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1. Introduction

A primary objective of CERN’s Large Hadron Collider (LHC) is to understand the scalar
sector of the Standard Model (SM) by measuring the behaviour of the Higgs boson, which was
discovered in 2012 [1, 2]. In the SM the Higgs boson has cubic and quartic self couplings, with a
strength determined by the coupling constant 𝜆. Its value is determined by other, known quantitites:
𝜆 = 𝑚2

𝐻
/(2𝑣2), where 𝑚𝐻 is the mass of the Higgs boson and 𝑣 is its vacuum expectation value.

An independent experimental measurement of 𝜆 is required in order to determine if the structure of
the SM’s scalar sector is indeed observed in nature.

To make such a measurement, we must study a process which depends on 𝜆. The most
promising such process is the production of a pair of Higgs bosons; the large gluon luminosity at
the LHC makes gluon fusion the dominant production mechanism by approximately an order of
magnitude. The leading order (LO) cross section for this process has been known analytically for
several decades [3, 4] however at next-to-leading order (NLO) and beyond, no fully analytic results
are known. Particularly at NLO, the amplitude is nonetheless well studied via numerical evaluation
[5–7] or via expansion in a variety of kinematic limits, including the large top quark mass limit
[8–10], the high-energy limit [11–13], the small Higgs transverse momentum limit [14], the small-𝑡
limit [15], around the top quark pair threshold [16], and an expansion for small Higgs boson mass
followed by numerical evaluation [17, 18]. Since such expansions are valid only in a particular
region of phase space, the combination of different expansions can produce an approximation which
is valid everywhere. Such combinations have been investigated in [13, 15, 19, 20]. These various
works show that the NLO correction is large, approximately the same size as the LO amplitude.
Additionally, it has a large uncertainty due to its dependence on the renormalization scheme and
scale used for the top quark mass [7, 20].

At next-to-next-to leading order (NNLO) comparatively little is known; an approximation has
been made by combining the heavy-top limit with numerically evaluated real radiation contributions
[21], and the large top quark mass expansion of the virtual [22–24] and real [25, 26] contributions
are available. In these proceedings we review the small-𝑡 expansion used by Ref. [15] at NLO and
Ref. [27] at NNLO, and summarize the status of ongoing work.

2. Notation

In this section we define the notation and conventions used in these proceedings. We study the
process 𝑔(𝑞1)𝑔(𝑞2) → 𝐻 (𝑞3)𝐻 (𝑞4), where all momenta are incoming; momentum conservation
implies that 𝑞4 = −𝑞1−𝑞2−𝑞3, the Mandelstam variables are given by 𝑠 = (𝑞1+𝑞2)2, 𝑡 = (𝑞1+𝑞3)2

and 𝑢 = (𝑞1+𝑞4)2, and the transverse momentum of the Higgs bosons is given by 𝑝2
𝑇
= (𝑢 𝑡−𝑚4

𝐻
)/𝑠.

The amplitude can be written as

M𝜇𝜈,𝑎𝑏 = 𝛿𝑎𝑏𝑋0𝑠
(
𝐹1𝐴

𝜇𝜈

1 + 𝐹2𝐴
𝜇𝜈

2
)
. (1)

Here, the external gluons’ Lorentz indices are given by 𝜇, 𝜈 and adjoint colour indices by 𝑎, 𝑏.
𝑋0 =

√
2𝐺𝐹/2×𝑇𝐹𝛼𝑠 (𝜇)/(2𝜋) collects the overall factor, where 𝐺𝐹 is Fermi’s constant, 𝑇𝐹 = 1/2

