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1. Introduction

In recent years, significant progress has been made in the spectroscopy of exotic hadrons
containing heavy quarks, especially with the discovery of numerous exotic multiquark states, as
summarized in recent reviews [ 1-8]. These states, which do not fit into the traditional quark model,
include mesonic tetraquarks and baryonic pentaquarks, many of which are found near hadron-hadron
thresholds. Among these, the discovery of the doubly-charmed exotic resonance T,.(3875)* by the
LHCb experiment [9, 10] has attracted considerable attention. This state, with a minimal quark
content of cciid, is located just below the D**D? threshold, and its narrow width is predominantly
determined by the strong decay to DD

The theoretical understanding of such exotic states is still evolving, with various models
proposing different internal structures. One promising scenario suggests that some of these states,
like the 7., may be hadronic molecules, formed by the interaction of two hadrons such as D and
D*. The size of these hadronic molecules is controlled by the binding energy, with the 7, expected
to be a large-size state, unlike compact multiquark configurations. Various approaches, including
effective field theory (EFT) [11-16] and phenomenological analyses (see, e.g., [7] and references
therein), have been employed to understand the properties of the T,.., with studies focusing on its
pole extraction and decay characteristics.

Significant progress in the study of exotic states has recently been achieved in lattice QCD [17—
21], see in particular Refs. [22-27] in the context of D D* scattering. However, it has also become
clear that extracting infinite-volume observables from lattice energy levels, especially the pole
positions for near-threshold states, is challenging due to the presence of nearby left-hand cuts
(Ihcs) arising from long-range interactions like one-pion exchange (OPE) [28-31]. Consequently,
several extensions of the Liischer method or alternative approaches have been proposed to address
this issue [28, 31-33]. Additionally, the effective range expansion (ERE), commonly used to
parameterize the near-threshold energy behavior of the inverse scattering amplitude, is only suitable
in the absence of nearby lhcs [34].

In this Proceeding, we summarize these challenges and show how they can be overcome using
a chiral EFT-based approach (y EFT) that incorporates the effects of the OPE. Applying this method
to lattice QCD data, we resolve the lhc issues that the standard Liischer method faces in cases
with significant long-range interactions. This allows us to extract infinite-volume observables from
lattice energy levels, even in the presence of lhcs [31]. Using the 7., pole positions, that we
extracted from the experiment [13] and lattice data at a pion mass of m , = 280 MeV [31], we then
predict the T, pole trajectory in chiral EFT as a function of the light-quark mass [35], see also
[37, 38] for related works on the X (3872) within the same framework.

2. Chiral EFT approach for two heavy mesons

The scattering 7-matrix in the physical world and also in the infinite-volume for the larger than
physical pion masses can be obtained by solving the LSE in the partial wave basis, see Fig. 1 for
the graphical illustration, as follows:
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Figure 1: Graphical illustration of the Lippmann-Schwinger equations solved in the infinite-volume. The
effective potential consists of the O(Q?) contact interactions from Eq. (1) and the one-pion exchange Eq.(2).

where « and S refer to the partial waves, and E is the total energy. Here, G(E, ¢) is the DD* Green
function, including the self energy of the D*, see Refs. [13, 35] for the explicit expression.

The effective potential V for DD* scattering is incorporated within chiral EFT up to order
0(Q?), where Q = p/A,. Here, p represents a characteristic low-momentum scale, either ~ m,; or
a coupled-channel momentum, while A, is the chiral expansion’s breakdown scale. This potential
is expressed as

v=v v av® 4

OPE cont cont '

with contributions from one-pion exchange (OPE) and contact terms. Two-pion exchange effects
are assumed to be captured largely by the contact terms, as suggested by explicit calculations [36],
where it is demonstrated that nonanalytic terms are suppressed.

