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1. Introduction

The tensor renormalization group (TRG) approach [1], which is a coarse-graining transforma-
tion on a tensor network, has attracted a lot of attention in the research of the lattice gauge theory
because it does not rely on any sampling procedure and thus free from the sign problem. Not only
allowing direct estimation of the partition function at finite density or with a topological theta term,
one can apply the TRG method to obtain the central charge and scaling dimensions of the underlying
conformal field theory (CFT) at some possible criticality. In the last decade, TRG has been used
to simulate a variety of lattice models in different dimensions. The applicability of the method
to non-Abelian gauge theories coupled to fermions remains unclear, even in (1 + 1) dimensions.
Recently, several TRG studies have explored this direction [2, 3].

In this work, we construct a Grassmann tensor network representation for the partition function
of (1 + 1)-dimensional two-color lattice QCD and apply the bond-weighted TRG (BTRG) algo-
rithm [4, 5] to compute the number density, chiral condensate, and diquark condensate at finite
density, employing the staggered fermions. We also consider the lattice theory with the Wilson
fermion and investigate the critical phenomena in the negative mass regime [6], calculating the
pseudoscalar condensate and the eigenvalue spectrum of the transfer matrix. These investigations
demonstrate the efficacy of the TRG in exploring non-perturbative phenomena in lattice gauge
theories, paving the way for future studies of the corresponding higher-dimensional models.

2. Two-color QCD with staggered fermion

2.1 Lattice model

We consider an 𝑆𝑈 (2) Yang-Mills theory coupled with staggered fermion, defined on a (1+1)-
dimensional square lattice Λ with volume 𝑉 = 𝐿2. The action 𝑆 is given by 𝑆 = 𝑆 𝑓 + 𝑆𝑔 with

𝑆 𝑓 =
∑︁

𝑛∈Λ, 𝜈=1,2

𝑝𝜈 (𝑛)
2

[
e𝜇𝛿𝜈,2 𝜒̄(𝑛)𝑈𝜈 (𝑛)𝜒(𝑛 + 𝜈̂) − e−𝜇𝛿𝜈,2 𝜒̄(𝑛 + 𝜈̂)𝑈†

𝜈 (𝑛)𝜒(𝑛)
]
+𝑚

∑︁
𝑛

𝜒̄(𝑛)𝜒(𝑛),

(1)

𝑆𝑔 = − 𝛽
2

∑︁
𝑛

ReTr𝑈1(𝑛)𝑈2(𝑛 + 1̂)𝑈†
1 (𝑛 + 2̂)𝑈†

2 (𝑛), (2)

where 𝑛 = (𝑛1, 𝑛2) labels the coordinate of each lattice site, and the lattice spacing 𝑎 has been set
to 𝑎 = 1. The two-component staggered fermions are denoted by 𝜒(𝑛) and 𝜒̄(𝑛) with a mass 𝑚
and chemical potential 𝜇. The 𝑆𝑈 (2) link variable defined on the edge that points from the site 𝑛
to 𝑛 + 𝜈̂ is represented by𝑈𝜈 (𝑛), and the inverse gauge coupling is 𝛽. The staggered phase function
𝑝𝜈 (𝑛) takes the value 𝑝1(𝑛) = 1 and 𝑝2(𝑛) = (−1)𝑛1 . The partition function is then given by a
Euclidean path integral

𝑍 =

∫
D𝑈D𝜒D 𝜒̄ e−𝑆 , (3)

where D𝜒D 𝜒̄ ≡ ∏
𝑛

∏2
𝑐=1 d𝜒𝑐 (𝑛)d𝜒̄𝑐 (𝑛), and D𝑈 ≡ ∏

𝑛 d𝑈1(𝑛) d𝑈2(𝑛) with d𝑈𝜈 (𝑛) being the
Haar measure of 𝑆𝑈 (2). Unless specified otherwise, we take the periodic boundary conditions for
link variables and the (anti-)periodic boundary conditions for fermions in the 1̂ (2̂) direction.
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2.2 Tensor network representation

We first consider the tensor network representation of the fermion sector 𝑍 𝑓 [𝑈]:

𝑍 𝑓 [𝑈] =
∫

D𝜒D 𝜒̄ e−𝑆 𝑓 . (4)

Following the formalism in Ref. [7], one can rewrite every factor in e−𝑆 𝑓 attributed to the fermion
hopping into an integral of some auxiliary Grassmann field, then integrate out the original staggered
fermion fields on each lattice site, to obtain a Grassmann tensor network representation of 𝑍 𝑓 [𝑈].