and 𝛼𝑠 (𝜇) is the strong coupling constant at renormalization scale 𝜇. 𝐴
𝜇𝜈

1 and 𝐴
𝜇𝜈

2 are two
linearly-indepenent Lorentz structures (which are not reproduced here), whose coefficients are
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the so-called “form factors” 𝐹1 and 𝐹2. It is these form factors that we wish to compute as
a perturbative expansion in the strong coupling constant, with expansion coefficients defined as
𝐹 = 𝐹 (0) + (𝛼𝑠 (𝜇)/𝜋) 𝐹 (1) + (𝛼𝑠 (𝜇)/𝜋)2 𝐹 (2) + · · · . 𝐹1 can be decomposed into a “triangle” part
(which depends on 𝜆) and a “box” part, where both Higgs bosons couple separately to the top quark
loop. Here we are only concerned with the “box” contributions. Furthermore we only consider
one-particle irreducible diagrams; the reducible contribution has been computed with different
methods in Ref. [28]. In these first steps we concentrate on the classes of diagrams which contain
a light quark loop and a heavy quark loop (“𝑛𝑙 diagrams”) (see Ref. [27]) such as Fig. 1a, or just
one heavy quark loop (“𝑛ℎ diagrams”) as in Fig. 1b. Diagrams with two heavy quark loops (“𝑛2

ℎ

diagrams”) such as in Fig. 1c, are left for future work; the small-𝑡 expansion of some of these
diagrams is complicated by the presence of a massless 𝑡-channel cut.

3. Small-𝑡 Expansion

We begin by generating the diagrams which contribute to the three-loop amplitude with qgraf
[29], which are mapped to integral topologies and written in a FORM [30] compatible notation with
tapir [31] and exp [32, 33]. The diagrams are then computed with the FORM-based calc setup.

The loop integrals are first expanded around 𝑚𝐻 → 0 using LiteRed [34]. The small-𝑡
expansion is then realized in FORM by introducing 𝑞 𝛿 = 𝑞1 + 𝑞3 (so 𝑞2

𝛿
= 𝑡) in the loop integral

propagators and expanding around 𝑞 𝛿 → 0. After reducing the tensor integrals which are produced
by this expansion back to scalar integrals, a partial fraction decomposition is performed with tapir
or LIMIT [35] to produce an expression in terms of loop integrals without any linearly-dependent
propagators. In this work at NNLO we compute only the leading term in these expansions, i.e. the
final result contains only the 𝑚0

𝐻
𝑡0 term.

We now simplify the amplitude by mapping the loop integrals into a minimal set of topologies
before we consider the integration-by-parts (IBP) reduction. These maps are obtained by using
LiteRed or Feynson [36] to identify common sectors and sub-sectors between the topologies of
the amplitude. As a result the 60 topologies of the 𝑛𝑙 diagrams are written in terms of 28 topologies,
and the 522 topologies of the 𝑛ℎ diagrams in terms of 203 topologies (for this set only Feynson is
fast enough to derive the maps).

(a) One light and one heavy quark
loop: “𝑛𝑙 diagrams”.

(b) One heavy quark loop:
“𝑛ℎ diagrams”.

(c) Two heavy quark loops:
“𝑛2

ℎ
diagrams”.

Figure 1: Example Feynman diagrams which contribute classes of diagrams with different fermion loops.
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4. Integration-by-parts Reduction

The next task is to express the loop integrals of the amplitudes in terms of a minimal set of
“master integrals”, for which we use Kira [37]. For the 𝑛𝑙 diagrams the reduction is relatively
straightforward; the most complicated integral topology required around 1 week of runtime using 16
cores and consumed 500GB of memory. Symmetrizing the master integrals across all 28 topologies
with Kira results in a final reduction in terms of 177 master integrals.1

For the 𝑛ℎ diagrams the IBP reduction is much more complicated. The total running time
for the 203 integral topologies was 330 days of 16 core jobs; the most difficult single topology
required 41 days and consumed more than 2TB of memory. Several optimizations were required
for the reduction of this topology to complete: a change of master integral basis was made in order
to obtain 𝜖-factorizing denominators in the reduction rules (using the ImproveMasters.m script
which is included with FIRE [38]) and the routing of the loop momenta through the propagators
was adjusted compared to our initial definition such that each loop momentum takes the shortest
path through the graph.

