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1. Introduction

One of the central aims of particle physics is to achieve detailed understanding of the inner
structure of hadrons, such as the nucleon or the pion. This structure is governed by the strong
interaction and described by quantum chromodynamics (QCD). Due to the non-Abelian nature of
QCD and the running of the strong coupling, the structure of hadrons is very intricate and can
be quantified in terms of different kinds of partonic functions. The simplest of these are parton
distribution functions (PDFs), which represent the fraction of momentum carried by the hadron’s
constituents, quarks and gluons [1]. PDFs are given in terms of light-front matrix elements and thus,
they cannot be directly accessed in Euclidean lattice QCD. Instead, they are being computed indirectly,
using factorization-based approaches. The most widely used of these are quasi-distributions [2, 3]
and pseudo-distributions [4]. However, other approaches also exist, such as the heavy-quark operator
product expansion [5, 6], current-current correlators [7, 8], the hadronic tensor [9] and the Compton
amplitude [10]. For a review about the recent progress, see Refs. [11–16].

However, it would be desirable to extract partonic functions more directly from Minkowski-space
matrix elements. This can in principle be achieved using tensor network state (TNS) techniques
in the Hamiltonian framework. TNSs are efficient ansatzes for the wave function, which can be
subjected to real-time evolution, thus giving access to light-front matrix elements. TNS methods
are particularly successful in low dimensions, where the approach of matrix product states (MPS)
[17–19] is applicable and their suitability for equilibrium states of lattice gauge theories (LGTs) has
been systematically established (see e.g. [20] and references therein).

Here we present an exploratory study of this possibility, focused on the Schwinger model [21],
i.e. quantum electrodynamics (QED) in 1+1 dimensions. The model shares several non-trivial
properties with QCD, such as confinement and asymptotic freedom. Originally, it was introduced as
a model of non-perturbative generation of a mass gap. The lightest composite state of this model,
the vector meson, can be thought of as an analogue of a hadron in QCD. The vector meson is a
bound state of fermions and antifermions, which can be considered as partons that are described by
PDFs [22].

Whereas earlier calculations of Schwinger model PDFs in the Hamiltonian formalism exist, they
were limited to exact diagonalization in a small momentum lattice [23–25] or numerical integrations
in the approximation of small fermion numbers [26]. In contrast, the TNS approach, which we apply
to PDFs for the first time, allows treating very large systems, and a systematic improvement for
convergence.

2. The Schwinger Model

The massive Schwinger model is described by the Lagrangian

L = 𝜓(𝑖 /𝜕 − 𝑔 /𝐴 −𝑚)𝜓 −
1
4
𝐹𝜇𝜈𝐹

𝜇𝜈 , (1)

where 𝜓 are Dirac fermions coupled to the gauge field 𝐴 with a coupling constant 𝑔, and 𝑚 is the
fermion mass. The electromagnetic tensor is defined as 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇.

The Hamiltonian can be obtained by a Legendre transformation [27–30]. We work in the
temporal gauge, 𝐴0 = 0. The model is evaluated on a lattice with lattice spacing 𝑎 and with
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open boundary conditions. We use Kogut-Susskind staggered fermions, where the upper (lower)
components of the Dirac fermions are placed on even (odd) sites of the lattice [31]. A Jordan-Wigner
transformation maps the fermionic degrees of freedom to spin variables. The Hamiltonian for an
𝑁-site system becomes 1

𝐻spin =
1

2𝑎

𝑁−2
∑
𝑛=0
(𝜎+𝑛𝜎

−
𝑛+1 + 𝜎

−
𝑛+1𝜎

+
𝑛 ) +

𝑚lat

2

𝑁−1
∑
𝑛=0
[1 + (−1)𝑛𝜎𝑧

𝑛] +
𝑎𝑔2

2

𝑁−1
∑
𝑛=0

𝐿2
𝑛. (2)

The electric field is described in a ladder space and the electric field operator 𝐿𝑛 counts the electric
flux on a link between sites 𝑛 and 𝑛+1 [27]. The additively-renormalized lattice mass 𝑚lat = 𝑚−

𝑎𝑔2

8
ensures fast convergence to the continuum limit [32–34].

Physical states in the Hamiltonian approach need to fulfill the Gauss law, which in spin language
reads

𝐿𝑛 − 𝐿𝑛−1 =
1
2
[(−1)𝑛 + 𝜎𝑧

𝑛] + 𝑞𝑛. (3)

Notice that we introduced here a static charge 𝑞𝑛 at site 𝑛, which was not part of the original model.
This will help us in sec. 3 to calculate matrix elements with a Wilson line along the light-cone. The
static charge does not have a kinetic term and enters the model only by changing the charge locally.

