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We discuss the flow harmonics or the elliptic and triangular flow of J/ψ, ψ(2S ), and χc(1P)
mesons in heavy ion collisions. Starting from the investigation on transverse momentum distri-
butions of those charmonium states, we calculate their elliptic and triangular flow when they are
produced at the quark-hadron phase boundary by quark recombination. We show that the wave
function distribution of charmonium states plays a significant role, especially in producing char-
monium states, leading to the transverse momentum distribution of the ψ(2S ) meson as large as
that of the J/ψ meson. On the other hand, we find that the wave function effects and feed-down
contributions are averaged out for elliptic and triangular flow, resulting in similar elliptic and tri-
angular flow for all charmonium states. We further investigate the elliptic and triangular flow of
charmonium states at low transverse momentum regions and discuss the quark number scaling of
elliptic and triangular flow for charmonium states in heavy ion collisions.
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1. Introduction

Since the J/ψ meson has been proposed as one of tools for verifying the existence of the
quark-gluon plasma (QGP) in heavy ion collisions [1], charmonium states have been considered as
important probes to study the various properties of the QGP. With the help of much larger energy
at the Large Hadron Collider (LHC), charmonium states are expected to be more produced than
before, thereby providing us with more information on many properties of the QGP [2].

The recent measurement by ALICE Collaboration shows that the RAA of the ψ(2S ) as well
as J/ψ is enhanced at low transverse momentum regions [3], strongly supporting the formation of
charmonium states by recombination in the QGP. Nevertheless, the measurement on the RAA be-
tween the ψ(2S ) and J/ψ shows different behavior [3], implying that the production of the J/ψ and
ψ(2S ) is affected differently when they are formed from the QGP by recombination in heavy ion
collisions. Reminding that both J/ψ and ψ(2S ) mesons share the same source for their constituents,
one can consider different amounts of yields for different charmonium states due to different coa-
lescence probabilities, or the different Wigner functions.

The dependence of the charmonia production on their internal structures, or their wave func-
tions when they are produced from the QGP by recombination has already been studied [4], and
it has been shown that the ψ(2S ) meson can be more produced than expected by the statistical
hadonization model [4]. Along with this observation, we investigate the dependence of charmonia
flow on their internal structures based on quark coalescence [5], as the flow also depends on the
Wigner function via the transverse momentum distribution of the hadron. It is expected that differ-
ent transverse momentum distributions give rise to different flows for different charmonium states
[6]. In addition, we study the so-called number of constituent quark scaling of elliptic flows [7], for
the various flow harmonics charmonium states when charmonium states of different structures are
formed from the same source of charm quarks by coalescence.

2. Transverse momentum distributions of charmonium states

The transverse momentum distribution of charmonium states is given by [4, 6],

d2N
dp2

T

=
g
V

∫
d3r⃗d2 p⃗cT d2 p⃗c̄Tδ

(2)( p⃗T − p⃗cT − p⃗c̄T )
d2Nc

dp2
cT

d2Nc̄

dp2
c̄T

W (⃗r, k⃗), (1)

where W (⃗r, k⃗) is the Wigner function composed of wave functions of charmonia. The factor g is the
degeneracy for each charmonium. As seen in Eq. (1), it largely consists of two parts, the Wigner
function and the transverse momentum distribution of charm quarks. Considering that all different
charmonium states share the same charm constituents, one finds that it is the Wigner function that
plays a key role in making the production of different charmonium states different [4].

Hence, we apply here different Wigner functions for different charmonium states to calculate
the transverse momentum distribution for different charmonium states. The Wigner functions based
on Gaussian wave functions for d-wave [8] and 2S [4] states are,

Wd (⃗r, k⃗) =
8
15

(
4

r4

σ4 − 20
r2

σ2 + 15 − 20σ2k2 + 4σ4k4 + 16r2k2 − 8(⃗r · k⃗)2
)
e−

r2

σ2 −k2σ2
,

W2S (⃗r, k⃗) =
16
3

( r4

σ4 − 2
r2

σ2 +
3
2
− 2σ2k2 + σ4k4 − 2r2k2 + 4(⃗r · k⃗)2

)
e−

r2

σ2 −k2σ2
, (2)
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Figure 1: (a) Transverse momentum distributions, dN/dpT of charmonium states at midrapidity in 0-10 %
centrality at LHC,