The resulting reduction rules depend on 33K master integrals across all 203 topologies. Unlike
in the 𝑛𝑙 case we can not use a Kira reduction run across all topologies to reduce these master
integrals into a minimal set, as this would take much too long. We follow a more manual set of
steps:

1. The FindRules function of FIRE maps the 33K master integrals to 4313.

2. Apply FindRules to the full list of 2.6M integrals required by the amplitude.2 This reveals
1.3M pairs of equal integrals. Applying the IBP tables yields 820K non-trivial relations be-
tween 4029 of the master integrals. We solve these relations with the user_defined_system
mode of Kira + FireFly [39, 40]. The result is a reduction in terms of 1647 master integrals.

The differential equation w.r.t. 𝑠 for this basis of master integrals contains coupled blocks involving
integrals with different numbers of propagators, implying the basis is not minimal. We proceed to
find further relations as follows:

3. Perform a reduction of lists of “trial integrals” for each topology with FIRE. These reductions
have a different basis of master integrals compared to that chosen by Kira. Repeating steps
1. and 2. above provides maps from 35K to 1817 and then to 1561 master integrals, which
we map into a subset of the basis chosen by Kira.

In this resulting basis the differential equation is simplified sufficiently that we can attempt to solve
it, though there is still no guarantee that this basis is fully minimal.

The differential equations for the master integrals are solved using the “expand and match”
method developed in Refs. [41–43]. This provides “semi-analytic” results by transporting analytic
boundary conditions (from the point 𝑠/𝑚2

𝑡 = 0, determined by large-mass expansion and evaluation
of tadpole integrals with MATAD [44]) through a sequence of expansion points across the kinematic

1We found one additional relation between the master integrals, missed by Kira, by comparing amplitudes computed
with two different topology minimization mappings.

2For this purpose, we have improved FindRules such that it runs in parallel.
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Figure 2: The “box” part of 𝐹1 at one (left) and two (right) loops, as a function of
√
𝑠 with 𝑝𝑇 = 100 GeV.

The 𝑚0
𝐻
𝑡0 approximation is plotted in red and the 𝑚0

𝐻
𝑡5 approximation in blue. At one loop the exact curve

with full dependence on 𝑚𝐻 , 𝑡 is shown in black. At two loops we show the 𝑚4
𝐻
𝑡5 curve in black, since an

exact result is not available.

region by matching each expansion numerically with its neighbour at a point at which they both
converge. The 𝑛𝑙 master integrals have all been determined in this way, and the 𝑛ℎ master integrals
are a work-in-progress, first for the “large-𝑛𝑐 subset” of 783 integrals. We have verified that the
𝑠/𝑚2

𝑡 = 0 limit of the 𝑛𝑙 and the large-𝑛𝑐 𝑛ℎ amplitudes agree with the 𝑡 → 0 limit of Ref. [24].

5. Results

In Fig. 2 we compare the results of the expansion described in Section 3 with the exact result
at one loop and with a deeper expansion at two loops, for which an exact result is not available. We
show curves for the form factor 𝐹1 only, since 𝐹2 vanishes at the leading expansion depth which
we study at NNLO. We see that the 𝑚0

𝐻
𝑡0 approximation (in red) reproduces the “exact” curves

with around a 30% accuracy for
√
𝑠 < 500 GeV. For higher energies this approximation performs

better. The blue curves show an expansion to 𝑚0
𝐻
𝑡5 and sit very close to the red curves, showing

that additional terms in the 𝑚𝐻 expansion are more important than additional 𝑡 terms for the plotted
value of 𝑝𝑇 = 100 GeV. For larger 𝑝𝑇 values the 𝑡 expansion terms become more important.

Fig. 3 shows the 𝑚0
𝐻
𝑡0 approximation for the 𝑛𝑙 diagrams, including both the real (red) and

imaginary (green) parts. The 𝐶𝐹 (left) and 𝐶𝐴 (right) contributions3 are plotted separately, along
with their combination (lower). Particularly for the 𝐶𝐹 part we observe a stronger variation around
the 2𝑚𝑡 threshold compared to the two-loop result; this is due to a leading logarithmic contribution
of 𝑣 log2𝑣 at three loops, compared to 𝑣 log 𝑣 at two loops, where 𝑣 = (1 − 4𝑚2

𝑡 /𝑠)1/2.