The electric and fermionic fields are not independent degrees of freedom because of the Gauss
law. In 1+1 dimensions and with open boundary conditions, this can be used to eliminate the electric
field from the Hamiltonian, which (after rescaling by a factor 2

𝑎𝑔2 ) becomes

𝐻 = 𝑥
𝑁−2
∑
𝑛=0
[𝜎+𝑛𝜎

−
𝑛+1 + 𝜎

−
𝑛𝜎
+
𝑛+1]+

𝜇

2

𝑁−1
∑
𝑛=0
[1 + (−1)𝑛𝜎𝑧

𝑛]+
𝑁−2
∑
𝑛=0
[ℓ +

1
2

𝑛

∑
𝑘=0
((−1)𝑘 + 𝜎𝑧

𝑘 + 2𝑞𝑘)]
2

. (4)

We defined 𝑥 = 1
𝑎2𝑔2 and 𝜇 =

2𝑚lat
𝑎𝑔2 . The electric field at the left boundary 𝑙 is set to zero in all our

calculations. We furthermore restrict ourselves to states with zero total charge.
The ground state of the Schwinger model is calculated using a variational optimization of the

MPS [19, 29]. Subsequently, the ground state is projected out by a penalty term, and a second
penalty term ensures that the next state belongs to the zero charge sector. In this way, we can find the
first excited state as well by a variational minimization of the energy [29].

3. Parton Distribution Functions

The PDF of a fermion 𝜓 can be calculated by a Fourier transform of light-cone matrix
elements [1]:

𝑓𝜓 (𝜉) = ∫

∞

−∞
𝑑𝜆

4𝜋
𝑒−𝑖𝜆𝜉𝑛⋅𝑃 ⟨𝑃 ∣𝜓(𝜆𝑛)𝑊(𝜆𝑛 ← 0⃗)𝑛 ⋅ 𝛾𝜓(0⃗) ∣𝑃⟩

𝑐
. (5)

It depends only on Bjorken-𝑥 (in this work denoted as 𝜉). 𝑊 is a Wilson line along the light cone.
The light-cone vector is taken to be 𝑛𝜇 = 1√

2
(1, 1) in this work. The PDF can be obtained from any

momentum eigenstates ∣𝑃⟩ of the fermion 𝜓. Even though momentum is not well-defined for open
boundary conditions, the first excited state becomes the vector boson at rest in the thermodynamic

1We choose 𝛾
0 = 𝜎𝑧 , 𝛾1 = 𝑖𝜎𝑦 with Pauli matrices 𝜎𝑥 , 𝜎𝑦 and 𝜎

𝑧 ; 𝜎± = 1
2 (𝜎

𝑥 ± 𝑖𝜎𝑦); 𝛾± = 1√
2
(𝛾0 ± 𝛾1).
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and continuum limits. We can, thus, calculate PDFs from lattices with open boundary conditions for
large enough volumes and fine enough lattices. The subscript 𝑐 on the expectation value in eq. (5)
indicates that vacuum expectation values should be subtracted from matrix elements [1].

Each Dirac fermion at a spatial position 𝑧 = 𝑑 𝑎
2 relates to two sites 𝑑 and 𝑑 + 1 on the lattice

with staggered fermions (𝑑 even). Therefore, the full matrix elementM can be calculated from four
contributions on the lattice:

M(𝑧, 0) =
√

2 ⟨ℎ ∣ 𝜓̄ (𝑧, 𝑧)𝑊 ((𝑧, 𝑧) ← (0, 0)) 𝛾−𝜓(0, 0) ∣ ℎ⟩ (6)
=M(e,e)(𝑑, 0) −M(e,o)(𝑑, 1) −M(o,e)(𝑑 + 1, 0) +M(o,o)(𝑑 + 1, 1). (7)

The bound state in the lattice theory is denoted as ∣ℎ⟩. The matrix elementM(e,e) connects site
0, which is defined as the even site in the middle of the spin chain, to a site 𝑑 along the light cone.
M(o,o) connects site 1, which corresponds to the lower component of the Dirac fermion at the origin,
to site 𝑑 + 1. The remaining two matrix elements connect one even and one odd site. The sign

convention follows from 𝛾0𝑛 ⋅𝛾 = 𝛾0𝛾− = 1√
2
(

1 −1
−1 1

). The upper and lower parts of the fermionic

operator 𝜓 each have the form∏𝑘<𝑛 (−𝑖𝜎𝑧
𝑘
)𝜎−𝑛 in the spin language, a Jordan-Wigner string and an

annihilation operator.
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(a) Evolution in positive time- and spatial direction
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(b) Evolution in negative time- and spatial direction

Figure 1: Sketch of the calculation of a matrix element in light-cone direction. The Wilson line is
evolved between the coordinates of an initial 𝜎− operator and those of the final 𝜎+ operator. On
the lattice, the light-cone direction is replaced by subsequent evolutions in timelike (green vertical
arrows) and spatial (violet horizontal arrows) directions.

