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1. Introduction

Chiral gauge theory is the foundation for many significant physical theories, such as the
Standard Model and Grand Unified Theories. However, a non-perturbative definition of chiral
gauge theory remains a considerable challenge for a long time. For the suitable matter content
that the gauge anomaly cancellation condition is met in the continuum, how is the cancellation
mechanism reproduced in a non-perturbative construction, e.g., a lattice gauge theory?

There have been many studies on four-dimensional lattice chiral gauge formulations; we suc-
ceeded in getting the U(1) case [2] and the SU(2) x U(1) theory [3, 4]. Recently, the authors of
Refs. [5, 6] focused on lattice formulations of two-dimensional (2D) chiral gauge theory based on
Abelian bosonization [7, 8]. Bosonization in 2D, which utilizes (chiral) compact bosons instead of
chiral fermions, enables the construction of a lattice theory that belongs to the same universality
class as the desired chiral gauge theory. The good news is that, in this construction, the gauge
anomaly structure can be straightforwardly derived at the classical level, which is identical to that
in the continuum theory. Consequently, exact chiral gauge symmetry can be realized even at a finite
lattice spacing.

Compared to the previous works, we propose a “novel lattice formulation” with dual vertex
operator, 9. (See Ref. [9].) This operator corresponds to a magnetic object in the context of
compact scalar theory, and is also the bosonic counterpart to vector-symmetry charged objects in
chiral fermion theories. Especially, our formulation respects the admissibility condition [2, 10, 11],
which imposes a smoothness condition on lattice fields for each lattice site n. To define a vector-
charged object of field configurations under the admissibility condition, we represent a magnetic
object in a compact boson system as a “hole,” a lattice defect region excised from the lattice
spacetime; now this hole is supposed to be located at the dual lattice, 7i. This approach is based
on the excision method proposed in Ref. [1]. In general, a non-zero winding number of compact
boson ¢ around the hole is compatible with the admissibility condition.

The organization of this paper is as follows. In Section 2, we discuss the 2D U(1) chiral gauge
theory in the continuum, on which our lattice formulation is based. In Section 3, we describe the
lattice formulation of the theory introduced in Section 2. First, we introduce the compact boson
defined on the lattice and the U(1) gauge field. We then define vector-charged objects using the
excision method, which is a unique point of this talk. Next, we define a lattice action based on
bosonization and demonstrate that the gauge anomaly structure of the continuum theory can be
easily reproduced at the classical level with exact chiral gauge symmetry even at a finite lattice
spacing. Finally, in Section 4, we show that the selection rules for charged objects defined in
Section 3 are consistent with the fermion number anomaly in the continuum theory.

2. 2D U(1) chiral gauge theory: Continuum formulation and bosonization
The fermion action for the chiral gauge theory on a 2D manifold M, of interest is given by

Si= [ @ Y0 [0 - AlanaPr+ ar.aP)] 0o .

a

= /A;[ d2X Z 'ﬁa [l(? - A(C]v,a +73QA,Q)] Va, (2.2)
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Here, @ = 1, ..., Ny denotes flavor degrees of freedom, A, is the U(1) gauge potential, and
I £7y; qR,a t 4L, qR,a — 4L,
PR = 27 . qV,a = %, dA,a = % (2.3)

Note that each left- and right-handed fermion is gauged with an independent charge assignment, g.
Gauge anomaly generally arises as

i
(gauge anomaly) = —— E qdA.aqv.a / d’x A(x)F)a, 2.4)
2 p” M,

where A(x) is the gauge transformation parameter, and Fj, is the field strength. Therefore, the
anomaly cancellation condition is

— 1 2 2 —
; QA,(qu,Cl - Z (; qR,a - qL,(l) - O (25)

One finds the bosonic counterpart of Sr, which can be constructed to share the same gauge
anomaly structure based on bosonization,

R? iqy
2 2 ,
Alz dox ; [E ;(au¢a + 2QA,(xA,u) + ; o Aufuv(av¢a + qu,(tAV)

where, ¢, is a compact boson with a 27 periodicity (¢, ~ ¢, + 27), and the parameter R is the

) (2.6)

compactification radius.’