6. Outlook

In these proceedings we have discussed progress towards a computation of the NNLO virtual
amplitude for Higgs boson pair production in gluon fusion. We have made use of an expansion in

3𝐶𝐴 and 𝐶𝐹 are the adjoint and fundamental quadratic Casimir operators of 𝑆𝑈 (3).
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the forward scattering limit in order to make the IBP reduction required by the amplitude feasible.
The leading term in the expansion approximates the full results with an error of about 30% at LO
and NLO. Results are available [27] for the “𝑛𝑙 diagrams” and the “𝑛ℎ diagrams” are a work in
progress. These diagram sets contain all necessary contributions to study the renormalization scale
and scheme dependence of the NNLO amplitude. The 𝑛2

ℎ
diagrams will be computed in future

work.
Additionally we aim to compute sub-leading terms in the expansion to improve quality of

the approximation and provide a non-zero value of the 𝐹2 form factor. This will involve larger
IBP reduction challenges than we have considered at this stage, since the deeper expansion terms
produce an amplitude which depends on a larger number of Feynman integrals.

Acknowledgements

The work of JD is supported by the STFC Consolidated Grant ST/X000699/1.

300 400 500 600 700 800 900 1000
s (GeV)

10

5

0

5

10

FFL 1

t = 0, mH = 0, Re
t = 0, mH = 0, Im

300 400 500 600 700 800 900 1000
s (GeV)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

FAL 1

t = 0, mH = 0, Re
t = 0, mH = 0, Im

300 400 500 600 700 800 900 1000
s (GeV)

5

0

5

10

15

20

F(2
),

n l
1

t = 0, mH = 0, Re
t = 0, mH = 0, Im

Figure 3: The 𝐶𝐹 (left) and 𝐶𝐴 (right) contributions to the 𝑛𝑙 diagram set, and their combination (lower).
The real (red) and imaginary (green) parts are shown as a function of
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6



P
o
S
(
L
L
2
0
2
4
)
0
1
5

Higgs pair production at NNLO Joshua Davies

References

[1] ATLAS collaboration, Observation of a new particle in the search for the Standard Model
Higgs boson with the ATLAS detector at the LHC, Phys. Lett. B 716 (2012) 1 [1207.7214].

[2] CMS collaboration, Observation of a New Boson at a Mass of 125 GeV with the CMS
Experiment at the LHC, Phys. Lett. B 716 (2012) 30 [1207.7235].

[3] E.W.N. Glover and J.J. van der Bĳ, HIGGS BOSON PAIR PRODUCTION VIA GLUON
FUSION, Nucl. Phys. B 309 (1988) 282.

[4] T. Plehn, M. Spira and P.M. Zerwas, Pair production of neutral Higgs particles in
gluon-gluon collisions, Nucl. Phys. B 479 (1996) 46 [hep-ph/9603205].

[5] S. Borowka, N. Greiner, G. Heinrich, S.P. Jones, M. Kerner, J. Schlenk et al., Higgs Boson
Pair Production in Gluon Fusion at Next-to-Leading Order with Full Top-Quark Mass
Dependence, Phys. Rev. Lett. 117 (2016) 012001 [1604.06447].

[6] S. Borowka, N. Greiner, G. Heinrich, S.P. Jones, M. Kerner, J. Schlenk et al., Full top quark
mass dependence in Higgs boson pair production at NLO, JHEP 10 (2016) 107
[1608.04798].

[7] J. Baglio, F. Campanario, S. Glaus, M. Mühlleitner, M. Spira and J. Streicher, Gluon fusion
into Higgs pairs at NLO QCD and the top mass scheme, Eur. Phys. J. C 79 (2019) 459
[1811.05692].

[8] S. Dawson, S. Dittmaier and M. Spira, Neutral Higgs boson pair production at hadron
colliders: QCD corrections, Phys. Rev. D 58 (1998) 115012 [hep-ph/9805244].

[9] J. Grigo, J. Hoff, K. Melnikov and M. Steinhauser, On the Higgs boson pair production at
the LHC, Nucl. Phys. B 875 (2013) 1 [1305.7340].

