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The finite-volume spectrum in the presence of a long-range force Akaki Rusetsky

1. Introduction

Recently, the two-body quantization condition on the lattice in the presence of the long-range
forces came under scrutiny. The interest in this problem is justified by the fact that the standard
Lüscher approach [2] is not applicable for certain physical systems which are studied at present
by using lattice QCD. For example, in case of the 𝑁𝑁 scattering, some low-lying energy levels
may occur in the so-called left-hand cut region, where the 𝐾-matrix is complex and, hence, the
use of the Lüscher equation does not make sense [3]. Furthermore, at the physical quark masses,
𝐷∗ meson is unstable, and looking for the resonances on the 𝐷∗𝐷 system amounts to solving a
three-body problem. However, at present, lattice calculations are carried out at larger-than-physical
quark masses, for which the 𝐷∗ does not decay. The 𝑇+

𝑐𝑐 (3875) state, emerging in the 𝐷∗𝐷 elastic
scattering, is strongly affected by a nearby left-hand cut and, again, a straightforward use of the
standard Lüscher approach is not justified (see, e.g., [4]). In both physical systems, an existence of
a left-hand cut close to the physical threshold can be traced back to a 𝑡- and 𝑢-channel exchange
of the light particle (the pion). Finally, it is clear from the beginning that the Lüscher approach
has to be modified in the presence of massless particles (photons). A possible modification has
been proposed in Ref. [5] which, however, leaves some questions still open. Namely, it is based
on the QED𝐿 implementation of the photon field on the lattice with periodic boundary conditions.
This theory is known to be non-local and violating the Appelquist-Carazzone decoupling theorem
needed for the matching to the non-relativistic effective field theory [6], which is then used for
the derivation of the quantization condition. Furthermore, only the Coulomb photon exchange has
been considered in Ref. [5], and it has been implemented perturbatively. Albeit the arguments
were given, justifying this choice, the approximation is set to fail, obviously, at least in the close
vicinity of the free-particle poles. In the present work, we do not consider massless particles and
concentrate on the two physical systems, mentioned in the beginning.

It is important to realize that, in the presence of light particle exchange in the 𝑡- and 𝑢-
channels that give rise to a long-range static potential between particles in the non-relativistic
scattering, several basic assumptions that provide a foundation of the standard Lüscher approach,
are invalidated. Namely,

• Standard Lüscher approach is based on the assumption 𝑅𝐿 ≫ 1, where 𝐿 is the spatial extent
of the cubic lattice, and 𝑅 denotes the range of the potential, which is inversely proportional
to the mass of the exchanged particle. If this mass becomes light, one needs a very large box
to fit the two-particle system in.

• As one knows, the Lüscher equation holds up to the exponentially suppressed terms that
contain exp(−𝑛𝐿𝑅), with 𝑛 ≥ 1. If the condition 𝑅𝐿 ≫ 1 is not fulfilled, the exponentially
suppressed corrections become sizable and introduce an uncontrollable systematic error.

• Consider, for example, the 𝑁𝑁 scattering. It is well known that the partial-wave projection
of the one-pion exchange diagram has the left-hand cut, whose upper rim is located at 𝑠ℓ =

4𝑚2−𝑀2 (here,𝑚 and 𝑀 denote the nucleon and the pion masses, respectively). For physical
masses, 𝑠ℓ lies very close to the elastic threshold, 𝑠𝑡ℎ = 4𝑚2. Namely, √𝑠𝑡ℎ ≃ 1880 MeV and
√
𝑠ℓ ≃ 1875 MeV. The 𝑁𝑁 scattering 𝐾-matrix in a given partial wave is complex below
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𝑠ℓ and so is the scattering phase. The use of the Lüscher equation for the energy levels,
measured below √

𝑠ℓ , is obviously not justified. It is important to realize that the migration of
the energy levels below √

𝑠ℓ is caused by large exponential corrections. In order to prove this,
let us assume the opposite. Namely, assume that the exponential corrections are negligible.
Since below threshold we are dealing with the exponential corrections only, the measured
energy level would correspond, to a good accuracy, to a physical bound state on the top of the
left-hand cut. Since such a bound state does not exist, our initial assumption turns out to be
wrong. Last but not least, note that one expects large exponentially suppressed contributions
not only in the left-hand cut region, but slightly above it as well, where the effect of the
singularity is still felt. Since 𝑠ℓ and 𝑠𝑡ℎ are so close, this, in its turn, might introduce a large
systematic error in the analysis of lattice data also in the vicinity of the elastic threshold.

