𝜕

𝜕𝑋
,−𝑖 𝜕

𝜕𝜏
, 𝑋, ℎ̄

)
= 𝜖

(
1
2

∫
𝑑�̄�

√
ℎ̄𝐺𝜇𝜈

(
− 𝑖

1
𝑒

𝜕

𝜕𝑋 (𝜇�̄�)

) (
− 𝑖

1
𝑒

𝜕

𝜕𝑋 (𝜈�̄�)

)
− 1

2
𝑒−2𝜙

(
− 𝑖

𝜕

𝜕𝜏

)2

+
∫

𝑑�̄�𝑒
(
�̄��̄�𝜕�̄�𝑋

(𝜇�̄�) + 𝑖

√
ℎ̄

𝑒2 𝐺𝜇𝜈𝜕�̄�𝑋
(𝜌�̄�)𝐵𝜌𝜈

) (
− 𝑖

1
𝑒

𝜕

𝜕𝑋 (𝜇�̄�)

)
+𝑈, (2)

where 𝑈 represents non-derivative terms and the ADM decomposition

ℎ̄𝑚𝑛 =

(
�̄�2 + �̄��̄� �̄�

�̄� �̄��̄�
�̄��̄� 𝑒2

)
is utilized.

The differential equation for the propagator

Δ𝐹
(
ℎ̄, 𝑋 (𝜏), 𝜏; ℎ̄′, 𝑋 ′(𝜏′), 𝜏′

)
=

〈
𝜓′′
𝑑𝑑

(
ℎ̄, 𝑋 (𝜏), 𝜏), 𝜓′′

𝑑𝑑 ( ℎ̄′, 𝑋 ′(𝜏′), 𝜏′)
〉

is given by

𝐻
(
− 𝑖

1
𝑒
∇,−𝑖 𝜕

𝜕𝜏
, 𝑋 (𝜏), ℎ̄

)
Δ𝐹

(
ℎ̄, 𝑋 (𝜏), 𝜏; ℎ̄′, 𝑋 ′(𝜏′), 𝜏′

)
= 𝛿( ℎ̄ − ℎ̄′)𝛿(𝑋 (𝜏) − 𝑋 ′(𝜏′))𝛿(𝜏 − 𝜏′). (3)
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In order to compare with perturbative strings, we take the Schwinger representation of the
propagator by using the first quantization formalism, where ( ˆ̄ℎ, �̂�, ˆ̄𝜏) are operators, (𝑝 ℎ̄, 𝑝𝑋, 𝑝 �̄�)
are their conjugate momenta, and | ℎ̄, 𝑋, 𝜏 > and |𝑝 ℎ̄, 𝑝𝑋, 𝑝 �̄� > are their eigen states. Because (3)
implies that the propagator is an inverse of 𝐻, it is given by matrix elements of 𝐻 with respect to
the eigenstates,

Δ𝐹 ( ℎ̄, 𝑋 (𝜏), 𝜏; ℎ̄′, 𝑋 ′(𝜏′), 𝜏′) =
〈
ℎ̄, 𝑋 (𝜏), 𝜏 |𝐻−1 (𝑝𝑋 (𝜏), 𝑝 �̄� , �̂� (𝜏), ˆ̄ℎ

)
| ℎ̄′, 𝑋 ′(𝜏′), 𝜏′

〉
=

∫ ∞

0
𝑑𝑇

〈
ℎ̄, 𝑋 (𝜏), 𝜏 |𝑒−𝑇�̂� | ℎ̄′, 𝑋 ′(𝜏′), 𝜏′

〉
.

Because an observable must be invariant under diffeomorphism transformation, we consider
2-point correlation functions of diffeomorphism invariant states (We integrate the boundary values
in the end.),

Δ𝐹 (𝑋 𝑓 ; 𝑋𝑖 |ℎ 𝑓 ; ℎ𝑖) B
∫ ∞

0
𝑑𝑇

〈
𝑋 𝑓 |ℎ 𝑓 ; ℎ𝑖


out𝑒

−𝑇�̂�𝑋𝑖 |ℎ 𝑓 ; ℎ𝑖
〉

in, (4)

where 𝑋𝑖 |ℎ 𝑓 ; ℎ𝑖
〉

in B
∫ ℎ 𝑓

ℎ𝑖
Dℎ′

��ℎ̄′, 𝑋𝑖 , 𝜏
′ = −∞

〉〈
𝑋 𝑓 |ℎ 𝑓 ; ℎ𝑖


out B

∫ ℎ 𝑓

ℎ𝑖
Dℎ

〈
ℎ̄, 𝑋 𝑓 , 𝜏 = ∞

��.
Δ𝐹 (𝑋 𝑓 ; 𝑋𝑖 |ℎ 𝑓 ; ℎ𝑖) can be written in a path integral representation because it is a time evolution of
the states (4),