According to the bosonization rules (see, e.g., §7.5 of Ref. [12]), axial symmetry corresponds
to the electric symmetry (shift symmetry) of ¢, while vector symmetry corresponds to its magnetic
symmetry (winding symmetry). To be consistent with the compactness ¢, ~ ¢o + 27, 2g 4, and
qv.o must be integers. Then, we note that models like the so-called 21111 model, where gy, can
be a half-integer, fall outside the scope of the present bosonization-based approach.

3. Lattice formulation of 2D U(1) chiral gauge theory

3.1 Lattice field contents and definitions

To construct a lattice counterpart of the chiral gauge theory represented by the action (2.6), we
consider a compact boson theory on M, = T2 approximated by a square lattice. Respecting the 27
periodicity, we define the following dynamical variables at each site n on the lattice:

e _x < po(n) <. (3.1)

We also introduce the U(1) gauge potential as link variables and define the field strength as a
logarithm of the so-called plaquette term:

Uy (n) = e/ 4u(), ~r<Aun)<m, p=12, (32
1 A A\ — —
Fuy(n) = 7ln[Uﬂ(n)UV(n+,u)U#(n+v) 1Uv(n) 1]

= A A, (n) = AyA,(n) + 21Ny, (n), - < Fyy(n) <. (3.3)

n this talk, we set RZ = 1/2 to represent the 2D fermion.
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Here, A, denotes the forward difference, A, f(n) := f(n+ 1) — f(n). A branch of the logarithm
adopts the principal branch, and Ny, (n) is an integer ensuring that F,, (n) resides in this branch.

For technical reasons, we introduce the dual lattice M, where /i := n + %(i + Q), and place a
copy of the link variable

Uu(n) =U, (7). 34

As the lattice counterpart of the “covariant derivative” d,,¢, +2ga,oA, in the continuum theory,
we define the following quantity:

1 . . .
D¢a(n, #) = ? In [e_“ﬁa(”)U(n’ /J)ZQA,welﬁba(’H'#)]
= Aﬂ¢a(”) + 2LIA,aAu (n) + 27T€a,y (n), (3.5)

where £, ,(n) is an integer that ensures the principal branch, similar to N, (n).
Gauge transformations are defined as follows:

ei¢(t(n) — ei¢a(n)e_2‘IA,aiA(n)’
U(n, ) — e MM U(n, ) A,
Ui, ) — e MU, )N+, (3.6)

Respecting Eq. (3.4), we assume A(n) = A(7). We can also express the gauge transformation (3.6)

as follows:
¢(l(n) - ¢rt(n) - ZQA,(ZA(H)’ fa,,u(n) - ga,,u(n) - ZQA,(ILy (n)v
Au(n) = Au(n) + AyA(n) +2rL,(n), Ay (i) — Ay (i) + Ay A7) + 2L, (71),

Nuy(n) = Ny (n) = ALy (n) + Ay Ly (n), Ny (i) = Ny (i) = Ay L, () + A, L, (7). (3.7)

Here, L, (n) is an integer defined to ensure the principal branch of A, = —iInU, under gauge
transformations.
3.2 Admissibility condition and the excision method for vector charged object

To introduce topological natures like magnetic symmetry into a lattice system, we restrict the
configuration of lattice fields to be sufficiently smooth. This is achieved using a gauge-invariant
condition called the admissibility condition. We find that such a condition is defined by

sup |Do(n, u)| <€, sup }ZqA,(,Fﬂ,,(n)| <68, sup fqv,aFlu,,(ﬁ)| <4,
n,u n,u,v n,u,v

0<e< g 0 < 6 < min(x, 27 — 4e). (3.8)

Under this condition, the following inequality holds:

|Au€a,v(n) - Avfa,u(n) - Nuv(”)| = % }A,uD(ﬁa/(n, V) - AVD¢(Y(n’ ,u) - Fyv(”)|

2 1
< —€e+—06<1. 3.9
T 2r
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This implies the identity as

A,uD‘pa(ne V) =AyDéo(n,u) = Fuv(”)~ (3.10)

If we set U, (n) = 1, we recover the lattice version of the Bianchi identity d(d¢,) = 0 in
the continuum theory. The admissibility condition provides a criterion for realizing magnetic (or
vector) symmetry in the lattice theory. A question then arises: how should vector-charged objects
be defined?