The Wilson line is path-dependent [35] and needs to be evolved along a light-cone direction.
This is not directly possible with a spatial lattice. We therefore replace the Wilson line by a step-wise
evolution as sketched in fig. 1a for theM(o,o) matrix element. After applying the initial operators at
the initial site, the state is evolved for a time that corresponds to two lattice spacings 𝛿𝑡 = 2𝑎 (with
the speed of light 𝑐 = 1). Next, we evolve the electric field by two lattice sites in the spatial direction.
This is followed by a time evolution again and repeated recursively until we reach the final site. The
parallel transporter in time-direction becomes a time evolution of the state with the correspondingly
evolved electric field [36]. For the calculation of matrix elements in the negative direction, 𝑑 < 0, we
start with a spatial evolution in the negative direction and then evolve by a negative time 𝛿𝑡 = −2𝑎
(see fig. 1b). Our procedure approximates the light-cone in the continuum limit.
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We are working in a formulation with spin-degrees of freedom only, the gauge fields are
integrated out. Therefore, we cannot evolve the electric field directly by applying operators to the
state. Instead, we introduce static charges that change Gauss law locally, or, equivalently, contribute
to the electric field by their charge. Whenever we apply a 𝜎+ or 𝜎− operator, we insert a static
charge at the same position with the corresponding charge, such that it cancels the effect of the
𝜎± operator on the electric fields. The fermion number can, thus, be changed without modifying
the electric flux. Then, we move the location of the static charge, which has the same effect as the
application of a parallel transporter in spatial direction: changing the electric flux between two sites
by one unit. Note that the static charges only enter the matrix elements by modifying the electric part
of the Hamiltonian during the time evolution. Our approach shares similarities with the ancillary
fermion-antifermion pairs in [36].

With these techniques, the matrix elements in positive time and spatial direction become

M(e,e)(𝑑, 0) = ⟨ℎ∣ 𝑒𝑖𝐻𝑡𝑑 ∏
𝑘<𝑑
(𝑖𝜎𝑧

𝑘)𝜎
+
𝑑 𝑒
−𝑖𝐻𝑑−1 𝛿𝑡 . . . 𝑒−𝑖𝐻3 𝛿𝑡𝑒−𝑖𝐻1 𝛿𝑡 ∏

𝑘′<0
(−𝑖𝜎𝑧

𝑘′)𝜎
−
0 ∣ℎ⟩ ,

M(e,o)(𝑑, 1) = ⟨ℎ∣ 𝑒𝑖𝐻𝑡𝑑 ∏
𝑘<𝑑
(𝑖𝜎𝑧

𝑘)𝜎
+
𝑑 𝑒
−𝑖𝐻𝑑−1 𝛿𝑡 . . . 𝑒−𝑖𝐻3 𝛿𝑡𝑒−𝑖𝐻1 𝛿𝑡 ∏

𝑘′<1
(−𝑖𝜎𝑧

𝑘′)𝜎
−
1 ∣ℎ⟩ , (8)

M(o,e)(𝑑 + 1, 0) = ⟨ℎ∣ 𝑒𝑖𝐻𝑡𝑑 ∏
𝑘<𝑑+1

(𝑖𝜎𝑧
𝑘)𝜎

+
𝑑+1𝑒

−𝑖𝐻𝑑−1 𝛿𝑡 . . . 𝑒−𝑖𝐻3 𝛿𝑡𝑒−𝑖𝐻1 𝛿𝑡 ∏
𝑘′<0
(−𝑖𝜎𝑧

𝑘′)𝜎
−
0 ∣ℎ⟩ ,

M(o,o)(𝑑 + 1, 1) = ⟨ℎ∣ 𝑒𝑖𝐻𝑡𝑑 ∏
𝑘<𝑑+1

(𝑖𝜎𝑧
𝑘)𝜎

+
𝑑+1𝑒

−𝑖𝐻𝑑−1 𝛿𝑡 . . . 𝑒−𝑖𝐻3 𝛿𝑡𝑒−𝑖𝐻1 𝛿𝑡 ∏
𝑘′<1
(−𝑖𝜎𝑧

𝑘′)𝜎
−
1 ∣ℎ⟩ .