Since the partition function in Eq. (3) is now given by

𝑍 =

∫
D𝑈𝑍 𝑓 [𝑈] e−𝑆𝑔 , (5)

we adopt the discretization scheme in Ref. [8] which approximates the 𝑆𝑈 (2) group integration by∫
d𝑈 𝑓 (𝑈) ≃ 1

𝐾

𝐾∑︁
𝑖=1

𝑓 (𝑈𝑖), (6)

with the sample size 𝐾 and randomly sampled 𝑆𝑈 (2) matrices 𝑈𝑖 . At finite couplings, this results
in a tensor network representation of Eq. (3) with initial bond dimension 16𝐾 . In the infinite
coupling limit, our representation allows the exact group integration for all link variables on the
lattice. The initial bond dimension, in this case, reduces to 16 only. See Ref. [9] for more details of
our construction.

2.3 Initial tensor compression

To accurately recover the integration in Eq. (6), the sample size 𝐾 is generally required to be
in 𝑂 (10) [8]. This implies a huge initial bond dimension in the context of TRG calculations. To
address this issue, we propose an initial tensor compression scheme that can efficiently reduce the
bond dimension of the initial tensors. This is applied before the TRG iterations.

Consider the bond that connects T𝑛 and T𝑛+1̂. We perform operations that correspond to a
truncated singular value decomposition (SVD) on the 6-leg tensor shown in Figure 1. The reduced
bond dimension is chosen to be the smallest integer 𝐷′ that satisfies the following requirement:∑𝐷′

𝑦=1 𝑠
2
𝑦∑16𝐾

𝑦=1 𝑠
2
𝑦

≥ 𝑟, (7)

where 𝑟 ≤ 1 is a parameter of this compression scheme, and 𝑠 are the singular values of the truncated
SVD with 𝑠1 ≥ 𝑠2 ≥ . . . ≥ 𝑠16𝐾 ≥ 0. It turns out that our compression scheme is more efficient
in smaller 𝛽. As a representative case, the initial bond dimension at 𝛽 = 1.6 can be reduced to less
than half the original number [9].

2.4 Calculation of observables

In this work, we estimate the free energy density 𝑓 = ln𝑍/𝑉 directly using the BTRG algorithm.
We would like to compute the expectation value of quark number density ⟨𝑛⟩ and chiral condensate
⟨𝜒̄𝜒⟩, which can be written as partial derivatives of 𝑓 :

⟨𝑛⟩ = 𝜕 𝑓

𝜕𝜇
, ⟨𝜒̄𝜒⟩ = 𝜕 𝑓

𝜕𝑚
. (8)
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Figure 1: A truncated SVD is performed to reduce the bond dimension of the horizontal link which connects
T𝑛 and T𝑛+1̂, from 16𝐾 to a smaller integer 𝐷′. Tensors with a reduced bond dimension are denoted as T ′.

They are evaluated by the forward difference in this study:

⟨𝑛⟩ ≃ 𝑓 (𝜇 + Δ𝜇) − 𝑓 (𝜇)
Δ𝜇

, ⟨𝜒̄𝜒⟩ ≃ 𝑓 (𝑚 + Δ𝑚) − 𝑓 (𝑚)
Δ𝑚

. (9)

In addition, we add a diquark source term to the original action 𝑆 as

𝑆′ = 𝑆 + 𝜆
2

∑︁
𝑛

[
𝜒𝑇 (𝑛)𝜎2𝜒(𝑛) + 𝜒̄(𝑛)𝜎2 𝜒̄

𝑇 (𝑛)
]