The contact terms, incorporated to account for short-range dynamics, are polynomial in the
pion mass and momenta. For the J¥ = 1* S—wave contact potential (3S; partial wave) we use

Vet (p, p') = VIO 4 V2 = [c(8) + c2(&) (p* + p?)] (e €), (1)

where co(&) = Co+D2(£2 = 1) +O(&*, p*) and 2 (&) = Co + O(£?), with the low-energy constants
Cy, C> and D being adjusted to data. Further, & = m, /mfrh, and p (p’) and € (€’) are the initial
(final) D* meson momentum and polarization, respectively.

In time-ordered perturbation theory (TOPT), the D D* isoscalar OPE potential is (g = p + p’)

& o, @-e(g-€)
a2 T ) T (@

where f is the pion decay constant, g is the pion coupling constant, and the TOPT propagators D
and D, read

Vors(E. p. p’) = - (D1(E.p.p) +Da(E, p.p)). @)

2+ 72 -1
Dy(E.p.p) = (2Mp + EL s 0, (q®) - E—ie| 3)
2Mp
, p2+p”? ) -
Dy(E,p,p’) =|2Mp- + ———— + wx(q°) — E —ie| . 4
2Mp-

Further, (7(1) - 7(2)) = 3 and 1 for isoscalar and isosvector D D* scattering, respectively. The pion is
treated relativistically with w, (g%) = Vm% + 2, while D) mesons are treated nonrelativistically.
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Figure 2: Fitted line shapes including the energy resolution function—see Ref. [13] for details. In constrast
to Schemes I and II, the results of Scheme III incorporate the three-body cut completely.

The partial-wave projections V,g(E, p, p’) follow the method of Refs. [39, 40] as detailed in
Ref. [35]. We note that both the OPE potential and the Green function G (E, g) include the three-
body cut. The branch point of this cut, found by setting p = p’ = 0 in Eq. (3), is located at
k2 = 2u(my, — AM), where u is the reduced mass of the DD* system, and AM = Mp+ — Mp.

rhes
For the pion masses m , < AM, which include the range of m , up to a few percent larger than ml,)rh,
the three-body cut appears below the two-body threshold, allowing for the 7, to decay.

3. T, properties from experimental data

In Ref. [13], the approach formulated above' was applied to analyze LHCb data [9, 10].
However, these data do not allow for independent determination of the momentum-dependent
0(0Q?) LEC C, due to a strong correlation with Cy. Consequently, an excellent description of the
experimental line shapes was achieved by setting C, = 0, as shown in Fig. 2. To obtain this line shape,
a pointlike production was assumed, as detailed in Ref. [13], with Cy and overall normalization as
the only fit parameters. The main result of the analysis was the extraction of the T, pole, yielding
—356f3398 — (28 £ 1) keV. While the pole’s real part showed only mild sensitivity to three-body
effects, given the experimental precision, its imaginary part was, as expected, dominated by the
three-body DD cut. Additionally, effective range parameters and the compositeness [41] were
evaluated, strongly supporting the molecular nature of this state, see also Ref. [42] for additional
discussions.

4. Analysis of lattice data at m, = 280 MeV in chiral EFT

In Ref. [31], a chiral EFT-based approach was proposed, for the first time, to extract information
on two-body scattering from finite-volume (FV) energy levels. Compared to the Liischer method, its

IDue to the narrow energy range used in the analysis, pions were treated nonrelativistically here.
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Figure 4: DD* scattering phase shifts, in the 3S (left panel) and * P (right panel) partial waves extracted
from the lattice FV energy levels in Ref. [31]. Red bands represent the results of our 3-parameter fits to the
lattice spectra including the OPE (see orange dots in Fig. 3), while blue bands are the 4-parameter ERE-based
results of Ref. [22]; see [31] for additional details. Green dots stand for the results from the Liischer method.

main advantage lies in the explicit account for the longest-range interactions, including the leading
left-hand cut from the OPE, which is essential for maintaining the correct analytic structure of the
D D* scattering amplitude near the threshold. In this approach, finite-volume energy levels can be
directly calculated as solutions to the eigenvalue problem for each lattice irrep,

det [G™(E) - V(E)] =0, (5)

both below and above the left-hand cut. Importantly, since the LECs are volume-independent, once
extracted from best fits to the finite-volume spectra, they can be used to predict observables in the
infinite volume, as outlined in Sec. 2. Additionally, we emphasize that we use the plane wave basis
instead of the conventional partial wave expansion, that facilitates the systematic inclusion of partial
wave mixing effects arising from rotational symmetry breaking in a cubic box [31, 43]. We also
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note that the three-body cut at this pion mass appears at a higher energy, making it irrelevant for
the current study.