Here, 𝑒−𝑖𝐻𝑛 𝛿𝑡 is a time evolution for a time 𝛿𝑡, with a static unit charge inserted at site 𝑛. The initial
state ∣ℎ⟩ is an eigenstate of the Hamiltonian with eigenvalue 𝐸ℎ, such that ⟨ℎ∣ 𝑒𝑖𝐻𝑡𝑑 = ⟨ℎ∣ 𝑒𝑖𝑡𝑑𝐸ℎ with
𝑡𝑑 =

𝑑
2 ⋅ 𝛿𝑡. Matrix elements in negative light-cone direction can be evaluated in an analogous way.
Using a second order Suzuki-Trotter decomposition [37, 38] of the time evolution operator,

we find a time-dependent MPS (tMPS) approximation to the evolved state. In this work, the bond
dimension of the MPS is fixed to be 𝐷 = 80 both for the initial state and after the truncation in each
time-evolving block-decimation (TEBD) [39] step. We follow the approach in [40] with a Trotter
time step 𝛿𝜏 = 𝛿𝑡

100 and truncate the electric fields to ∣𝐿𝑛∣ ≤ 10. Finally, 𝑓𝜓 (𝜉) can be computed by a
discrete Fourier transform of the matrix elements.

4. Numerical Results

We calculate the matrix elements from the four contributions in eq. (7) for different distances to
the origin. An example is given in fig. 2 for the first excited state (vector meson at rest) in the zero
charge sector. The real part of the matrix element (fig. 2a) is found to be symmetric with respect to
the axis 𝑑 = 0, while the imaginary part (fig. 2b) is antisymmetric. These symmetries make the PDF
a real function as required.

The PDF is related to the Fourier transform of the matrix elements, which is shown in fig. 3 for
the ground state (vacuum) and the first excited state (vector meson). The vacuum matrix element is a
background that needs to be subtracted to obtain physical PDFs [1]. We find that the excited state
coincides with the vacuum contribution for most of Fourier modes 𝑘 , but a region with positive 𝑘

shows some excess, while a region for negative 𝑘 shows a lower value than the vacuum.
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(a) Real part of the matrix elementM
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(b) Imaginary part of the matrix elementM

Figure 2: Real and imaginary parts of the matrix elementM=M𝑒𝑒−M𝑒𝑜−M𝑜𝑒+M𝑜𝑜 of the first
excited state (vector boson) for different distances 𝑑 to the origin. Parameters: 𝑚

𝑔
= 5.6419 ≈ 10√

𝜋
,

𝑥 = 100, 𝑁 = 100. Dashed lines to guide the eye in all plots.

-𝜋 -3𝜋/4 -𝜋/2 -𝜋/4 0 -𝜋/4 𝜋/2 -3𝜋/4 𝜋

0.5

1

1.5

𝑘

∑
𝑑
M
(
𝑑
)
𝑒
−𝑖

𝑘
𝑑

Ground state
First excited state

Figure 3: Fourier transform of the matrix elementsM for the ground state (vacuum) and the first
excited state (vector boson). Parameters as in fig. 2.

In fig. 4, we plot the matrix element of the first excited state with the vacuum contribution
subtracted for each point. Different lattice spacings and physical volumes are considered. The real
part in fig. 4a vanishes and the imaginary part follows a damped oscillation. The periodicity and
form of the matrix element do not change significantly once the lattice spacing is chosen small
enough and the physical volume is large enough. This corresponds to sufficiently large 𝑥 and 𝐿

𝑥
.

Only the amplitude of the lattice matrix elements scales with 𝑁 , and the resolution varies with 𝑥.
Finally, we obtain the PDF from the subtracted matrix elements by rescaling from 𝑘 to 𝜉 by a

factor of 𝑥
𝑚

, where 𝑚 = 𝐸ℎ − 𝐸0 is the energy difference between the excited state and the ground
state. The function 𝑓𝜓 (𝜉) obtained from the matrix elements in fig. 4 is shown in fig. 5a. A peak
around 𝜉 ≈ 0.5 is present and is approximately symmetric with respect to the central value. The
different lattice spacings and physical volumes lead to very similar results, which indicates that we
are close enough to the continuum and thermodynamic limit. The systematic errors will be studied
in more details in a future publication.