Δ𝐹 (𝑋 𝑓 ; 𝑋𝑖 |ℎ 𝑓 ; ℎ𝑖)

=
∫ ℎ 𝑓 ,𝑋 𝑓 ,∞

ℎ𝑖𝑋𝑖 ,−∞
DℎD𝑋 (𝜏)D𝜏

∫
D𝑇

∫
D𝑝𝑇D𝑝𝑋 (𝜏)D𝑝 �̄�

exp

(
−

∫ ∞

−∞
𝑑𝑡

(
− 𝑖𝑝𝑇 (𝑡)

𝑑

𝑑𝑡
𝑇 (𝑡) − 𝑖𝑝 �̄� (𝑡)

𝑑

𝑑𝑡
𝜏(𝑡) − 𝑖𝑝𝑋 (𝜏, 𝑡) ·

𝑑

𝑑𝑡
𝑋 (𝜏, 𝑡) + 𝑇 (𝑡)𝐻 (𝑝 �̄� (𝑡), 𝑝𝑋 (𝜏, 𝑡), 𝑋 (𝜏, 𝑡), ℎ̄)

))
.

We move onto the Lagrange formalism from the canonical formalism by integrating out 𝑝𝑋𝜇,

𝑝𝑋𝜇 = �̄�√
ℎ̄
𝐺𝜇𝜈

(
1
𝑇

𝑑𝑋𝜈

𝑑𝑡 − 𝑇�̄��̄�𝜕�̄�𝑋
𝜈
)
− 𝑖 1

�̄�𝜕�̄�𝑋
𝜈𝐵𝜈𝜇 .

As a result, we obtain

Δ𝐹 (𝑋 𝑓 ; 𝑋𝑖 |ℎ 𝑓 ; ℎ𝑖) = 𝑍

∫ ℎ 𝑓

ℎ𝑖

∫ 𝑋 𝑓

𝑋𝑖

DℎD𝑋𝑒−𝑆𝑠 , (5)

where

𝑆𝑠 =
∫ ∞

−∞
𝑑𝜏

∫
𝑑𝜎

√
ℎ(𝜎, 𝜏) 1

2

((
ℎ𝑚𝑛 (𝜎, 𝜏)𝐺𝜇𝜈 (𝑋 (𝜎, 𝜏)) + 𝑖𝜖𝑚𝑛 (𝜎, 𝜏)𝐵𝜇𝜈 (𝑋 (𝜎, 𝜏))

)
𝜕𝑚𝑋

𝜇 (𝜎, 𝜏)𝜕𝑛𝑋𝜈 (𝜎, 𝜏)

+𝛼′ 𝑅ℎ̄ Φ(𝑋 (𝜎, 𝜏))
)
,

where we have chosen perturbative vacua 𝜙 (condition 2). (5) is the path-integrals of all order
perturbative strings in general backgrounds.
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6. Effective potential for string backgrounds from string geometry theory

Next, we will derive an effective potential for string backgrounds from string geometry theory.
In the last section, we have derived the path-integrals of perturbative string theories on the string
backgrounds from the fluctuations around the perturbative vacua that include the backgrounds.
By setting the fluctuations 0, the action becomes a classical action 𝑆0, which can be obtained by
substituting the perturbative vacua to the original action. The effective potential for string vacua 𝑉
is given by 𝑉 = −𝑆0 because 𝑆0 is independent of the string geometry time 𝜏.

For simplicity, we take a particle limit, 𝑋𝜇 (𝜎, 𝜏) → 𝑥𝜇, where∫
D𝑋 → 1

2𝜅10

∫
𝑑10𝑥

√
−𝐺 (𝑥).

The conditions for perturbative vacua, which we imposed are explicity given as follows.