(10)

with 𝜆 ∈ R. By Eq. (10), the expectation value of 𝜒𝜒 ≡ ∑
𝑛

(
𝜒𝑇𝜎2𝜒 + 𝜒̄𝜎2 𝜒̄

𝑇
)
/2𝑉 can be

expressed as

⟨𝜒𝜒⟩ ≡ 1
2𝑉

∫
D𝑈D𝜒D 𝜒̄

∑︁
𝑛

(
𝜒𝑇𝜎2𝜒 + 𝜒̄𝜎2 𝜒̄

𝑇
)

e−𝑆
′
=
𝜕 𝑓

𝜕𝜆
. (11)

Similarly, ⟨𝜒𝜒⟩ is evaluated by the forward difference:

⟨𝜒𝜒⟩ ≃ 𝑓 (𝜆 + Δ𝜆) − 𝑓 (𝜆)
Δ𝜆

. (12)

2.5 Numerical results

The two-color lattice QCD theory with staggered fermion has the 𝑈𝑉 (1) ×𝑈𝐴(1) symmetry
at a finite chemical potential 𝜇, in the vanishing 𝑚 and 𝜆 limits. However, it is well-known that
spontaneous breaking of continuous symmetry in two dimensions is not allowed [10, 11]. We always
set 𝑚 > 0 and/or 𝜆 > 0 in this study, which explicitly breaks the 𝑈𝐴(1) and 𝑈𝑉 (1) symmetries,
respectively. This allows us to check whether the TRG approach can properly reproduce the behavior
of physical observables as seen in higher dimensions.

In Figure 2a, ⟨𝑛⟩, ⟨𝜒̄𝜒⟩, and ⟨𝜒𝜒⟩ at 𝑚 = 0.1, 𝛽 = 0, and 𝑉 = 220 are shown as a function of
𝜇. In the small 𝜇 regime, we observe the Silver-Blaze phenomenon, where the three observables
are independent of the chemical potential, up to some point 𝜇𝑐1 ≈ 0.22. When 𝜇 > 𝜇𝑐1, we see
an intermediate phase characterized by a finite ⟨𝜒̄𝜒⟩ and 0 < ⟨𝑛⟩ < 2. At 𝑚 = 0.1, this phase
extends over a finite range of chemical potential 𝜇𝑐1 < 𝜇 < 𝜇𝑐2, with 𝜇𝑐2 ≈ 0.46. For ⟨𝜒̄𝜒⟩, it
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(a) 𝑚 = 0.1 and 𝛽 = 0
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(b) 𝑚 = 1 and 𝛽 = 0
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(c) 𝑚 = 0.1 and 𝛽 = 0.8
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(d) 𝑚 = 1 and 𝛽 = 0.8

Figure 2: ⟨𝑛⟩, ⟨𝜒̄𝜒⟩, and ⟨𝜒𝜒⟩ as a function of 𝜇 at different 𝑚 and 𝛽. 𝐷 refers to the bond dimension
cutoff in TRG iterations. To evaluate the numerical differences in Eq. (9) and Eq. (12), we set Δ𝜇 = 0.04 for
𝑚 = 0.1, Δ𝜇 = 0.02 for 𝑚 = 1, Δ𝑚 = 10−4, and 𝜆 = Δ𝜆 = 10−4. The figures are adapted from Ref. [9].

takes a constant finite value in the Silver-Blaze region and decreases in the intermediate phase. For
𝜇 > 𝜇𝑐2, ⟨𝑛⟩ saturates to two, the maximum allowed by the Pauli exclusion principle on a lattice,
while ⟨𝜒̄𝜒⟩ and ⟨𝜒𝜒⟩ drops to some very small values. We note that the qualitative behavior of
these observables is similar to that described in the previous four-dimensional mean-field study [12].

As illustrated in Figure 2b, a sharper transition occurs with a larger quark mass 𝑚 = 1. The
intermediate phase now becomes a very narrow region in 𝜇, with 𝜇𝑐1 ≈ 0.96 and 𝜇𝑐2 ≈ 1. Aside
from this difference, the qualitative behavior of the three observables at 𝑚 = 1, 𝛽 = 0 is similar to
that at 𝑚 = 0.1, 𝛽 = 0.

