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In this work we investigate the possible emergence of Efimov states in the 𝐷∗𝐷∗𝐷∗ system with
𝐽𝑃 = 0− and isospin 𝐼 = 1

2 , assuming the existence of the heavy partner of the𝑇+
𝑐𝑐, dubbed𝑇∗

𝑐𝑐, near
the 𝐷∗𝐷∗ threshold as predicted by Heavy-Quark Spin Symmetry. We find that (𝐼)𝐽𝑃 = ( 1

2 )0
−

three-body bound states can be formed, with properties that suggest that the Efimov effect can be
realised for reasonable values of the molecular probability and binding energy of the 𝑇∗

𝑐𝑐.
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1. Introduction

The Efimov effect is a universal phenomenon first described by Vitaly Efimov in the 70’s [1]
which has been widely explored in nuclear, atomic and hadronic physics. Briefly, when two particles
are loosely bound as a consequence of short-range attractive forces, the system acquires universal
properties, which implies that the details of the interaction can be described by its 𝑆-wave scattering
length 𝑎sc. Then, a long-range effective three-body interaction emerges, which is proportional to
1/𝜌2, with 𝜌 the hyperspherical radius related to the distance between the three particles [2–4].
This effective three-body interaction generates an infinite number of three-body bound states with
a discrete scale invariance. For three identical bosons of mass 𝑚 interacting through a short-range
two-body potential, the effective potential is attractive. Then, as 𝑎sc → ±∞, an infinite series of
three-body bound states emerges with a scaling factor 𝜆 = 𝑒𝜋/|𝑠0 | ≈ 22.7. The binding energies of
successive states follow the scaling law Δ𝐸 (𝑛) → 𝑄2Δ𝐸 (𝑛+1) , where 𝑄 → 𝜆 in the unitarity limit.
In cases where the scattering length is large but finite, the spectrum is no longer infinite, though a
few shallow Efimov states may appear if certain conditions are met [2, 5].

In 2021, the LHCb Collaboration identified a new tetraquark-like state in the 𝐷0𝐷0𝜋+ invariant
mass spectrum, referred to as 𝑇+

𝑐𝑐, with a quark content of 𝑐𝑐𝑢̄𝑑 [7]. This resonance lies just below
the 𝐷+𝐷0 threshold, with a binding energy of 𝛿𝑚pole = (360 ± 40+4

−0) keV/c2 [8]. Its scattering
length is measured at 𝑎scLHCb = −7.15(51) fm, and the Weinberg factor, which indicates the
probability of finding a compact component in the wave function, is constrained as 𝑍 < 0.52(0.58)
at 90(95)% C.L. These characteristics are consistent with a state that has a substantial 𝐷𝐷∗ molecular
component (see Ref. [9] for a review of the 𝑇+

𝑐𝑐). Heavy-Quark Spin Symmetry (HQSS) implies
that the interaction of heavy mesons is insensitive to the heavy quark spin, so the 𝐷∗𝐷∗ interaction
mirrors the 𝐷𝐷∗ interaction in the (𝐼)𝐽𝑃 = (0)1+ channel, aside from 1/𝑀𝑄 corrections, which
would point to a bound state in the 𝐷∗𝐷∗ system as well, dubbed 𝑇∗

𝑐𝑐. The existence of the 𝑇∗
𝑐𝑐 has

been predicted by several groups with binding energies on the order of a few MeV (see Ref. [10]
for references).

In this work, we investigate the universality of the 𝐷∗𝐷∗𝐷∗ meson system in the 𝐽𝑃 = 0−

sector with isospin 𝐼 = 1
2 , assuming that the isoscalar partner of the 𝑇+

𝑐𝑐 exists just below the 𝐷∗𝐷∗

threshold as predicted by HQSS [6]. Should the 𝑇∗
𝑐𝑐 exist with a small binding energy, it would

enhance the likelihood of Efimov states in this sector. If confirmed, this would mark the first
observation of the Efimov effect in hadronic physics, making the study of this system particularly
valuable. We focus on the 𝐷∗𝐷∗𝐷∗ system rather than the 𝐷𝐷∗𝐷∗ one, as working with identical
bosons simplifies the calculations. For three identical bosons, the two-body wave function must be
symmetric, and in the 𝐽𝑃 = 0− sector, all 𝐷∗𝐷∗ pairs interact attractively, a condition necessary for
the Efimov effect to occur.