• (condition 1) The first order term in the action vanishes by a shift of the fluctuation,

�̃�𝑑𝑑 → �̃�𝑑𝑑 + 𝑓 ,

which means that the background 𝜙 (corresponding to �̃�𝑑𝑑) is on-shell,

∇2 𝑓 = −𝑒−Φ+𝜙/2(∇2𝜙 + (𝜕𝜙)2). (6)

• (condition 2) We chose the background 𝜙 so as to give the path-integrals of
pertubative strings, which are Weyl invariant,

𝑅 − 1
2
|𝐻 |2 − 1

2
∇2𝜙 + 𝛼

2
(𝜕𝜙)2 − 3∇2Φ + 11(𝜕Φ)2 + 17

2
𝜕𝜇Φ𝜕𝜇𝜙 = 0. (7)

We have already completed to derive the perturbation theory because these solutions exist.
By making an 𝜖 expansion around the flat background: 𝐺𝜇𝜈 = 𝜂𝜇𝜈 + 𝜖�̃�𝜇𝜈 , |𝐻 |2 = 𝜖 |�̃� |2, and

Φ = 𝜖Φ̃, we solve the conditions up to the second order,

𝜙 = 𝜖𝜙1 + 𝜖2𝜙2

𝑓 = 𝑓0 + 𝜖 𝑓1 + 𝜖2 𝑓2,

for simplicity, and substitute them into

𝑉 =
∫
𝑑10𝑥

√
−𝐺

[
− 𝑒−2Φ+𝜙

(
𝑅 − 1

2 |𝐻 |2 − 2∇2𝜙 − 2(𝜕𝜙)2 + 4(𝜕Φ)2
)
+ 𝑒−Φ+𝜙/2(∇2𝜙 + (𝜕𝜙)2) 𝑓

]
.

As a result, we obtain an effective potential for string backgrounds up to the second order:

𝑉 =
1

2𝜅2
10

∫
𝑑10𝑥

√
−𝐺

(
(−3

2
− 𝑓0) ( |𝐻 |2 − 2𝑅)

−(97
2

+ 24 𝑓0) ( |𝐻 |2 − 2𝑅) 1
2𝜅10

∫
𝑑10𝑥′

√
−𝐺𝐺 (𝑥; 𝑥′) ( |𝐻′ |2 − 2𝑅′)

−(511 + 254 𝑓0)𝜙(|𝐻 |2 − 2𝑅) + (1360 + 682 𝑓0) (𝜕𝜙)2
)
,

7
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Figure 5: A typical region of the potential

where 𝑓0 is an arbitrary constant and 𝐺 (𝑥; 𝑥′) is a Green function that satisfies Δ𝐺 (𝑥; 𝑥′) =
−𝛿(𝑥 − 𝑥′). This potential has a multi-local form, naturally appearing as an effective action of
quantum gravity [10–12].

Minimizing the potential will choose one of the solutions of supergravities and D-brane effective
actions, which are obtained as a result of the consistency of the fluctuations (Weyl invariance in
the perturbation theory). Such solutions are time dependent in general. Therefore, string geometry
theory has a non-perturbative effect that can determine a true string vacuum.

7. Typical region

For simplicity, we analyze a region of torus compactifications with constant fluxes and zero
dilaton, where ∫

𝑑10𝑥′𝐺 (𝑥; 𝑥′) |𝐻 (𝑥′) |2

= |𝐻 |2
∫

𝑑10𝑥′𝐺 (𝑥; 𝑥′)

= −|𝐻 |2 1
Λ2

𝐼𝑅

,

where Λ𝐼𝑅 is an IR cutoff. We also restrict the region with 𝑓0 = 0 because 𝑓0 is a shift of the
fluctuations and then very small. As a result, we obtain

𝑉 = 𝑉10(−
3
2
|𝐻 |2 + 97

2
1

Λ2
𝐼𝑅

|𝐻 |4).

This potential has a non-trivial minimum as in fig.5 at

�̄� =

√
3
97

Λ𝐼𝑅 .

This simple result supports that the full effective potential can determine a true vacuum in string
theory.

8. Conclusion

In string geometry theory, we have identified perturbative vacua in string theory, which include
general string backgrounds. From fluctuations around these vacua, we have derived the path-
integrals of perturbative strings on the string backgrounds up to any order. We have also obtained

8
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differential equations that determine an effective potential for string backgrounds. We have solved
the differential equations up to the second order and obtained an effective potential explicitly up to
that order. In a generic region, we have shown that the minimum of the second order potential gives
a non-trivial background. This fact supports that the full effective potential can determine the true
vacuum in string theory.

9. Outlook

One of the important problems is to determine the string vacuum. An analytical approach
is to assume realistic Calabi-Yau manifolds, where a region of the vacua to search is restricted.
More generally, a numerical approach is to discretize the effective potential by Regge calculus. In
these approaches, one can determine a 6D manifold, expectation values of fields and a D-brane
conifuguration. By integrating the 6D internal space, one can compactify the 10D effective theory of
string theory and determine a (3+1)D effective action. By the standard phenomenological analysis,
one can make the first prediction in string theory.
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