6
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(a) Real part of the matrix elementM
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(b) Imaginary part of the matrix elementM

Figure 4: Real and imaginary parts of the matrix elementM. For each data point, the difference
between the matrix elements of the first excited state (vector boson) and the ground state (vacuum)
is taken. Parameters: 𝑚

𝑔
= 5.6419 ≈ 10√

𝜋
; different symbols for different lattice spacings and

physical volumes.
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𝜉

𝑓 𝜓
(
𝜉
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𝑁 = 72; 𝑥 = 50;𝑁/
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𝑥 ≈ 10

𝑁 = 100; 𝑥 = 100;𝑁/
√
𝑥 = 10
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√
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(a) PDFs for different lattice parameters

−1 −0.5 0 0.5 1
−10

−5

0

5
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𝜉

𝑓 𝜓
(
𝜉
)

m/g=2.8209
m/g=5.6419
m/g=11.2838

(b) PDFs for different fermion masses

Figure 5: PDFs calculated with MPS. (a): 𝑓𝜓 (𝜉) for a mass of 𝑚
𝑔
= 5.6419 ≈ 10√

𝜋
. (b):

𝑓𝜓 (𝜉) for different masses of 𝑚
𝑔
∈ {2.8209, 5.6419, 11.2838} ≈ {5, 10, 20}/

√
𝜋; parameters:

𝑁 = 100; 𝑥 = 100; 𝑁/
√
𝑥 = 10.

While the PDF is only defined for 𝜉 ∈ [0, 1], we can calculate 𝑓𝜓 (𝜉) outside this support as well.
We find that 𝑓𝜓 (𝜉) vanishes for ∣𝜉∣ > 1 as expected. Furthermore, 𝑓𝜓 (𝜉) is antisymmetric with
respect to the axis 𝜉 = 0, which is a consequence of the vanishing real part of the subtracted matrix
elements (see fig. 4a). This leads to a negative peak at around 𝜉 = −0.5. Since 𝑓𝜓 (𝜉) for negative 𝜉

is related to the PDF of the antifermion by the relation 𝑓𝜓(−𝜉) = − 𝑓𝜓 (𝜉) [1], the anti-symmetry

7
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means that 𝑓𝜓 (𝜉) ≡ 𝑓𝜓 (𝜉), i.e. the PDFs for the fermion and anti-fermion are identical.
These numerical results confirm the physical picture of the vector boson to be a meson, with

symmetric roles of the fermion and the anti-fermion, i.e. both of these particles carry one half of the
total meson momentum on average [22]. We note that the distributions are rather narrow in 𝜉-space,
because of the large fermion mass.

We further calculate 𝑓𝜓 (𝜉) for different fermion masses. Examples are shown in fig. 5b for
half and double the mass presented in fig. 5a. We observe that the overall picture remains the same,
but the peak widens (narrows) for lower (higher) mass. This is in good agreement with [24, 25] and
is expected as the distribution function becomes wider with decreasing mass. The limit of vanishing
mass is known to be 𝑓𝜓 (𝜉) ≡ 1 for 𝜉 ∈ [0, 1], so the peak is widened maximally [22]. In the opposite
limit, 𝑚 →∞, the PDF should become a delta-function at 𝜉 = 0.5, so maximally narrow.

5. Conclusion and Outlook

We demonstrated that it is possible to calculate PDFs directly from light-cone correlators with
tensor networks. On the lattice, the light-cone direction can be replaced by a zigzag-like evolution of
the Wilson line in space and time. The time evolution is possible with a Suzuki-Trotter decomposition
and standard MPS-techniques like TEBD. For the spatial evolution, we introduced static charges that
can be moved in order to evolve the electric flux step-wise. The PDF can be obtained by a Fourier
transform after subtracting the ground state matrix element. While a detailed study of systematic
errors will be published elsewhere, the results show good convergence with the lattice spacing and
physical volume, indicating the feasibility of a continuum limit extrapolation.

Even though TNS methods can be applied in higher dimensions as well, the numerical costs
increase. Moreover, the applicability of TNS methods to dynamical problems is limited by the
entanglement growth. But the same strategy used for TNS calculations in the Hamiltonian formalism
could in principle be implemented in quantum computers or simulators, which could potentially
overcome these limitations. Indeed, first attempts have already been made to calculate Wilson lines
in space and time in the context of quantum computing and with exact diagonalization for small
systems [36, 41–44].

In this work, we presented, for the first time, a full calculation of PDFs in the Schwinger model
from light-cone correlators. We observed the correct symmetry properties and conclude that the
fermion- and antifermion-PDF are identical for the vector boson, as expected for a meson. We
further calculated the PDF for different fermion masses and found the expected broadening of the
PDF with decreasing mass. These results demonstrate the applicability of TNS methods for more
general LGT problems, beyond their previously established success for equilibrium states.
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