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We report about an update of a scale setting procedure employing a mixed action setup consisting
of 𝑁 𝑓 = 2+ 1 flavors of O(𝑎)-improved Wilson sea quarks, based on CLS ensembles, and Wilson
twisted mass valence quarks at maximal twist. We employ as external input isoQCD masses and
decay constants of pions and kaons, and use the gradient flow scale 𝑡0 as an intermediate scale.
The analysis includes ensembles in the vicinity of the physical point and five values of the lattice
spacing down to 𝑎 ≈ 0.038 fm. The determination of 𝑡0 is carried out using three approaches: the
unitary setup where Wilson quarks are used in the sea and valence sectors, the mixed action setup
with Wilson twisted mass valence quarks, and by combining the data from the two previous cases.
We observe that this combination leads to an improved control over the systematic uncertainties.
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1. Introduction

The Standard Model of particle physics has been proven to describe a wide range of phenomena
to a very high precision in modern day colliders. However, we know there must be some new physics
at high energies. One way to search for new physics is by means of indirect searches, by reaching
very high precision on both experimental and theoretical predictions, allowing to uncover small
deviations between them. In this context, high precision theoretical calculations in the quark-flavor
sector are of utmost importance, for which lattice field theory provides a first-principles method for
calculating non-perturbative QCD contributions.

In this work we consider a lattice setup [1–5] aimed to address the leading systematic uncer-
tainties affecting charm-quark observables. It is based on a mixed action regularization combining
𝑁 𝑓 = 2 + 1 Wilson quarks in the sea sector with 𝑁 𝑓 = 2 + 1 + 1 Wilson twisted mass in the valence
sector which, when tuned to maximal twist, ensure O(𝑎)-improvement without the need of any
improvement coefficient on physical observables, up to residual sea quark mass effects [2, 11, 12].
This key feature is of particular relevance when aiming at observables in the heavy quarks sector.
In this work we present a study of the light – up, down, strange – quark sector, which is a necessary
step of the analysis in the mixed action setup since a matching between the Wilson twisted mass
(Wtm) valence and the sea of light quarks is needed. We set the scale of our lattice by use of the
pion and kaon masses and decay constants as physical input, while using the gradient flow scale 𝑡0
as intermediate scale.

2. Sea quark sector

Our sea quark sector consists in CLS gauge ensembles [9, 10] generated with 𝑁 𝑓 = 2 + 1
dynamical Wilson fermions, non-perturbatively O(𝑎)-improved. They employ open boundary
conditions in time (OBC) for the gauge fields in order to avoid the problem of topology freezing as
one approaches the continuum limit1 [8].

These ensembles were generated following a chiral trajectory defined by

Tr(Msea
q ) = 2𝑚sea

𝑢𝑑 + 𝑚sea
𝑠 ≈ const, (1)

for the bare unsubtracted quark masses. We would like however this condition to hold for renor-
malized quark masses. For that purpose we define

𝜙4 = 8𝑡0
(
𝑚2
𝐾 + 1

2
𝑚2
𝜋

)
, (2)

with 𝑡0 the gradient flow scale defined e.g. in [7], which we will employ as an intermediate scale
in the scale setting analysis, and whose value at the physical point in physical units is the target of
this work This allows to rewrite Eq. (1) as (up to cutoff effects and higher order terms)

𝜙W
4 ≡ const, (3)

1This is true except for two ensembles which are computed around the physical pion mass: E250 and D450, which
employ periodic boundary conditions for the gauge fields.

2



P
o
S
(
L
A
T
T
I
C
E
2
0
2
4
)
2
9
7

Scale setting from a combination of Wilson and Wtm valence quarks Alejandro Saez-Gonzalvo

where the superscript “W” refers to the value of the observable employing the Wilson fermionic
fields of the sea sector. The value of the constant in Eq. (3) is given by the physical value of 𝜙4.
2 In order to impose the condition on Eq. (3), it is necessary to perform small mass shifts in the
observables of each ensemble under study. These shifts are achieved by using a low order Taylor
expansion in the sea quark masses, according to the following expression

𝑂 (𝑚′ sea
𝑞 ) = 𝑂 (𝑚sea

𝑞 ) +
∑︁
𝑞

𝛿𝑚sea
𝑞

𝑑𝑂

𝑑𝑚sea
𝑞

, (4)

where 𝛿𝑚sea
𝑞 = 𝑚′ sea

𝑞 − 𝑚sea
𝑞 . In practice, we restrict the sum over the quark flavors

∑
𝑞 to 𝑞 = 𝑠, as

we found that doing so reduces the statistical uncertainty of the mass-shifted observables 𝑂 (𝑚′ sea
𝑞 ).

The value of 𝛿𝑚sea
𝑠 is chosen ensemble by ensemble such that condition Eq. (3) is satisfied.

