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We discuss briefly recent progress towards a method for obtaining full next-to-leading high-
energy logarithmic accuracy for processes while maintaining analytic properties such as crossing
symmetry and gauge-invariance of the amplitudes. The additional analytic requirements help
constrain the behaviour of the amplitudes away from the asymptotic limit. This aids the accuracy
of the predictions beyond the logarithmic precision. Furthermore, the framework ensures full
energy and momentum conservation necessary for next-to-leading logarithmic precision not just
of the amplitudes but also of the cross sections.
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1. Introduction

Recent measurements by ATLAS[1, 2] have highlighted the importance of a precise control
of the large logarithmic perturbative corrections for observables which probe regions of large
log(𝑠/𝑝2

𝑡 ). For context we will here briefly discuss one of these measurements focusing on the
inclusive three-jet to inclusive two-jet ratio[2] for jets (anti-𝑘𝑡 , 𝑅 = 0.4) with 𝑝𝑡 > 60GeV. The jet
rates were measured differentially for observables based on transverse momenta (𝑝𝑇 , 𝐻𝑇2). In these
cases the fixed-order calculations converge sufficiently fast that an impressive description is found
with both the two-jet and three-jet processes calculated at NNLO[3]. The results were compared
also to predictions from general purpose monte carlos which generally all obtain a good prediction.

The two and three jet cross sections were also measured differentially in the rapidity difference
and invariant mass between jets (both by the jets of the largest transverse momentum and the jets
of largest rapidity difference or invariant mass - the distinction in which two jets are chosen is
important of course only in samples with more than two jets). For these observables the sample of
predictions from general purpose monte carlos have much more variation. The measurements are
also compared to predictions obtained using HEJ[4–7] (see figure 1).

The results are interesting not just because of their relevance for studies for a precise deter-
mination of the irreducible QCD background to vector boson fusion and vector boson scattering
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Figure 1: d𝑅32/dΔ𝑦 𝑗1 𝑗2 (top left), d𝑅32/dmax(Δ𝑦 𝑗 𝑗 ) (top right), d𝑅32/d𝑚 𝑗1 𝑗2 (bottom left) and
d𝑅32/dmax(𝑚 𝑗 𝑗 ) (bottom right). Figures taken from ref.[2].
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processes. They are interesting also as a measurement of the influence of the high-energy logarith-
mic corrections on multi-jet processes at the LHC. The influence of the logarithmic corrections on
the normalisation of the cross sections largely cancels in the ratio between the two and three jet
rates. However, other effects remain. Figure 1 (top left) shows 𝑅32 as a function of max(Δ𝑦 𝑗 𝑗)
(i.e. (d𝜎3 𝑗/d max(𝑦 𝑗 𝑗))/(d𝜎2 𝑗/d max(𝑦 𝑗 𝑗)). max(Δ𝑦 𝑗 𝑗) approximates log(𝑠/|𝑡 |), and the results
for 𝑅32 clearly shows that the radiative corrections to the two jet rate (the 3-jet rate is part of this)
grows approximately linearly with max(Δ𝑦 𝑗 𝑗) ∼ log(𝑠/|𝑡 |). The slope of this line can be crudely
calculated in the framework of BFKL, see ref.[8] for details. It is fascinating of course that 𝑅32

reaches almost unity for large values of max(Δ𝑦 𝑗 𝑗).
The logarithmic influence on the corrections are again clearly visible in Figure 1(bottom left)

where max(𝑚 𝑗 𝑗) again is a proxy for log(𝑠). The right-hand plots are included just to show that
the agreement between prediction from HEJ and the measurements is good for observables based
both on the two jets with the largest transverse momentum, and the arguably better estimator of the
argument of the resummation based on max(𝑚 𝑗 𝑗) or max(Δ𝑦 𝑗 𝑗).

2. Next-to-leading logarithmic corrections

Having established the leading logarithmic behaviour of 𝑅32, the measurement are interesting
also for the discussion of the impact of sub-leading logarithmic effects. The predictions from HEJ
contain both matching to high-multiplicity partonic amplitudes and a resummation obtained by an
explicit constructions of the resummation phase space around each multi-jet configuration[6]. The
resummation captures the the leading 𝑙𝑜𝑔(𝑠/𝑝2

𝑡 ) corrections to the inclusive two-jet rate - the same
logarithms as those from BFKL theory applied to a Mueller-Navelet setup. While the resummation
applied so far is just leading logarithmic accurate, all the 2 → 3 next-to-leading logarithmic channels
are also included in the resummation (and form a well-defined part of the NLL corrections). The
agreement with data is within 10% - and crucially the deviation varies uniformly with 𝛿𝑦, which is
the chosen resummation variable. The overall size and dependence of the variation indicates this
would be changed by NLL effects. We therefore strive to include all the next-to-leading logarithmic
contributions.

The scattering amplitudes entering the resummation are different from those in BFKL. In
particular they respect crossing symmetry and are fully gauge invariant (not just up to sub-leading
terms). The additional analytic requirements on the amplitude are important for constraining the
behaviour away from the asymptotic and to obtain a good approximation to the exact scattering
amplitude in the region of phase space relevant for the measurements. The requirements also com-
plicate the calculation of the next-to-leading logarithmic corrections. The components necessary
for the resummation within the framework of high-energy logarithms are loosely termed impact
factors and kernel. These have long been known in the asymptotic limit relevant for BFKL. The
real-emission corrections of the components which would be termed impact factors in the language
of BFKL were calculated with the additional restrictions on the analytic properties used in HEJ
in ref.[7]. The virtual corrections in the framework are identical to the multiplicative corrections
extracted in ref.[9]. Both virtual and real corrections to the impact factors have IR poles. What
remains to be done is to organise the subtraction such that corrections to the “impact factors” can be
included. This requires first a careful check of the cancellation since some non-factorising terms are
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dropped compared to the standard fixed-order calculation. In order to maintain the desired analytic
properties beyond those controlled by the pure logarithmic accuracy, the retaining or dropping
of terms obviously cannot be based just on the logarithmic contribution. It turns out that colour
projection operators here are crucial.

Secondly the organisation of the subtraction must be organised. We will base the subtraction
on the FKS method. Work is ongoing.
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