[10] G. Degrassi, P.P. Giardino and R. Gröber, On the two-loop virtual QCD corrections to Higgs
boson pair production in the Standard Model, Eur. Phys. J. C 76 (2016) 411 [1603.00385].

[11] J. Davies, G. Mishima, M. Steinhauser and D. Wellmann, Double-Higgs boson production in
the high-energy limit: planar master integrals, JHEP 03 (2018) 048 [1801.09696].

[12] J. Davies, G. Mishima, M. Steinhauser and D. Wellmann, Double Higgs boson production at
NLO in the high-energy limit: complete analytic results, JHEP 01 (2019) 176 [1811.05489].

[13] J. Davies, G. Heinrich, S.P. Jones, M. Kerner, G. Mishima, M. Steinhauser et al., Double
Higgs boson production at NLO: combining the exact numerical result and high-energy
expansion, JHEP 11 (2019) 024 [1907.06408].

[14] R. Bonciani, G. Degrassi, P.P. Giardino and R. Gröber, Analytical Method for
Next-to-Leading-Order QCD Corrections to Double-Higgs Production, Phys. Rev. Lett. 121
(2018) 162003 [1806.11564].

7

https://doi.org/10.1016/j.physletb.2012.08.020
https://arxiv.org/abs/1207.7214
https://doi.org/10.1016/j.physletb.2012.08.021
https://arxiv.org/abs/1207.7235
https://doi.org/10.1016/0550-3213(88)90083-1
https://doi.org/10.1016/0550-3213(96)00418-X
https://arxiv.org/abs/hep-ph/9603205
https://doi.org/10.1103/PhysRevLett.117.079901
https://arxiv.org/abs/1604.06447
https://doi.org/10.1007/JHEP10(2016)107
https://arxiv.org/abs/1608.04798
https://doi.org/10.1140/epjc/s10052-019-6973-3
https://arxiv.org/abs/1811.05692
https://doi.org/10.1103/PhysRevD.58.115012
https://arxiv.org/abs/hep-ph/9805244
https://doi.org/10.1016/j.nuclphysb.2013.06.024
https://arxiv.org/abs/1305.7340
https://doi.org/10.1140/epjc/s10052-016-4256-9
https://arxiv.org/abs/1603.00385
https://doi.org/10.1007/JHEP03(2018)048
https://arxiv.org/abs/1801.09696
https://doi.org/10.1007/JHEP01(2019)176
https://arxiv.org/abs/1811.05489
https://doi.org/10.1007/JHEP11(2019)024
https://arxiv.org/abs/1907.06408
https://doi.org/10.1103/PhysRevLett.121.162003
https://doi.org/10.1103/PhysRevLett.121.162003
https://arxiv.org/abs/1806.11564


P
o
S
(
L
L
2
0
2
4
)
0
1
5

Higgs pair production at NNLO Joshua Davies

[15] J. Davies, G. Mishima, K. Schönwald and M. Steinhauser, Analytic approximations of 2� 2
processes with massive internal particles, JHEP 06 (2023) 063 [2302.01356].

[16] R. Gröber, A. Maier and T. Rauh, Reconstruction of top-quark mass effects in Higgs pair
production and other gluon-fusion processes, JHEP 03 (2018) 020 [1709.07799].

[17] X. Xu and L.L. Yang, Towards a new approximation for pair-production and
associated-production of the Higgs boson, JHEP 01 (2019) 211 [1810.12002].

[18] G. Wang, Y. Wang, X. Xu, Y. Xu and L.L. Yang, Efficient computation of two-loop
amplitudes for Higgs boson pair production, Phys. Rev. D 104 (2021) L051901
[2010.15649].

[19] L. Bellafronte, G. Degrassi, P.P. Giardino, R. Gröber and M. Vitti, Gluon fusion production
at NLO: merging the transverse momentum and the high-energy expansions, JHEP 07
(2022) 069 [2202.12157].

[20] E. Bagnaschi, G. Degrassi and R. Gröber, Higgs boson pair production at NLO in the
POWHEG approach and the top quark mass uncertainties, Eur. Phys. J. C 83 (2023) 1054
[2309.10525].