The paper is organized as follows: After this introduction, Sec. 2 briefly presents the theoretical
framework. In section 3 the results are analyzed and discussed. For more details on the calculation,
the reader is kindly referred to Ref. [10].
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2. Theoretical framework

The 𝐷∗𝐷∗ two-body amplitude is obtained from the on-shell approximation of the Bethe-
Salpeter equation [12], T −1

2 (𝑠) = V−1(𝑠) − G(𝑠), where V(𝑠) is the two-meson interaction and
G is the relativistic two-meson loop function regularized via a sharp cutoff [13]. The value of the
cutoff is taken between Λ = 0.5 GeV and 1 GeV. Using 𝑚 = 1

2 (𝑚𝐷∗0 + 𝑚𝐷∗±) = 2008.55 MeV, the
loop function can be written as

G(𝑠) = 1
(4𝜋)2

𝜎 log
𝜎

√︃
1 + 𝑚2

Λ2 + 1

𝜎

√︃
1 + 𝑚2

Λ2 − 1
− 2 log

[
Λ

𝑚

(
1 +

√︃
1 + 𝑚2

Λ2

)] , (1)

with 𝜎 =
√︁

1 − 4𝑚2/𝑠.
The 𝐷∗𝐷∗ potential, V, is a 𝐼 = 0 𝑆-wave interaction where the 𝐷𝐷∗ − 𝐷∗𝐷∗ coupled-

channels effect and the finite width of the 𝐷∗ are neglected. The effect of the possible 𝑇∗
𝑐𝑐 internal

composition is evaluated by using a general energy-dependent contact potential [14]

V−1(𝑠) = 𝐶0 − 𝐶1
1 − P
P (𝑠 − 𝑚2

∗), (2)

where𝐶0 and𝐶1 are constants fixed to generate a 𝐷∗𝐷∗ bound state with mass𝑚∗ = 2𝑚−B2, whose
values are related to the loop function G(𝑠) at 𝑠 = 𝑚2

∗. The P parameter controls the molecular
probability in the 𝑇∗

𝑐𝑐 state. Then, the 2-body binding energy B2 and the probability P are the only
free parameters of the calculation.

For the three-body amplitude we will use the so-called ladder amplitude [15–17], a relativistic
formalism where the three-to-three scattering is decomposed as

M3( ®𝑝𝑖 , ®𝑝 𝑓 ) = D( ®𝑝𝑖 , ®𝑝 𝑓 ) +M𝑑 𝑓 ,3( ®𝑝𝑖 , ®𝑝 𝑓 ) (3)

Here, D is the ladder amplitude, which contains the sum over all possible pairwise interactions
connected through a sequence of one-particle exchanges, and M𝑑 𝑓 ,3 includes all the contributions
coming from short-range three-particle interactions. In this study we fix M𝑑 𝑓 ,3 = 0, ignoring
possible short-range three-body forces so the ladder amplitude emerges from two-body interactions
alone. The ®𝑝𝑖 ( ®𝑝 𝑓 ) is the initial (final) momentum of one of the particles, called the spectator,
which interacts with the remaining two particles, which are denoted as the dimer.

In this work, all two-body subsystems interact in a relative 𝑆 wave. Additionally, the dimer-
spectator system is also assumed to be in 𝐿 = 0, as this is expected to be the dominant partial
wave [11, 18]. In fact, Ref. [18] examined the 𝐷∗𝐷∗𝐷∗ system in various configurations with 𝐿 ≤ 2
and found that 𝑆-𝐷 mixing had minimal impact compared to a purely 𝑆-wave calculation.

Hence, the ladder amplitude D can be written as

D( ®𝑝𝑖 , ®𝑝 𝑓 ) = −M2(𝑝𝑖)𝐺 ( ®𝑝𝑖 , ®𝑝 𝑓 )M2(𝑝 𝑓 ) −M2(𝑝𝑖)
∫

𝑑3 ®𝑞
(2𝜋)32𝜔(𝑞)

𝐺 ( ®𝑝𝑖 , ®𝑞)D( ®𝑞, ®𝑝 𝑓 ) , (4)

were 𝐺 is the long-range interaction between the dimer and the spectator and M2 is the two-
body scattering amplitude. The dimer energy is fixed by the momentum of the spectator, 𝑠2(𝑝) =

3



P
o
S
(
Q
N
P
2
0
2
4
)
0
4
2

Analyzing the 𝐷∗𝐷∗𝐷∗ system: Hexaquark states and the Efimov effect Pablo G. Ortega

020406080100
 [%]

10 2

10 1

100

101

102

103

3 [
M

eV
]

1st trimer
2nd trimer
3rd trimer

020406080100
 [%]

100

101

102

103

3 [
M

eV
]

1st trimer
2nd trimer
3rd trimer

020406080100
 [%]

100

101

102

103

3 [
M

eV
]