√
sNN = 2.76 TeV. Also shown for comparison is the experimental measurement of the

J/ψ measured at LHC,
√

sNN = 5.02 TeV, |y| <0.9 in 20-40 % centrality [12]. (b) Gaussian wave function
distributions of the J/ψ and ψ(2S ) divided by (2π)3/2 in a momentum space. In the inset of the figure the
wave function squares in a momentum space, |ψ̃(p)|2/(2π)3 for the J/ψ and ψ(2S ) are shown.

with an oscillator frequency ω being related to σ via σ2 = 1/(µω). One can calculate further Eq.
(1) to obtain the transverse momentum distribution of charmonia in a more simplified form,

d2N
dp2

T

=
gM

V

∫
d2 p⃗cT d2 p⃗c̄Tδ

(2)(p⃗T − p⃗cT − p⃗c̄T )
d2Nc

dp2
cT

d2Nc̄

dp2
c̄T

|ψ̃(⃗k)|2. (3)

with the help of one of important properties of the Wigner function [9],
∫

d3r⃗W (⃗r, k⃗) = |ψ̃(⃗k)|2.
The ψ̃(⃗k) is the wave function in momentum space, transformed from the coordinate space wave
function used in the Wigner function, ψ(⃗r).

In order to evaluate Eq. (3) we use an oscillator frequency, ω = 0.076 GeV at LHC obtained
from the requirement that all charm quarks at zero transverse momentum should be hadronized by
coalescence [10]. For the transverse momentum distribution of charm quarks, we adopt d2Nc/dp2

cT
at midrapidity in 0-10% centrality [11], presenting dNc/dy=14.9 at LHC for the total number of
charm quark pairs at a unit midrapidity interval, |y| < 0.5 in the system.

Shown in Fig. 1 (a) is the transverse momentum distributions, dN/dpT of charmonium states
evaluated at midrapidity in 0-10 % centrality at LHC,

√
sNN = 2.76 TeV. Also shown for compar-

ison is the experimental measurement of the J/ψ at LHC,
√

sNN = 5.02 TeV, |y| <0.9 in 20-40 %
centrality [12]. Here we use the coalescence volume 3530 fm3 for LHC, and consider the charm
quark mass of 1.5 GeV [10, 13]. We also take into account the contributions from the decay of
heavier charmonium states. As shown in Fig. 1 (a), the transverse momentum distribution of the
ψ(2S ) is found to be comparable to that of the J/ψ, reaching as half large as that of the J/ψ when
they are initially produced from charm quarks by recombination. The reason for the enhancement
in the production of the ψ(2S ) meson compared to the estimation in the statistical hadronization
model turns out to be the large amount of the squared wave function of the ψ(2S ) at low transverse
momentum regions, enabling the large overlap with its Wigner function [4] as shown in Fig. 1 (b).
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3. Elliptic and triangular flow of charmonium states

We now calculate the charmonia flow harmonics, represented as vn, the n-th coefficient in the
Fourier expansion of flows [5, 7]

vn(pT ) = ⟨cos(n(ψ − Ψn))⟩ =

∫
dψ cos(n(ψ − Ψn)) d2N

dp2
T∫

dψ d2N
dp2

T

, Ψn =
1
n

tan−1
( ⟨pT sin(nψ)⟩
⟨pT cos(nψ)⟩

)
(4)

with pT and ψ being, respectively, the transverse momentum and azimuthal angle of the charmo-
nium in the transverse plane perpendicular to the collision axis. The Ψn is the event-plane angle
defined in the region, −π/n < Ψn < π/n. We adopt here the transverse momentum distributions
of the charmonium, d2N/dp2

T obtained in the previous section with a Fouier expansion of the
charm quark transverse momentum spectrum, and also the flow harmonics of a charm quark by
the POWLANG transport analysis [14]. Accordingly, we consider the event-averaged flow har-
monics of charmonium states on averaged events, as the flow harmonics of charm quarks in the
POWLANG transport study have also been averaged over events [14],

vn(pT ) =

n
2π

∫ π
n
− πn

∫
dψ cos(n(ψ − Ψn)) d2N

dp2
T

dΨn

n
2π

∫ π
n
− πn

∫
dψd2N

dp2
T

dΨn

=
vnN(pT )
vnD(pT )

. (5)

As shown in Fig. 2, flow harmonics of charmonium states, the J/ψ, ψ(2S ) and χc(1P) meson
are almost the same. Even though the transverse momentum distributions are different for each
charmonium state, as discussed in the previous section, the elliptic and triangular flow of different
charmonium states are found to be almost the same. We find that the reason for almost the same
flow harmonics for the above charmonium states is attributable to the characteristics of the vn itself;
defined as the average value of cosine in different orders n over transverse momenta.