[21] M. Grazzini, G. Heinrich, S. Jones, S. Kallweit, M. Kerner, J.M. Lindert et al., Higgs boson
pair production at NNLO with top quark mass effects, JHEP 05 (2018) 059 [1803.02463].

[22] D. de Florian and J. Mazzitelli, Higgs Boson Pair Production at Next-to-Next-to-Leading
Order in QCD, Phys. Rev. Lett. 111 (2013) 201801 [1309.6594].

[23] J. Grigo, J. Hoff and M. Steinhauser, Higgs boson pair production: top quark mass effects at
NLO and NNLO, Nucl. Phys. B 900 (2015) 412 [1508.00909].

[24] J. Davies and M. Steinhauser, Three-loop form factors for Higgs boson pair production in the
large top mass limit, JHEP 10 (2019) 166 [1909.01361].

[25] J. Davies, F. Herren, G. Mishima and M. Steinhauser, NNLO real corrections to 𝑔𝑔 → 𝐻𝐻

in the large-𝑚𝑡 limit, PoS RADCOR2019 (2019) 022 [1912.01646].

[26] J. Davies, F. Herren, G. Mishima and M. Steinhauser, Real-virtual corrections to Higgs boson
pair production at NNLO: three closed top quark loops, JHEP 05 (2019) 157 [1904.11998].

[27] J. Davies, K. Schönwald and M. Steinhauser, Towards 𝑔𝑔 → 𝐻𝐻 at next-to-next-to-leading
order: Light-fermionic three-loop corrections, Phys. Lett. B 845 (2023) 138146
[2307.04796].

[28] J. Davies, K. Schönwald, M. Steinhauser and M. Vitti, Three-loop corrections to Higgs
boson pair production: reducible contribution, 2405.20372.

[29] P. Nogueira, Automatic Feynman Graph Generation, J. Comput. Phys. 105 (1993) 279.

[30] B. Ruĳl, T. Ueda and J. Vermaseren, FORM version 4.2, 1707.06453.

8

https://doi.org/10.1007/JHEP06(2023)063
https://arxiv.org/abs/2302.01356
https://doi.org/10.1007/JHEP03(2018)020
https://arxiv.org/abs/1709.07799
https://doi.org/10.1007/JHEP01(2019)211
https://arxiv.org/abs/1810.12002
https://doi.org/10.1103/PhysRevD.104.L051901
https://arxiv.org/abs/2010.15649
https://doi.org/10.1007/JHEP07(2022)069
https://doi.org/10.1007/JHEP07(2022)069
https://arxiv.org/abs/2202.12157
https://doi.org/10.1140/epjc/s10052-023-12238-8
https://arxiv.org/abs/2309.10525
https://doi.org/10.1007/JHEP05(2018)059
https://arxiv.org/abs/1803.02463
https://doi.org/10.1103/PhysRevLett.111.201801
https://arxiv.org/abs/1309.6594
https://doi.org/10.1016/j.nuclphysb.2015.09.012
https://arxiv.org/abs/1508.00909
https://doi.org/10.1007/JHEP10(2019)166
https://arxiv.org/abs/1909.01361
https://doi.org/10.22323/1.375.0022
https://arxiv.org/abs/1912.01646
https://doi.org/10.1007/JHEP05(2019)157
https://arxiv.org/abs/1904.11998
https://doi.org/10.1016/j.physletb.2023.138146
https://arxiv.org/abs/2307.04796
https://arxiv.org/abs/2405.20372
https://doi.org/10.1006/jcph.1993.1074
https://arxiv.org/abs/1707.06453


P
o
S
(
L
L
2
0
2
4
)
0
1
5

Higgs pair production at NNLO Joshua Davies

[31] M. Gerlach, F. Herren and M. Lang, tapir: A tool for topologies, amplitudes, partial fraction
decomposition and input for reductions, Comput. Phys. Commun. 282 (2023) 108544
[2201.05618].

[32] R. Harlander, T. Seidensticker and M. Steinhauser, Complete corrections of Order alpha
alpha-s to the decay of the Z boson into bottom quarks, Phys. Lett. B 426 (1998) 125
[hep-ph/9712228].