• Owing to the presence of the long-range force, the partial-wave expansion converges rather
slowly. This leads to a large partial-wave mixing in the Lüscher equation, even above the
elastic threshold, and makes it mandatory to retain the contributions of higher partial waves.

In view of the above difficulties, several alternative approaches have been recently proposed for
the analysis of scattering data in the systems featuring the long-range force. The most straightforward
idea is to solve directly the two-body Lippmann-Schwinger equation in a finite volume, using the
plane wave basis [4, 7]. Fitting the resulting energy levels to lattice data allows one to extract the
parameters of the effective Hamiltonian, which are devoid of the left-hand singularity due to the light
particle exchange (because this process is explicitly included in the framework used). Furthermore,
using the plane wave basis allows one to circumvent the problem related with the partial-wave
mixing. A different method was proposed in Ref. [8], where the effective Hamiltonian is split
in the long- and short-range parts. Last but not least, in Refs. [9, 10] the three-body formalism
is used to study the 𝐷∗𝐷 scattering for different quark masses, even in the case of a stable 𝐷∗

meson. An advantage of this approach is that it allows to study the extrapolation in quark masses
and the impact of the inner structure of the 𝐷∗ meson on the finite-volume spectrum [10]. It should
be pointed out that the solution of the problem of the left-hand cut within this approach is not
related with the use of the three-body formalism per se, but with the fact that the discretization
of the spectator momentum in this formalism is equivalent to the use of the plane-wave basis
in the two-body equation. To summarize, all proposed approaches have one thing in common.
Namely, in the presence of the long-range force, both the scattering amplitude and the 𝐾 matrix
feature the left-hand cut and thus cannot be directly extracted on the lattice. The solution of the
problem consists in identifying appropriate quantities (the parameters of the effective Hamiltonian,
an auxiliary scattering amplitude on the short-range potential, etc.) which are devoid of the nearby
singularities and thus can be determined from lattice data. The observable quantities like scattering
amplitudes can be then determined by solving integral equations with an input from the lattice.

Recently, we have proposed yet another approach to the problem. The formalism derived here is
almost identical to the original Lüscher equation, up to a modification of the Lüscher zeta-function,
caused by the presence of the long-range force. Below, we shall present a brief description of this
formalism. More details can be found in Ref. [1].
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2. Modified effective-range expansion

Our formalism is based on the use of the modified effective range expansion, derived by van
Haeringen and Kok in Ref. [11]. In that paper, the authors consider a non-relativistic scattering
problem on a sum of long- and short-range local potentials 𝑉 (𝑟) = 𝑉𝐿 (𝑟) + 𝑉𝑆 (𝑟). The long-range
part is taken to be superregular, i.e., 𝑟−2ℓmax𝑉𝐿 (𝑟) is assumed to be finite in the limit 𝑟 → 0 (here,
ℓmax denotes the maximally allowed value of the orbital angular momentum). Next, a modified
effective-range function has been defined

𝐾𝑀
ℓ (𝑞2) = 𝑀ℓ (𝑞) +

𝑞2ℓ+1

| 𝑓ℓ (𝑞) |2
(cot(𝛿ℓ (𝑞) − 𝜎ℓ (𝑞)) − 𝑖) . (1)

Here, ℓ ≤ ℓmax is the angular momentum and 𝛿ℓ (𝑞), 𝜎ℓ (𝑞) denote, respectively, the full phase shift
and the phase shift in the problem with the long-range potential 𝑉𝐿 (𝑟) only. Furthermore,

𝑀ℓ (𝑞) =
1
ℓ!