We also include the results at a finite coupling 𝛽 = 0.8, with quark masses 𝑚 = 0.1 and 𝑚 = 1
in Figure 2c and 2d, respectively. At finite couplings, a discretization of the gauge group integration
in Eq. (6) is required. We set the sample size 𝐾 = 14 in this study. It can be seen that for both
choices of mass, the behavior of the observables does not change much as 𝛽 becomes finite.

Finally, we investigate how 𝜇𝑐1 and 𝜇𝑐2 change with 𝛽 at 𝑚 = 0.1. In Figure 3, ⟨𝑛⟩ calculated
at different 𝛽 are presented as a function of 𝜇. We see that 𝜇𝑐1 ≈ 0.22 for 0 ≤ 𝛽 ≤ 1.6. For 𝜇𝑐2, it
is located at larger 𝜇 as 𝛽 increases. It is expected because the quarks do not saturate in regions of
larger 𝜇 when approaching the continuum limit or weakening the gauge coupling equivalently.
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number density, m = 0.1, V = 220, K = 14

β = 0, D = 84
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β = 0.8, D = 150

β = 1.2, D = 150
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Figure 3: The quark number density ⟨𝑛⟩ as a function of chemical potential 𝜇 at 𝑚 = 0.1, 𝛽 =

0, 0.4, 0.8, 1.2, 1.6 in the thermodynamic limit. The bond dimension in the infinite coupling calculation
is 𝐷 = 84, and the bond dimension in the finite 𝛽 calculations is 𝐷 = 150. To evaluate the numerical
differences in Eq. (9), we set Δ𝜇 = 0.04. The figure is adapted from Ref. [9].

3. Two-color QCD with Wilson fermion

In the following, we present some preliminary results on the (1 + 1)-dimensional two-color
lattice QCD with one-flavor Wilson fermion in the infinite coupling limit, using the TRG approach.

We consider the following fermion action, instead of Eq. (1),

𝑆 𝑓 = −1
2

∑︁
𝑛,𝜈

[
𝜓̄(𝑛) (1 − 𝛾𝜈)𝑈𝜈 (𝑛)𝜓(𝑛 + 𝜈̂) + 𝜓̄(𝑛) (1 + 𝛾𝜈)𝑈†

𝜈 (𝑛 − 𝜈̂)𝜓(𝑛 − 𝜈̂)
]

+ (𝑚 + 2𝑟)
∑︁
𝑛

𝜓̄(𝑛)𝜓(𝑛) (13)

where 𝜓(𝑛) and 𝜓̄(𝑛) in two dimensions are four-component Grassmann fields defined on a lattice
site 𝑛. In Eq. (13), the chiral symmetry is explicitly broken even with the vanishing 𝑚 due to the
Wilson parameter 𝑟 . In this work, we use the following gamma matrices: 𝛾1 = 𝜎1, 𝛾2 = 𝜎3. The
hopping terms in Eq. (13) will have an identical structure as those in Eq. (1) after diagonalizing
(1 ± 𝛾1). As a result, we can use the same strategy in section 2.2 to obtain a tensor network
representation for the one-flavor Wilson fermion theory with the same initial bond dimension 16 as
in the staggered fermion case.

To detect any spontaneous breaking of parity symmetry as reported in the previous TRG study
on the lattice Schwinger model with one-flavor Wilson fermion [13], we add the following source
term to 𝑆 𝑓 :

𝑆ℎ = ℎ
∑︁
𝑛

𝜓̄(𝑛)𝛾5𝜓(𝑛), (14)

where ℎ ∈ R, and 𝛾5 = −i𝛾1𝛾2 = −𝜎2. Now, the partition function is given by

𝑍 =

∫
D𝑈D𝜓D𝜓̄ e−𝑆𝑔−𝑆 𝑓 −𝑆ℎ . (15)
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This allows us to find the pseudoscalar condensate ⟨𝜓̄𝛾5𝜓⟩, which is an order parameter to detect
the parity symmetry breaking, by 𝜕 𝑓𝑊/𝜕ℎ where 𝑓𝑊 = ln𝑍𝑊/𝑉 . As in section 2.4, we compute
this partial derivative using the forward difference.

3.1 Calculation of CFT data

Since critical points possess conformal symmetry and can be classified into different univer-
sality classes according to the scaling behavior of physical quantities near the criticality, it is useful
to determine the underlying conformal field theory at some possible critical point.