The complete set of ensembles under study are presented in Table 1. In Fig. 1 we show the
values of 𝜙4 for each ensemble under study before the mass-shifting procedure, in addition to the
comparison between

√
8𝑡0 𝑓𝜋𝐾 before and after mass-shifting.
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Figure 1: Left: Values of 𝜙4 in the sea sector for each ensemble, as a function of 𝜙2 = 8𝑡0𝑚2
𝜋 in the sea

sector (“W”). We see the deviation from a constant value is at most ∼ 7%. The horizontal band represents
the physical value 𝜙

ph
4 to which we wish to mass-shift the data, as determined from the final result of 𝑡ph

0 .
Right: Comparison of

√
8𝑡0 𝑓𝜋𝐾 before (empty symbols) and after (filled symbols) mass-shifting to impose

𝜙4 = 𝜙
ph
4 in the sea sector as a function of 𝜙2.

3. Valence quark sector

For the valence sector, we employ either the same regularization for the Dirac operator as in the
sea quark sector, obtaining what we will refer to as a Wilson unitary setup; or a regularization based
on Wilson twisted mass quarks [11, 12], obtaining the so-called mixed action regularization. The
advantage of the latter is that when properly tuned at maximal twist, one obtains automatic O(𝑎)-
improvement for any physical valence observable without the need of any improvement coefficient3

2Since in order to know the physical value of 𝜙4 we not only need 𝑚
ph
𝜋 , 𝑚ph

𝐾
, but also 𝑡

ph
0 , whose value is available

only at the end of the scale setting analysis, we start with some initial guess for this quantity and iterate the analysis until
convergence in 𝑡

ph
0 is obtained. For the physical values of the pion and kaon masses we employ the reported values in

[29].
3Up to residual O(𝑎𝑔4

0Tr(Msea
q )) cutoff effects coming from the sea. However, these are expected to have a negligible

effect, given that the sea sector only involves light flavors.
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𝛽 𝑎 [fm] id 𝑚𝜋 [MeV] 𝑚𝐾 [MeV]
3.40 0.086 H101 420 420

H102 350 440
H105 280 460

3.46 0.076 H400 420 420
D450 222 480

3.55 0.064 N202 420 420
N203 340 440
N200 280 460
D200 200 480
E250 130 497

3.70 0.050 N300 420 420
N302 340 440
J303 260 470
E300 176 496

3.85 0.038 J500 420 420
J501 340 453

Table 1: 𝑁 𝑓 = 2+1 CLS ensembles [9, 10] used in the sea sector. These ensembles employ non-perturbatively
𝑂 (𝑎)-improved Wilson fermions and open boundary conditions in the time direction for the gauge fields,
expect for E250 and D450, which use periodic boundary conditions.

[11, 12]. The explicit form of the Dirac operator employed in the valence Wtm regularization is

𝐷Wtm = 𝐷W + 𝒎val + 𝑖𝛾5𝝁
val, (5)

𝒎val = diag(𝑚𝑢, 𝑚𝑑 , 𝑚𝑠, 𝑚𝑐)val, (6)
𝝁val = diag(𝜇𝑢,−𝜇𝑑 ,−𝜇𝑠, 𝜇𝑐)val, (7)

where 𝐷W is the massless Wilson Dirac operator. In our setup, we will employ the same 𝜅val
𝑞

parameter for all quark flavors 𝑞 = 𝑢, 𝑑, 𝑠, 𝑐, where 𝜅𝑞 is defined by

𝑎𝑚𝑞 =
1
2

(
1
𝜅𝑞

− 1
𝜅cr

)
. (8)

To achieve maximal twist, we impose a vanishing light (“12”) PCAC quark mass in the Wtm valence
sector

𝑎𝑚Wtm
12 ≡ 0, (9)

which sensures (up to O(𝑎) cutoff effects) that maximal twist is also satisfied for any other quark
flavor.

The use of a mixed action implies that unitarity is not satisfied even in the continuum limit
unless the physical quark masses in the sea and valence sectors are tuned to be the same. This is
imposed by means of a matching procedure.

4. Matching of the mixed action

In order to recover unitarity in the continuum limit in the context of a mixed action regulariza-
tion, it is necessary to impose the condition that the physical quark masses in the valence sector are

4
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equal to those in the sea sector. To this end, rather than examining renormalized quark masses, a
similar condition is imposed on the pion and kaon pseudoscalar masses, or equivalently

𝜙W
2 ≡ 𝜙Wtm

2 ,

𝜙W
4 ≡ 𝜙Wtm

4 , (10)

where we defined
𝜙2 = 8𝑡0𝑚2

𝜋 , (11)

and where the superscript “W” refers to the value of the given observable in the Wilson unitary
setup, which is the value for the corresponding observable in the sea sector; and “Wtm” refers to
the value of the observable in the valence sector of the mixed action regularization.