(
− 𝑖𝑞

2

)ℓ
lim
𝑟→0

𝑑2ℓ+1

𝑑𝑟2ℓ+1 𝑟
ℓ 𝑓ℓ (𝑞, 𝑟)
𝑓ℓ (𝑞)

, (2)

where 𝑓ℓ (𝑞, 𝑟) is the Jost solution for the long-range potential, and

𝑓ℓ (𝑞) =
𝑞ℓ𝑒−𝑖ℓ 𝜋/2(2ℓ + 1)

(2ℓ + 1)!! lim
𝑟→0

𝑟ℓ 𝑓ℓ (𝑞, 𝑟) . (3)

The main result of Ref. [11] consists in demonstrating that the quantity 𝐾𝑀
ℓ
(𝑞2), in difference to the

full 𝐾-matrix 𝐾ℓ (𝑞2), does not feature the left-hand singularity and is thus an appropriate quantity
to be determined from the lattice spectrum. On the other hand, after fitting 𝐾𝑀

ℓ
(𝑞2) to lattice data,

it is straightforward to determine the full phase shift 𝛿ℓ (𝑞) from Eq. (1). This step does not imply
solving an integral equation, since Eq. (1) is an algebraic relation between 𝐾𝑀

ℓ
(𝑞2) and 𝛿ℓ (𝑞).

3. NREFT framework

In order to set up the finite-volume formalism, it is convenient to reformulate the two-body
scattering problem within non-relativistic effective field theory (NREFT) framework. In this
framework, the short-range potential is given by a string of terms containing three-dimensional
𝛿-function and the derivatives thereof. In the momentum space, one may write

⟨ 𝒑 |𝑉𝑆 |𝒒⟩ = 𝐶00
0 + 3𝐶00

1 𝒑𝒒 + 𝐶10
0 ( 𝒑2 + 𝒒2) + · · · (4)

where𝐶00
0 , 𝐶

00
1 , 𝐶

10
0 , . . . stand for the effective couplings. Using the two-potential scattering theory,

the full 𝑇-matrix can be written in the form

𝑇 = 𝑇𝐿 + (1 + 𝑇𝐿𝐺0)𝑇𝑆 (𝐺0𝑇𝐿 + 1) , (5)

where𝐺0 denotes the free two-particle Green function, and𝑇𝐿 , 𝑇𝑆 are defined through the equations

𝑇𝐿 = 𝑉𝐿 +𝑉𝐿𝐺0𝑇𝐿 ,

𝑇𝑆 = 𝑉𝑆 +𝑉𝑆𝐺𝐿𝑇𝑆 ,

𝐺𝐿 = 𝐺0 + 𝐺0𝑉𝐿𝐺𝐿 . (6)
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Considering, for simplicity, the case, when there are no bound states in the potential 𝑉𝐿 , the
following spectral representation for the Green function can be written down:

⟨ 𝒑 |𝐺𝐿 (𝑞2
0) |𝒒⟩ =

∫
𝑑3𝒌

(2𝜋)3

𝜓
(+)
𝒌

( 𝒑)
(
𝜓
(+)
𝒌

(𝒒)
)∗

𝒌2 − 𝑞2
0 − 𝑖𝜀

. (7)

Here 𝑞0 is the magnitude of the on-shell three-momentum, and 𝜓 (+)
𝒌

( 𝒑) denotes the scattering wave
function.

In order to explain the essence of the method, let us restrict ourselves to the lowest order
approximation 𝐶00

0 ≠ 0, 𝐶00
1 = 𝐶10

0 = · · · = 0. An exact solution for the matrix 𝑇𝑆 is then given by

⟨ 𝒑 |𝑇𝑆 (𝑞2
0) |𝒒⟩ =

1
(𝐶00

0 )−1 − ⟨𝐺𝐿 (𝑞2
0)⟩

, ⟨𝐺𝐿 (𝑞2
0)⟩ =

∫
𝑑3 𝒑

(2𝜋)3
𝑑3𝒒

(2𝜋)3 ⟨ 𝒑 |𝐺𝐿 (𝑞2
0) |𝒒⟩ . (8)