We define charged objects under vector symmetry by excising the lattice to create a “hole.” This
approach was proposed in Ref. [1] to introduce magnetic objects in lattice compact scalar theory
(see Fig. 1). Based on bosonization methods, we interpret magnetic objects as vector-charged
objects in the present talk. Here, the gauge-invariant vector charge inside a loop C is defined as

follows:
1
me:=5-| ), Déalnp)=2qaaF(O). (3.11)
JT
(n,u)eC
1
F(C):=~-1In ]_[ Un, 1). (3.12)
l
(n,u)eC

The loop C is topological due to Eq. (3.10). If there is a sufficiently large “hole” 9 within the loop
C shown in Fig. 1, m, can take non-zero values. Similar to F},, (n), we impose a bound on F(C):

2g4,o F(0D)| < 6. (3.13)

We do not assume a specific restriction on ¢’ at this stage. Under these conditions, and by similar
reasoning to Eq. (3.9), if the number of links forming 0D exceeds 27/€, m, can take non-zero
values.” This means that the “hole” D can be used as the lattice counterpart of a vector-charged
object ¢/™a9 in the continuum theory.?
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Figure 1: A “hole” D excised from M», with the corresponding dual lattice (dashed lines). Inside the excised
region, a site 71, of the dual lattice is located, as shown in the figure.

We note that near the “hole,” the one-to-one correspondence between the links of the original
lattice and those of the dual lattice does not hold in general. Thus, in such cases, the relation (3.4)
breaks. In such cases, we treat the “extra” link variables as independent degrees of freedom.

2If the number of links forming 9P is comparable to that of a single plaquette, m, will be zero due to the same
reasoning as Eq. (3.9).

3Strictly speaking, simply creating a hole does not fix m o, as its value may dynamically change. To define an operator
with the same effect as e/« ?, boundary conditions around 49 must be fixed to yield specific 71
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3.3 Lattice action and gauge anomaly
The lattice action corresponding to Eq. (2.6) is defined by*

R? '
5= 2 |0 ; Do (n, 1) Do (n, 1) + ; = qV.a€urAu(@Da(n+ V)

a neM,

i - A
+§ Eqv,af,qu,uv(n)¢a(n+/~‘+V) . (3.14)
wy

In compact scalar theory, a mixed 't Hooft anomaly exists between electric symmetry and
magnetic symmetry, thus in general charge assignments, Sp cannot remain invariant under the
gauge transformation (3.6). This ’t Hooft anomaly corresponds to the desired gauge anomaly.
Calculating the shift of Sg under the gauge transformation (3.6) yields

PIDILE

neM, u,v

S — Sg+1i (Z qv.aq A«
X {—%A(ﬁ)Fﬂv(n) — [Ny (@) = Ay Ly (70) + Ay Ly (/1) | A(n + fi + )
+2Lﬂ(ﬁ)AV(n+ﬁ)}. (3.15)

In the present bosonization-based approach, such a gauge anomaly can be computed at the
classical level. Furthermore, the anomaly cancellation condition can be read from the coefficient,
that is,

qu,(l/qA,(l =0. (3.16)

This has exactly the same form as Eq. (2.5) in the continuum theory. Under the condition (3.16),
the U(1) gauge potential A, can be promoted to a dynamical field. Then, we can obtain a chiral
gauge theory.’

Moreover, under the condition (3.16), considering the case where a vector-charged object with
charge m is inserted, we obtain the shift in Sp,

2
Sgp— Sp—1i Z qv,aA(ﬁ*) Z [ftr,u (n) + ﬂAu (n)
a

(n,u)€dD 2n
=Sp =i qv.amal(ii,). (3.17)
a

This shift can be interpreted as a representation of the vector gauge transformation of the vector-
charged object.