As suggested in Ref. [14], the transfer matrix of a system in the thermodynamic limit can be
formed by contracting some renormalized tensors T (𝑝) as shown in Figure 4. The superscript
𝑝 means that the renormalized tensor T (𝑝) is obtained after 𝑝 TRG iterations. One should note
that a large 𝑝 limit is implied by the thermodynamic limit. Then, the central charge 𝑐 and scaling
dimensions Δ𝑖 at some lattice volume 𝑉 = 22𝑞 can be found by

𝑐 =
6
𝜋

ln
[
𝜆
(2𝑞−2)
0

]
, Δ𝑖 =

1
2𝜋

ln
[
𝜆
(2𝑞−2)
0 /𝜆 (2𝑞−2)

𝑖

]
, (16)

respectively, where 𝜆 (2𝑞−2)
0 ≥ 𝜆 (2𝑞−2)

1 ≥ . . . ≥ 0 are eigenvalues of the transfer matrix constructed
by properly normalized T (2𝑞−2) . The expression of 𝑐 in Eq. (16) is only valid in the critical
case because it used the scale invariance property 𝜆 (2𝑞−2)

0 /𝑍𝑞 = 𝜆
(2𝑞−4)
0 /𝑍𝑞−1 with 𝑍𝑞 being the

partition function evaluated at a lattice volume𝑉 = 22𝑞. For more details of the discussion, one can
refer to Ref. [15] for example.

Figure 4: Construction of the transfer matrix for a lattice volume 𝑉 = 22𝑞 by contracting four renormalized
tensors T (2𝑞−2) . Here, T (0) denotes the initial tensor.

3.2 Numerical results

Hereafter, we consider the theory in the strong coupling limit 𝛽 → 0 and set 𝑟 = 1. Figure 5
shows the pseudoscalar condensate ⟨𝜓̄𝛾5𝜓⟩ as a function of𝑚 at a lattice volume𝑉 = 220, calculated
with ℎ = Δℎ = 10−4. We observe a peak near 𝑚 = −0.5. At 𝑚 ≈ −0.49084721, a critical point
with 𝑐 = 1.017453 at 𝑉 = 220 is spotted. As shown in Figure 6, the first four scaling dimensions at
this point are approximately 1/2 in the thermodynamic limit. This suggests that the CFT describing
this criticality might be the compactified free boson with a radius 𝑅 = 1/

√
2. Further investigations

are in progress to reveal the phase structure of the theory in the negative mass region −2 ≤ 𝑚 ≤ 0
and at finite couplings.

7
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Figure 5: ⟨𝜓̄𝛾5𝜓⟩ as a function of 𝑚 in the infinite
coupling limit at a finite ℎ = 10−4 for the lattice vol-
ume𝑉 = 220. The bond dimension in the calculation
is 𝐷 = 120. To evaluate the numerical difference,
we set Δℎ = 10−4.
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Figure 6: Central charge 𝑐 and the first five scaling
dimensions Δ𝑖 for different lattice volumes 𝑉 at 𝑚 =

−0.49084721. The bond dimension is 𝐷 = 120.

4. Conclusion

In this study, we construct a Grassmann tensor network representation for the partition function
of (1 + 1)-dimensional two-color lattice QCD with the staggered fermion and with the Wilson
fermion. We propose an efficient compression scheme for the initial tensors, which have a large
bond dimension due to the enormous internal degrees of freedom of the theory. We apply the
bond-weighted TRG algorithm to contract the tensor network and compute physical quantities of
interest, particularly at finite density. For the staggered fermion case, we explicitly break the global
symmetries of the lattice theory and observe a similar phase structure as in the four dimensions
where spontaneous symmetry breaking occurs. For the Wilson fermion, we are trying to study the
critical behavior in the negative mass regime, and some preliminary results at the infinite coupling
limit are shown.

These results encourage the further exploration of two-color QCD in various parameter regions
and suggest that the TRG approach can provide valuable insights into the non-perturbative dynamics
of lattice gauge theories. Furthermore, investigating the CFT data in the case of the theory with the
staggered fermion would be an intriguing direction for future study.
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