Note that the scattering occurs only in the S-wave.
In order to arrive at the result given in Ref. [11], one needs two more relations:

⟨𝐺𝐿 (𝑞2
0)⟩ =

1
4𝜋

𝑀0(𝑞0) + real polynomial in 𝑞2
0 ,

∫
𝑑3𝒌

(2𝜋)3

���𝜓 (+)
𝒌

( 𝒑)
��� = 1

| 𝑓0(𝑘) |
, (9)

where the quantities 𝑀ℓ (𝑞), 𝑓ℓ (𝑞) were defined in Eqs. (2) and (3). The polynomial in Eq. (9) can
be safely dropped – it amounts to a choice of a particular renormalization prescription.

Using now the explicit expression (8), it is straightforward to obtain that

4𝜋
𝐶00

0
= 𝑀0(𝑞0) +

𝑞0

| 𝑓0(𝑞0) |2
(cot(𝛿0(𝑞0) − 𝜎0(𝑞0)) − 𝑖) . (10)

The physical meaning of the modified effective range function 𝐾𝑀
ℓ
(𝑞2

0) becomes crystal clear now.
Namely, at lowest order, it is given by the effective range expansion in case of only the short-range
potential 𝑉𝑆 . In higher orders, and higher partial waves, the coefficients of this expansion are
modified by long-range interactions. Still, the main message is the same: the scale that determines
the radius of convergence of 𝐾𝑀

ℓ
(𝑞2

0), is defined solely by the short-range part of the potential.

4. Modified Lüscher equation

In order to obtain the quantization condition, it suffices to discretize the three-momentum
integrals in the two-body scattering equation. We skip the intermediate steps and display the final
result for the modified Lüscher equation in the presence of the long-range force. It has the form
det A = 0, where

Aℓ𝑚,ℓ′𝑚′ (𝑞0) = 𝛿ℓℓ′𝛿𝑚𝑚′𝐾𝑀
ℓ (𝑞2

0) − 𝐻ℓ𝑚,ℓ′𝑚′ (𝑞0) . (11)

Here, 𝐻ℓ𝑚,ℓ′𝑚′ (𝑞0) can be loosely termed as the modified Lüscher zeta-function:

𝐻ℓ𝑚,ℓ′𝑚′ (𝑞0) =
4𝜋
𝐿6

∑︁
𝒑,𝒒

Y ∗
ℓ𝑚( 𝒑)⟨ 𝒑 |𝐺𝐿 (𝑞2

0) |𝒒⟩Yℓ′𝑚′ (𝒒) , (12)
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+ + + · · ·

Figure 1: Modified Lüscher zeta-function: a loop with any number of insertions of the long-range potential.
Standard zeta-function is given by the first term only

where Yℓ𝑚( 𝒑) = 𝑝ℓ𝑌ℓ𝑚(𝑝) and 𝑌ℓ𝑚(𝑝) denotes the spherical function. Note that the expression
for the standard zeta-function contains 𝐺0 instead of 𝐺𝐿 . Thus, the modified zeta function is given
by a loop with any number of insertions of the long-range potential, see Fig. 1.

The analysis of lattice data proceeds pretty much along the same pattern as in case of an
ordinary Lüscher equation. The key to this conclusion is the assumption that the form of the
long-range potential is exactly known and its parameters can be determined independently and at
a high precision. Then, 𝐻ℓ𝑚,ℓ′𝑚′ (𝑞0) can be calculated prior to the analysis. The fit to the lattice
data allows one to extract 𝐾𝑀

ℓ
(𝑞2

0), which is algebraically related to the full phase shift, see Eq. (1).
Note also that 𝐾𝑀

ℓ
(𝑞2

0) is devoid of the left-hand. Furthermore, the modified quantization condition
is obtained from the Lippmann-Schwinger equation, containing short-range potential only and,
therefore, does not suffer from large partial-wave mixing.

5. Conclusions

We propose a formulation of the two-body quantization condition in the presence of the long-
range force. The analysis of lattice data within this approach closely follows the standard pattern
based on the use of the ordinary Lüscher equation and thus should be straightforward to implement
in practice.
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