[33] T. Seidensticker, Automatic application of successive asymptotic expansions of Feynman
diagrams, in 6th International Workshop on New Computing Techniques in Physics
Research: Software Engineering, Artificial Intelligence Neural Nets, Genetic Algorithms,
Symbolic Algebra, Automatic Calculation, 5, 1999 [hep-ph/9905298].

[34] R.N. Lee, LiteRed 1.4: a powerful tool for reduction of multiloop integrals, J. Phys. Conf.
Ser. 523 (2014) 012059 [1310.1145].

[35] F. Herren, Precision Calculations for Higgs Boson Physics at the LHC - Four-Loop
Corrections to Gluon-Fusion Processes and Higgs Boson Pair-Production at NNLO, Ph.D.
thesis, KIT, Karlsruhe, 2020. 10.5445/IR/1000125521.

[36] V. Maheria, Semi- and Fully-Inclusive Phase-Space Integrals at Four Loops, Ph.D. thesis,
Hamburg U., 2022.

[37] J. Klappert, F. Lange, P. Maierhöfer and J. Usovitsch, Integral reduction with Kira 2.0 and
finite field methods, Comput. Phys. Commun. 266 (2021) 108024 [2008.06494].

[38] A.V. Smirnov and M. Zeng, FIRE 6.5: Feynman integral reduction with new simplification
library, Comput. Phys. Commun. 302 (2024) 109261 [2311.02370].

[39] J. Klappert and F. Lange, Reconstructing rational functions with FireFly, Comput. Phys.
Commun. 247 (2020) 106951 [1904.00009].

[40] J. Klappert, S.Y. Klein and F. Lange, Interpolation of dense and sparse rational functions and
other improvements in FireFly, Comput. Phys. Commun. 264 (2021) 107968 [2004.01463].

[41] M. Fael, F. Lange, K. Schönwald and M. Steinhauser, A semi-analytic method to compute
Feynman integrals applied to four-loop corrections to the MS-pole quark mass relation,
JHEP 09 (2021) 152 [2106.05296].

[42] M. Fael, F. Lange, K. Schönwald and M. Steinhauser, A semi-numerical method for one-scale
problems applied to the MS-on-shell relation, SciPost Phys. Proc. 7 (2022) 041
[2110.03699].

[43] M. Fael, F. Lange, K. Schönwald and M. Steinhauser, Singlet and nonsinglet three-loop
massive form factors, Phys. Rev. D 106 (2022) 034029 [2207.00027].

[44] M. Steinhauser, MATAD: A Program package for the computation of MAssive TADpoles,
Comput. Phys. Commun. 134 (2001) 335 [hep-ph/0009029].

9

https://doi.org/10.1016/j.cpc.2022.108544
https://arxiv.org/abs/2201.05618
https://doi.org/10.1016/S0370-2693(98)00220-2
https://arxiv.org/abs/hep-ph/9712228
https://arxiv.org/abs/hep-ph/9905298
https://doi.org/10.1088/1742-6596/523/1/012059
https://doi.org/10.1088/1742-6596/523/1/012059
https://arxiv.org/abs/1310.1145
https://doi.org/10.1016/j.cpc.2021.108024
https://arxiv.org/abs/2008.06494
https://doi.org/10.1016/j.cpc.2024.109261
https://arxiv.org/abs/2311.02370
https://doi.org/10.1016/j.cpc.2019.106951
https://doi.org/10.1016/j.cpc.2019.106951
https://arxiv.org/abs/1904.00009
https://doi.org/10.1016/j.cpc.2021.107968
https://arxiv.org/abs/2004.01463
https://doi.org/10.1007/JHEP09(2021)152
https://arxiv.org/abs/2106.05296
https://doi.org/10.21468/SciPostPhysProc.7.041
https://arxiv.org/abs/2110.03699
https://doi.org/10.1103/PhysRevD.106.034029
https://arxiv.org/abs/2207.00027
https://doi.org/10.1016/S0010-4655(00)00204-6
https://arxiv.org/abs/hep-ph/0009029

	Introduction
	Notation
	Small-t Expansion
	Integration-by-parts Reduction
	Results
	Outlook