The results of our best fits at O(Q?) in yEFT to the lattice energy spectra of Ref. [22] are shown
in Fig. 3. In addition to the S-wave interaction introduced in Eq. (1), we also included one 0(0?%
contact term in the > Py partial wave, as required in the A7 (0) irrep. Based on this fit, we extracted
the phase shifts, as shown in Fig. 4. These results demonstrate the important role of the OPE, which
not only drives the energy dependence of the P-wave phase shift, but also reveals itself significantly
in the S-wave near the lhc. Our analysis suggests that the 7., at this pion mass is most likely a
resonance, with a smaller probability of being a virtual state. For details on the pole position, the
ERE parameters, and the discussion of statistical and systematic uncertainties, see [31].

5. Pion mass dependence of the 7, pole position

. Figure 5: Comparison of the T, pole
| trajectory at NLO in chiral EFT with pi-
ons (red line for the best fit and orange
| band for 1o statistical uncertainty) with
that in a pionless theory (dot-dashed line
and grey band). The arrow indicates the
1 pion mass (¢ = 1.68) where the pole in
the pionful theory transitions to a reso-
5 \ nance. The blue point represents a virtual
-8 | state extracted at my; = 391 MeV [24],
13 14 15 16 17 18 19 20 " | and the green square denotes a virtual
state at m, = 348.5MeV extracted us-
ing the ERE parameters from Ref. [23].
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With all the LECs at O(Q?) determined from our analyses of the LHCb data (Cy) and the lattice
spectra at m, = 280MeV (C, and D;), and with all relevant cuts incorporated in our framework,
we are able to predict the behavior of the 7. pole as a function of the light-quark (pion) mass. This
study was conducted in Ref. [35], with an illustration provided in Fig. 5. The T, pole trajectory
(red line and orange band) exhibits a remarkable evolution completely consistent with its molecular
nature [41]: it transitions from a quasi-bound state at mf,)rh (where T.. can decay to DDn due
to the three-body cut) to a bound state when the pion mass increases by approximately 3%, at
My = 1.03m§,h. As the pion mass further increases, the state becomes virtual at m, =~ 1.25m§rh,
and finally transitions to a resonance at m , =~ 1.7m§,h. The transition to a resonance highlights the
significant role of the OPE, as the pole in a pure contact theory without pions remains a virtual
state. Remarkably, our pionless trajectory is fully in line with the poles extracted from lattice
investigations [23] at m, =~ 350 MeV and [24] m, =~ 391 MeV, both of which were carried out
ignoring the OPE. These findings are represented by the grey band as well as the green and blue
data points, respectively.
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6. Summary

A model-independent framework based on chiral effective field theory (yEFT) is used to
extract low-energy observables, such as DD* scattering amplitudes, at both physical and larger-
than-physical pion masses [13, 31, 34, 35]. The framework incorporates the longest-range one-pion
exchange interaction, including all relevant cuts, which is shown to play a significant role. The
light-quark mass dependence of the 7, pole position is predicted up to O(Q?) in yEFT, consistent
with its interpretation as a hadronic molecule. A careful analysis of various sources of uncertainty
is performed, as detailed in Refs. [31, 35].

Acknoweledgments: I would like to thank Michael Abolnikov, Xiang-Kun Dong, Meng-Lin
Du, Evgeny Epelbaum, Arseniy Filin, Ashot Gasparyan, Feng-Kun Guo, Christoph Hanhart, Lu
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which led to the results presented in this Proceedings.
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