“4For the continuum limit, the radius R? should be tuned to a specific value, not the classical value 1/2 (see, e.g.,
Ref. [13] for this issue).
SMore precisely, a lattice theory belonging to the same universality class as Eq. (2.2) can be constructed.
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4. Selection rule

Let the vector charged object defined by the excision method be denoted as My, ,; (D). Since
it shows gauge transformation properties as in Eq. (3.17), we need to attach an open Wilson line to
make it gauge-invariant:

ﬁ*
Mm,} (D) exp _iZQV,amQ Z Ay ()| . 4.1)
@ (A,pu)eP

Here, P is the path with the endpoint 7i. Now, for such a vector-charged object, we can derive the
following selection rule from the definition of m,:

2q4,a
Dimia ==t Y Fu(p)+ ) FOD) | = 240 42)
i PEM>-3; Dy i
1
0 = E Z F]z(p)+ZF(aDi) €. (4.3)
peEMy-3; D; i

Here, [ is the label of the vector charged object when inserted multiple times, and p is the label of
plaquettes in M, — >, 7 Dj. From this relation (4.2), we can show that the vector charge is saturated
by the first Chern number Q, as expected from the index theorem.

According to the bosonization rule, the axial charged operator is a vertex operator, and it is
generally defined as

Vip,y(n) i= e Zanadaln), (4.4)

Since Vi, (n) — exp [—i Do 2qA,(,n(,A(n)] Vin,(n) undergoes a gauge transformation, we need
to attach an open Wilson line to make it gauge-invariant:

n

Ving (0 exp i D 2qaana D, Au(n)]. 4.5)

(n,p)epP

Here, P is the path with the endpoint n. Let us now consider the condition for the correlation
function to be non-zero when Eq. (4.5) is inserted. For this purpose, we require that the correlation
function is invariant under a constant shift ¢, — ¢, +&,. Hence, we obtain the following selection

rule:
qv, - ~

Dma="2" ) Fulp) = qv..0 (4.6)

JT <

1 PEM;

S | 3

0= Z Fia(p) 4.7)

PEM>

Here, I is the label of the vector charged objects, and j is the label of the dual plaquettes in M.
Now, combining Eqgs. (4.2) and (4.6), we would like to consider the selection rule for left-
handed and right-handed fermions. However, there are two Chern numbers, Q and Q, which are
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generally not equal. However, since Q — Q = (Finite sum of % near D) € Z, and |Q — Q| can be
bounded by using ¢ and ¢’. Hence, assuming sufficiently strict admissibility, we can justify Q = Q.

From the gauge transformation properties and their relative signs of V,, 1 (n) and M, (D),
the following relations can be deduced:

Prio : e+i¢a(n)/2Mma:—l(@)y l/_/aPL : e_i¢n(n)/2Mm(,:+l (D)
Prig:e 0Py _ (D), YoPg:e MM, _ (D). (4.8)

Also, when Q = O, we have

D ina+ % D Mia=qLa0s ) na=5 > M 4= qraQ: (4.9)
1

I 1 I

| =

From this, we can see that, for example, Pry, contributes to g; QO > 0, while Py, contributes
to gr,oQ < 0. In summary, we can obtain selection rules that are consistent with the fermion
number anomaly in the continuum theory (see Ref. [14] and references cited therein.)

Bl R (x) = TLqZL—]’TRF]z(x). (4.10)

5. Conclusion

We have achieved a lattice regularization of 2D U (1) chiral gauge theory based on bosonization,
using a Wilson-type lattice regularization with compact variables. In this formulation, we realized
the expected topological nature from the continuum theory by imposing the admissibility condition
on lattice fields, and represented vector-charged objects as “holes” excised from the lattice to ensure
consistency with the admissibility condition. Furthermore, we have shown that our lattice definitions
of charged objects reproduce selection rules consistent with the fermion number anomaly in the
continuum theory.

In addition, we note a possible future direction for the present work. According to non-Abelian
bosonization, the fundamental variable is the U (/N)-valued compact variable. Furthermore, for the
topological nature of the Wess—Zumino—Witten term on the lattice, sufficient smoothness of the
lattice fields plays a crucial role (see, for example, the construction in Ref. [15]). Therefore, our
work may play a significant role in the context of constructing non-Abelian chiral gauge theories
based on non-Abelian bosonization [16].°
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