We show in Fig. 2 (c) and (d) the numerator v2N(pT ) and denominator v2D(pT ) parts of the
charmonia elliptic flow in Eq. (5) at the same LHC energy in the same POWLANG transport setup.
One finds the explicit dependence of both the numerator and denominator part of vn on different
charmonium states. The similar amounts of contribution from different transverse momentum dis-
tributions of charmonium states to both the numerator and denominator of the vn are cancelled out
of each other, giving rise to almost the same flow harmonics for all charmonium states.

Shown in Fig. 2 (e) and (f) are re-scaled elliptic and triangular flows of charmonium states,
vn(pT/2)/2 calculated from those in Fig. 2 (a) and (b), respectively. Also shown are the corre-
sponding flow harmonics of charm quarks v2,c(pT ) (e) or v3,c(pT ) (f) for comparison. We find that
the elliptic flow of charmonium states satisfy the relation, the number of constituent quark scaling
of elliptic flows, v2,cc̄(pT ) ≈ 2v2,c(pT/2) as shown in Fig. 2 (e). Similarly, we also see that the
above relation holds for the triangular flow of charmonium states, v3,cc̄(pT ) ≈ 2v3,c(pT/2) as shown
in Fig. 2 (f).

4. Conclusions

We have discussed here the second and third flow harmonics of charmonium states in heavy
ion collisions. Starting from the investigation on Wigner functions for J/ψ, ψ(2S ), and χc(1P)
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Figure 2: Elliptic (a) and triangular flow (b) of charmonium states calculated from those of charm quarks
based on the lQCD transport coefficients in the POWLANG transport at LHC,

√
sNN=5.02 TeV, together

with the measurement of the J/ψ elliptic flow (a) in rapidity |y| <0.9 in 20-40 % centrality [15] and the J/ψ
triangular flow (b) in rapidity range of 2.5< y <4.0 in 30-50% centrality [16]. Also shown is the correspond-
ing flow harmonics of bare charm quarks in each figure for comparison. We also show the numerator (c)
and denominator (d) parts of the charmonia elliptic flow in Eq. (5) at the same LHC energy in the same
POWLANG transport setup [14], denoted by v2N(pT ) (c) and v2D(pT ) (d), respectively. Lastly, we show
re-scaled elliptic and triangular flow of charmonium states, v2(pT )/2 (e) and v3(pT )/2 (f) calculated from
those in Fig. 2 (a) and (b), respectively. We also show the corresponding flow harmonics of bare charm
quarks, v2,c(pT ) (e) and v3,c(pT ) (f) for comparison.
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mesons we have evaluated the transverse momentum distributions for those charmonium states.
We have observed the explicit dependence of transverse momentum distributions of charmonium
states on their internal structures through their wave functions.

We then have considered charmonia flow harmonics, or v2 and v3 to study also the possible
dependence of the flow of charmonium states on their internal structures via their transverse mo-
mentum distributions. We have found that the elliptic and triangular flow of J/ψ, ψ(2S ) and χc(1P)
mesons are only slightly different, though both the numerator and denominator part of vn are ac-
tually dependent on their internal structures. We have also studied the relation between the flow
of charmonium states and their constituent quarks for charmonium states, and have found that the
relation holds very well for charmonium states, vn,cc̄(pT ) ≈ 2vn,c(pT/2) with both n = 2 and 3.

We consider that investigating charmonia production presents us with one of the valuable
chances to understand the production of hadrons formed from both the same number and kind of
constituents with different internal structures. Therefore, studying not only the transverse momen-
tum distributions and anisotropic flow, but also other closely relevant observables of the charmo-
nium states would help us to understand in more detail the hadron production mechanism in heavy
ion collisions, broadening our understanding on the properties of the quark-gluon plasma.
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