In addition to Eq. (10), we need to impose Eq. (9) in order to ensure O(𝑎)-improvement
of valence observables. The way to impose these three conditions simultaneously is to employ
a grid of values for the valence parameters of the Dirac operator, (𝜅, 𝑎𝜇𝑙, 𝑎𝜇𝑠)val, along which
we compute (𝑎𝑚Wtm

12 , 𝜙Wtm
2 , 𝜙Wtm

4 ), and which allows to interpolate to a point (𝜅, 𝑎𝜇𝑙, 𝑎𝜇𝑠)𝑣𝑎𝑙,∗ at
which Eqs. (9)-(10) are satisfied. We illustrate such an interpolation in Fig. 2. Once this point in
the parameter space is found, we compute the pion and kaon decay constants 𝑓𝜋,𝐾 at such a point,
which we will employ to set the scale.
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Figure 2: Matching of sea and valence sectors and tuning to maximal twist in the mixed action regularization.
The colored crossed points represent the three relevant observables 𝑎𝑚Wtm

12 , 𝜙Wtm
2 , 𝜙Wtm

4 along the grid of
valence parameters (𝜅, 𝜇𝑙 , 𝜇𝑠)val. The orange band is the result of the fit along the grid, while the gray band
is the value of the corresponding observables in the sea sector, as computed in the Wilson unitary setup. The
black squared point marks the matching and maximal twist point.

5. Scale setting results

In order to define the physical point, we will use as physical external input the pion and kaon
masses in the isoQCD limit as reported in [29], and the flavor average combination of pion and
kaon decay constants

𝑓𝜋𝐾 ≡ 2
3

(
𝑓𝐾 + 1

2
𝑓𝜋

)
. (12)
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Their physical values in the isoQCD limit [29] will be employed to determine the gradient flow
scale 𝑡0. To this end, the quantity

√
8𝑡0 𝑓𝜋𝐾 was computed in both the Wilson unitary and mixed

action setups. A chiral-continuum extrapolation was then performed to reach the continuum limit
and the physical point (𝜙ph

2 , 𝜙
ph
4 ). 4 Universality arguments assert that both regularizations must

share a common continuum limit. Consequently, in addition to conducting an independent analysis
of the Wilson and mixed action regularizations, we also carry out a combined analysis by imposing
a common continuum limit, while permitting distinct lattice artifacts for the two regularizations.
This strategy improves the control of the continuum limit extrapolation, as the two regularizations
approach the continuum limit from different directions (c.f. Fig. 3), while also increasing the
statistical precision of the result.

0.00 0.01 0.02 0.03 0.04
a2/8t0

0.300

0.305

0.310

0.315

0.320

√ 8
t 0
f π
K

Wilson

Mixed Action

Figure 3: Continuum limit extrapolation of the symmetric point ensembles, which follow a line of constant
physics defined by 𝜙4 = 𝜙

ph
4 , 𝜙2 = 2

3𝜙4. The lower, empty points come from the Wilson unitary setup, while
the upper, filled points come from the mixed action setup. Each gray band is an independent fit to O(𝑎2)
cutoff effects, with no imposition to agree in the continuum limit.

To perform the chiral-continuum limit, we explore several possibilities. For the chiral ex-
trapolation we consider SU(3) and SU(2) ChPT inspired ansätze, as well as Taylor expansions
in 𝜙2 around the symmetric point defined by 𝜙2 = 2

3𝜙4. For the continuum limit, we consider
O(𝑎2),O(𝑎2𝜙2),O(𝑎2𝛼Γ𝑖

s (1/𝑎)) cutoff effects5. Finally, in addition to different fit functions, we
consider performing cuts in the data: removing the coarsest lattice spacing and thus keeping
𝛽 > 3.40; removing the two coarsest and thus keeping 𝛽 > 3.46; removing the heaviest pion,
keeping 𝑚𝜋 < 420 MeV; removing the two heaviest pions, keeping 𝑚𝜋 < 350 MeV; removing both
the coarsest lattice spaing and heaviest pion, keeping 𝛽 < 3.40, 𝑚𝜋 < 420 MeV; and removing the
smallest volumes, keeping 𝑚𝜋𝐿 > 4.1. The impact of including these data subsets is explored by
adding an extra term in the definition of the 𝜒2 function to be minimized by the fit. This ensures that
when these data subsets are included, they receive an additional systematic uncertainty contribution
in the 𝑐ℎ𝑖2 function so that they are not overweighted in the fit, with respect to the most chiral
and continuum-like ensembles. By doing this, the model average gives a non-negiglible weight to
models that cut data, even if the greatest weights are still associated with no cuts.