1st trimer
2nd trimer
3rd trimer

020406080100
 [%]

101

102

103

3 [
M

eV
]

1st trimer
2nd trimer
3rd trimer

Figure 1: Binding energies of the first 𝐷∗𝐷∗𝐷∗ trimer masses (B3 = 𝐸3 − 3𝑚) for B2 = 0.01 MeV (upper
left panel), 0.5 MeV (upper right), 1 MeV (lower left) and 5 MeV (lower right panel) as a function of the
𝑇∗
𝑐𝑐 composition, ranging from a purely two-body molecular state (P = 100%) to a purely compact 𝑇∗

𝑐𝑐 state
(P = 0%). The central lines show the results for Λ = 0.7 GeV cutoff in the two-body amplitude. The color
error bands indicate the results for the cutoff range Λ = [0.5, 1] GeV. Solid lines represent bound states,
whereas dashed lines represent virtual states. The dot marks the value of P where the pole changes the
Riemann sheet. The dotted horizontal gray line shows the two-body binding energy B2, which acts as the
threshold for the trimer states. Figures taken from Ref. [10].

(
√
𝑠−𝜔(𝑝))2− 𝑝2, with𝜔(𝑝) =

√︁
𝑚2 + 𝑝2 and 𝑝 = | ®𝑝 |. M2 can be related to the two-body𝑇 matrix

from the Bethe-Salpeter equation as M2 = −2T2. The ladder amplitude D is, then, projected to 𝑆

wave and numerically analyzed following the procedure of Ref. [10, 17].

3. Results

Our aim is to evaluate the existence of Efimov states in the𝐷∗𝐷∗𝐷∗ system in the (𝐼)𝐽𝑃 = ( 1
2 )0

−

sector assuming the existence of the HQSS partner of the𝑇+
𝑐𝑐, that’s it, a bound (𝐼)𝐽𝑃 = (0)1+ 𝐷∗𝐷∗

state, which has not been detected yet. The Efimov effect occurs when the two-body system is close
to the resonant limit, so its appearance ultimately depends on the mass of the hypothetical 𝑇∗

𝑐𝑐. In
order to explore the evolution of the Efimov states, we will take a selection of 𝑇∗

𝑐𝑐 binding energies
from the literature, B2 = {0.01, 0.5, 1.0, 5.0} MeV, and analyze the properties of the three-body
states as a function of the 𝑇∗

𝑐𝑐 molecular content P.
Using the two-body potential of Eq. (2), up to three trimers are found [10]. Their binding
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Figure 2: Ratio of the first to second trimer binding energies for different B2 as a function of the 𝑇∗
𝑐𝑐

composition. The orange horizontal line represents the Efimov scaling factor 𝜆2 ∼ 515 at the unitary limit
𝑎sc → ∞. A cutoff of Λ = 0.7 GeV has been used in Eq. (1). The color error bands indicate the results for
the cutoff range Λ = [0.5, 1] GeV.

energies, however, evolve with the molecular probability of the 𝑇∗
𝑐𝑐, as the coupling with the 𝐷∗𝐷∗

system changes with P. In Fig. 1 we show the 𝐷∗𝐷∗𝐷∗ trimers for the four binding energies under
evaluation, B2 = 0.01 MeV, 0.5 MeV, 1 MeV and 5 MeV. The trimers acquire a deeper binding
energy the larger P and B2. For P > 20% the first trimer emerges as a bound state, while the
second emerges between 60% and 80%, depending on B2. The third trimer needs an almost pure
𝐷∗𝐷∗ molecular component in the 𝑇∗

𝑐𝑐, P > 96%, but its detection will be challenging due to its
small binding energy.

Figure 2 shows the ratios of the binding energies for the first and second trimer. The results
show that the ratios draw a peak structure at small values of P, the height of which decreases as
B2 increases. The peak approaches the Efimov scaling law, 𝜆 = 𝑒2𝜋/|𝑠0 | ∼ 515, as B2 decreases
and reaches this value when B2 → 0. This deviation from the universal 𝜆2 value arises because the
system is not exactly at the unitarity limit [19]. In addition, possible compact components in the
𝑇∗
𝑐𝑐 wave function, which mix with the 𝐷∗𝐷∗ pairs, further alter this scaling.

As a summary, this work has analyzed the 𝐷∗𝐷∗𝐷∗ system in the (𝐼)𝐽𝑃 = ( 1
2 )0

− sector and
found evidence that the Efimov effect can indeed form. Needless to say, the discovery of the Efimov
effect in systems involving charmed mesons would be groundbreaking and would greatly advance
our understanding of multimeson states, making this system a promising candidate for further
investigation.
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