4Note that thanks to the mass-shifting procedure, 𝜙4 was set equal to its physical value in a previous step of the
analysis, and thus the chiral extrapolation is only performed in the 𝜙2 direction.

5For the O(𝑎2𝛼Γ𝑖
s (1/𝑎)) case, we test the different anomalous dimensions values Γ𝑖 reported in [16], finding no real

difference between choosing one or another for the final result, thus retaining only the smallest value Γ1 = −0.111.

6
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Subsequently, all these different models are averaged together using the Takeuchi’s Information
Criterion (TIC) [14]

TIC = 𝜒2 − 2𝜒2
exp, (13)

where 𝜒2
exp is defined in [15], which allows to compute an averaged result for

√︃
𝑡
𝑝ℎ

0 as〈√︃
𝑡
𝑝ℎ

0

〉
=

√︃
𝑡
𝑝ℎ

0,𝑖𝑊𝑖 , (14)

𝑊𝑖 = 𝐴 exp
(
−1

2
TICi

)
, (15)

where
√︃
𝑡
𝑝ℎ

0,𝑖 is the result for the scale coming from the 𝑖-th model, and 𝐴 is a normalization constant

such that
∑
𝑖𝑊𝑖 = 1. Furthermore, the method assigns a systematic uncertainty to

〈√︃
𝑡
𝑝ℎ

0

〉
given by

𝜎2
syst =

〈
𝑡
𝑝ℎ

0

〉
−
〈√︃

𝑡
𝑝ℎ

0

〉2
. (16)

In Fig. 4 we show the chiral-continuum extrapolation for the model including all data points,
using SU(3) ChPT and O(𝑎2) cutoff effects, together with the model average for

√︃
𝑡
ph
0 , both for

the combined analysis of the Wilson unitary and mixed action regularizations. We also show a
comparison of our results with others in the literature. If instead of the reported values in [29] for
the physical input of the pion and kaon masses and decay constants,

𝑚𝜋 = 134.9768(5) MeV, 𝑚𝐾 = 497.611(13) MeV,

𝑓𝜋 = 130.56(2)exp(13)QED(2) |𝑉𝑢𝑑 | MeV, 𝑓𝐾 = 157.2(2)exp(2)QED(4) |𝑉𝑢𝑠 | MeV, (17)

we use those in [28],

𝑚𝜋 = 134.8(3) MeV, 𝑚𝐾 = 494.2(3) MeV
𝑓𝜋 = 130.4(2) MeV, 𝑓𝐾 = 156.2(7) MeV. (18)

to set the scale, we find an upwards shift in the central value of
√︃
𝑡
ph
0 slightly below one sigma.

Finally, if instead of the TIC we use other IC, as the one proposed in [13], for the combined analysis
we find no significant impact in the final total error of

√︃
𝑡
ph
0 .

6. Conclusion

We have presented an update of the scale setting based on CLS ensembles, including physical
point ensembles and lattice spacings all the way down to 𝑎 ≈ 0.038 fm. We have shown the
effectiveness of combining the Wilson unitary and mixed action setups in order to enhance the
statistical precision and improve the control of the continuum limit extrapolation, due to the fact that
the considered regularizations approach the continuum with different lattice artifacts. Furthermore,
we have explored the systematic effects associated to the chiral-continuum extrapolation and the
inclusion of cuts in the data set. In the near future we plan to extend the scale setting analysis
relying exclusively on physical external input of 𝑓𝜋 . We refer to [6] for and application of the mixed
action setup to the study of the charm quark mass.

7
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Figure 4: Left: Chiral-continuum extrapolation of
√

8𝑡0 𝑓𝜋𝐾 in the combined analysis of Wilson unitary
and mixed action regularizations. A common mass-dependence in the continuum limit is imposed, while
independent cutoff effects are allowed for the Wilson unitary (empty points) and mixed action (filled points)
regularizations. The top panel shows the dependence on 𝜙2, while the bottom one represents the continuum
extrapolation, with all points projected to the physical pion mass. The vertical dashed line signals the value
of 𝜙ph

2 . Middle: Model variation and average for
√︃
𝑡
ph
0 . The blue vertical band represents the total averaged

result, together with the systematic uncertainty as computed with Eq. (16). Weights are computed with
Eq. (15). In the top panels, we show the model variation associated with the different cuts in data. To do
so, we averaged together all models which employ the same number of data points but different fit functions.
Tag “[-]” indicates no cut was performed. Conversely, in the bottom panels we averaged together all models
which employ the same fit function, but different data cuts. All p-values are > 0.1. The total systematic
uncertainty amounts to ∼ 30% of the total squared error. Right: Comparison of our determination of

√︃
𝑡
ph
0

(red points) in the Wilson, mixed action, and combined analysis with other results in the literature [30]. We
show our results for the Wilson, Wtm mixed action and combined analysis.
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